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1 Introduction

Nonlinear time series modelling provides a useful alternative to traditional data analysis

and it has been an active area of research lately. Comprehensive accounts of this impor-

tant direction are described in Priestley (1988) and Tong (1990), where specific properties

of models, testing and estimation are also obtained. There are, however, fewer results on

model identification. This important issue has led a number of authors to consider non-

parametric problems of estimating conditional mean and median functions. The usefulness

of this approach in model identification is discussed, for example, in Robinson (1983, 1984),

Auestad and Tj0stheim (1990), Truong and Stone (1992) and the references cited therein.

The present paper considers a semiparametric approach to regression problems involving

bivariate stationary time series. To motivate this approach, let (Xi, Y2) be a bivariate

stationary time series in which

Xi = YXi-1 + Ei, 171 < 1, Ei 'iid (0,0 2),

Yi = 9(Xi)+Z, (1.1)

Zi = 7qZi-1 + (i, 1771 < 1, ji -iid (0, 2).

Suppose {lE} and {gi} are independent sequences of random variables, so that 9(Xi) =

E (Yi1X1). Consider now the problem of estimating the parameter 27 as well as the regression

function O(.). The solution to such problems would lead to a better understanding of the

underlying structures of the response series Yi and the bivariate series (Xi, Yi).
In classical time series analysis, the estimation is carried out by putting parametric

(linear) assumptions on 9(.). This approach, known as parametric regression analysis, is

described in detail by Brillinger (1981), Brockwell and Davis (1987), Fuller (1976), Han-

nan (1970), Priestley (1981), Shumway (1988) and the references cited therein; see also

Cochran and Orcutt (1949). The approach can be made more flexible or general by adopt-

ing nonlinear models as considered by Priestley (1988) and Tong (1983, 1990). In practical

applications, one would have to address the issue of model identification.
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To develop a general approach to the above problem, we extend model (1.1) as follows.

Let (Xi, Y1), i = 0, ±1, . .. denote a bivariate stationary time series with Xi being RIkd_valued

and Yi being real-valued. Also, let 0(.) be a smooth real-valued function on Rd and consider

the following regression model:

(1.2) Yi = 9(Xi) + Zi,

where Zi = ai-u. Here {au : u = 0, ±1, ±2,...} is a sequence of unknown

parameters and {&E : u = 0,±1,...) is a sequence of iid random variables with mean

zero and variance a'. Furthermore, suppose the sequences {Xi,i = 0,±1,±2,.. .} and

{lE, i = 0, ±1, ±2,.. .} are independent, so that #(Xi) = E(Y1jXj).
To enhance the flexibility in describing the relationship between the response and pre-

dictive series, as well as the ability to identify various nonlinear models, it is desirable to

eliminate the parametric assumptions on the mean function 9(.). With this semiparametric

approach, the present paper generalizes the results presented in Truong and Stone (1992) in

several directions. In particular, inference for the autocorrelated structures in the response

series [such as the estimation of r7 in model (1.1)] can be given via the usual parametric

approach. Moreover, results on rates of convergence in the estimation of the regression

function 9(.) can be improved. More specifically, under appropriate conditions to be given

in the following sections, it is shown that local polynomial estimators of the regression

function 9(-) can be chosen to achieve both local and global optimal rates of convergence

as given in Stone (1980, 1982). Furthermore, if the errors Zi form part of a parametric

time series model with finitely many unknown parameters, then these parameters can be

estimated with the usual root-n rate of convergence.

The rest of this paper is organized as follows. Results on rates of convergence are

given in Section 2, where the local polynomial estimators and conditions required for the

achievability of the convergence rates are also described. The fitting of the error process is

treated in Section 3, and proofs are given in Section 4.
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2 Estimation of the Non-parametric Regression O(.)

The estimator of the function 9(.) will now be described. For each given n > 1, let

(X, Y),. ... ,(Xn,Yn) denote observations obtained from (1.2) and let Sr. be positive num-

bers that tend to zero as n - oo. For a given x E Rd, set

In(x) = {i: 1 < i < n and lIXi - xiI < En}

and let Nn(x) = #In(x) denote the number of points in In(x), where lxi (x2+ 2)1/2
for x = (Xl,... , Xd) Ed. Given k> 1, let Pr.,x(u) denote the polynomial in (ui- xi) [here

u = (u1, .U., Ud)] of degree (k - 1) such that it minimizes

E[Yi -pX(X,)]2
iEIn(X)

over the class of (k - l)-th degree polynomials Px(u). (The existence of Pn,x(.) follows from

Lemma 1 in Section 4.) Define an estimator of @(x) based on Pn,x(.) by

On(X) = Pnr,x(X))

For example, suppose d = 1 and k = 2. Then Pr(X) = a' + P(X -x) where & and ,3
are obtained by minimizing

E[Yi Ca p(Xi _ x)]2.
iEIn(x)

Thus

On(x) = & = wn,iyi/ Wn,i
ifEIn(x) ifEIn($)

where

Wn,i = Sn,2 -(Xi - X)Sn,l, i E In(x)

and

Inxj (xE (Xi-)j j = 1X2.
iEIn(x)

The estimator defined by O9n(X) = & is called the local linear estimator.
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The conditions required for the rates of convergence of the nonparametric estimators

9n(.) treated here depend on the following conditions.

Let U be a nonempty open subset of the origin of IRd. The following smoothness condition

is imposed on the function O(-) so that the bias of O,(.) can be dominated.

Condition 1 8(.) has bounded partial derivatives of order k on U.

The following two conditions are required to show the existence of PnX( ). Consequently,

it also guarantees the existence of the nonparametric estimator On(.). These conditions are

similar to those used in ordinary least square theory for random effect models.

Condition 2 The distribution ofX1 is absolutely continuous and its density f(.) is bounded

away from zero and infinity on U; that is, there is a positive constant M1 such that M1 .<

f(x) < Ml1 for x E U.

Condition 3 For j > 1, the conditional distribution of Xj given Xo = x has a density

fj( Ix); there is a positive constant M2 such that

Mi-1 < fj(x'Ix) < M2 for x,x' E U and j > 1.

Let Fj and Ri denote the a-fields generated respectively by (Xi, Yi), -oo < i < j, and

(Xi, Yi), j < i < oo. Given a positive integer u set

au = sup{iP(A n B) - P(A)P(B) I: A EFj and B E Fj+u}.

The stationary sequence is said to be au-mixing or strongly mixing if au -+ 0 as u - oo.

Condition 4 {Xi, i = 0, ±1, ±2,.. .} is a-mixing with

au = O(pU), O< p < 1, u = 0,1,2,....

Conditions 3 and 4 are not required if {Xi, i = 0, ±1, ... .} is a sequence of independent

random variables. In connection with model (1.1) described in Section 1, it is useful to
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note that Gorodetskii (1977) and Withers (1981) have given sufficient conditions for linear

processes to be a-mixing. See also Auestad and Tj0stheim (1990) for an illuminating

discussion on the role of a-mixing (or geometric ergodicity) for model identification in

nonlinear time series analysis.

The following condition is necessary for working with the variance term:

Condition 5 EZl laul < 00.

Finally, it is necessary to impose a condition similar to Condition 2 of Stone (1982) under

which the Lo, rate is achievable. We recall that if e is a random variable with Ejflq < 00,

then the qth order cumulant of ( is defined by

cumq (() = E(-1 )'-1(j _1 )!E (E>1 ) ***E (LJj )

where the sum extends over all partitions Vl,...,vj,j = 1,2,...,q, of {l,...,q}. See

Brillinger (1981) or Shiryayev (1984). Let +Q) denote the characteristic function of eo.

Condition 6 The function log+(-) has a Taylor expansion:

E Cqz'/q! < oo, z in some neighborhood of the origin,
q

where Cq = Icumq(Eo)j.

In particular, the above condition is satisfied when so is a Gaussian random variable.

Given positive numbers bn and cn, n > 1, b,e cnmeans that b./eq is bounded away

from zero and infinity. Given random variables V,. n > 1, Vn = Op(bn) means that the

random variables bn-1V., n > 1, are bounded in probability; that is, that

lim lim sup P(IVnI > cbn) = O.

Also, Vn = op(bn) means that the random variables b-'Vln n > 1 converges to zero in

probability:

lim P(jVnI > cbn) = 0, c > 0.
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Set r = k/(2k + d). The pointwise rate of convergence for the estimator O,n(.) will now

be given.

Theorem 1 Suppose Conditions 1-5 hold and that 6Sn n-1/(2k+d). Then

18n(x) - O(x)I = Op(nr), x E U.

Let C be a fixed compact subset of U having a nonempty interior. Given a real-valued

function g(-) on C, set

I \()2
1/2119112 = (j Ig(x)12 dx) and llgll00 = sup jg(x)l.

XEC

The L2 and Loo rates of convergence are given in the following results.

Theorem 2 Suppose Conditions 1-5 hold and that 4in n-1/(2k+d). Then

110n( )- 0(9)112 = Op(n-')

Theorem 3 Suppose Conditions 1-6 hold and that En (n-' log n)1/(2k+d). Then there is

a positive constant c such that

limP (0n()-(- )lloo .c(nl1logn)r) = 0.

Proofs of Theorems 1-3 will be given in Section 4. According to Stone (1980, 1982),

the rates presented in Theorems 1-3 are optimal. In the fixed design setup (non-random

Xi), similar results are obtained by Miiller and Stadtmiiller (1987) [based on a finite-order

moving average process] and Truong (1991). Based on the a-mixing of the bivariate series

(instead of {Xj} alone), Theorem 2 was established by Truong and Stone (1992); Theorem 3

was also established in this paper under the additional assumption that the series {Yi} be

bounded.

The above results can also be extended to the estimation of the derivatives of the

regression function 9(.). Given nonnegative integers cl, ... , ad, set a = (a,*... a,d) and
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[a] = a1 + * + ad. Let the regression function 9(.) be k-times (k > 1) differentiable on Rd.

Set

TO(.) = EqD@(.)l
[csx]<k

where q, are constants and Da denotes the differential operator defined by

aXol ...ax ce

Let m denote the order of T; that is, set m =max{[a]: O< [a] < k and q. 54 O}. Note that

the function TO(.) = O(.) corresponds to m = 0, while TO(.) = 09(.)/0x, corresponds to m =

1. Under the conditions given in Theorems 1-3, a sequence of local polynomial estimators of

T(O) can be chosen to achieve optimal rates n-(k-m)/(2k+d) both pointwise and in L2 norm.

Furthermore, it can also be chosen to achieve the optimal Loo rate (n-' log n)(km)/(2k+d).

3 Estimation of the AR Parameters

Suppose that {Zi} is a stationary time series in which

Zi = p/Zi-, + * * * + %Z2i-v + Ei, (3.1)

where v is a positive integer, the v roots of the polynomial 1- -*l - 0,z' are all greater

than 1 in the absolute value, and Ei, i = 0,±1,±2,... are independent and identically

distributed with mean zero and finite variance a2. Then {Zi} is an autoregressive process

of order v. By Theorem 3.1.1 of Brockwell and Davis (1987), there is a sequence au,

u = 0,±1,±2,... of real numbers such that ZIa,I < oo and Zi = ,ai_U,u for i =

0,±1,d2,.... Thus Condition 5 is automatically satisfied.

Let C be a compact subset ofRd having a nonempty interior (for example, a d-dimensional

rectangle), let Xi, i = 0, ±1, ±2,... be a C-valued stationary time series that is independent

of ci, i = 0,±1,±2, . . ., and set

Yi= (Xi) + Zi, i = 0,±1,d2.... (3.2)
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As an example, Xi and Yi could be bimonthly compliance and cholesterol measurements,

respectively; here compliance is the percent of medication consumed by the patient between

consecutive visits to the physician's office.

In the present context, we set U = C in Conditions 1-3 and Theorem 1. Then Theorems

1-3 are valid in this context, as can be seen by examining their proofs.

Consider the v-dimensional column vector fi = (31,I2,...., flu. Given bl, . .. , b, E R,

set b = (bl, ... I, b)t. Then , is the unique value of b that minimizes E[(Zi- biZi.- ** -

b_,Zi-,)2]. Consequently, ,1, . . . , satisfy the system of normal equations

E[Zi-h(IlZi-l + * + /vZi-v)] = E(Zi-hZi), h = 1,V.., i.

Set Ah = E(ZiZi+h). Then the system of normal equations can be written as

E 171h-11 = aYh, h = 1, . .. IVt.
1=1

Observe that the v x v matrix r = (7lh-lI) is the variance-covariance matrix of Z1,.. ., Zv.

Set a = (i, ... I 7 ,)t. Then the system of normal equations for , can be written in matrix

form as r7 =y, whose unique solution is given by f = r-1y.
Set Zi = Yi- n(Xi) = Zi- (On(Xi) - (Xi)) for all i and

1n-h
7nh = n hZiZi+h, h =0,1,....Iv.n-h E=

Consider the estimates rn = (in,lh-l1) and 'n = (5ni, . n,)' of r and 7, respectively,

and consider the estimate Oin = rnj,n of P. (Given sequences {bn} and {Cn}, let bn <K Cn

mean that bn/cn -- 0 as n -- oo.)

Theorem 4 Suppose k > d/2, Conditions 1-5 and (3.1) and (3.2) hold, and that n-1/2d <

En <n/4k. Then ni(fin - /3) -N(0,

The above result on parametric inference for the error process provides an interesting

justification for using local polynomials of degree k- 1 > d/2- 1 to estimate G(.). Note that

the condition on En in this result is quite broad; in particular, it is satisfied if En n-l/(2k+d)
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or 6E (n'1 log n)1/(2k+d). The proof of the result will be given in Section 4.4. A special

case of the result was presented in Truong (1991), where d = 1 and local averages are used

to estimate 9(.). When d = 2 or d = 3, local-linear estimates of O(.) can be used, but when

d > 4, it is necessary to use local polynomials of higher degree. Moreover, the achievability

of the n-1/2 rate of convergence for estimation of , presumably requires Condition 1 or

some other suitable smoothness condition on O(-). Theorem 4 raises the interesting issue of

determining the order v from the observed data. Simulation results have shown that the

parametric estimates are insensitive to En, which is compatible with Theorem 4. In these

simulations, AIC has been quite consistent in selecting the order v and this selection also

is insensitive to the value of 6n.

4 Proofs

Given nonnegative integers al,. a,Ad, set a (a1,...,ad), [a] = a1 + + ad, a! =

(a,)!... (ad)! and xa = Xll *.X°d for x = (xl...xd) E Rd. Also, set A ={a: [a] < k}.
Given x E C, let Yn(x), Xn(x) and An(x) be defined as follows: Yn(x) = (Yni(x)) is the

n-dimensional column vector given by Yni(x) = Yi if i E )I(x) and Yn1(x) = 0 otherwise;

Xn(x) = (Xn%ot(x)) is the n x #(A) matrix given by Xnic(x) = (Xi - x)C'/6k'] if i E In(x)
and a E A and Xnic,(x) = 0 otherwise; An(x) = (Ana0(x)) = Xn(x)Xn(x), which is a

#(A) x #(A) matrix. Let PnF,(u) denote the polynomial of degree k - 1, in terms of

(u - x)'/l5li], minimizing

>1 [Yi - Pn,x(Xi)] .
In (x)

We have that

Pn,x(U) = 'noe(X)( l0, I

[a]<k n

where

bnae(X) = (An'(x)XV(x)Yn(x))a-
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Let Q = (1,0,... , 0)t denote the #(A)-dimensional vector so that

n (X) = PnxX(X) = QtAnl(x)Xt(x)yn(x).

Let Ok(; x) denote the (k - 1)th-degree Taylor polynomial of 0(.) about x. That is,

Ok(-;X) = E - (--X)a, x E C;
[a]<k a!

where

Define the n-dimensional column vectors Tn(x) = (Tni(x)) and Tkn(X) = (Tkni(x)) by

Tni(x) = 6(Xi), i E In(x)

Tkni(X) = Ok(Xi; X), i E In(x),

and Tn-(x) = Tkni(X) = 0, otherwise. Then

Tkni(X)
(X X)e 6n[DOx! i E 4n(x),

so

(A-1(x)Xt(x)Tkn(X))a a![Da(x)

and

6(x) = QtA 1 (x)XC (X)Tkn (x) (4.1)

Consequently,

On(x) -(x) = QtAnj(x)Xt (x)[Yn(x) - Tn(x)]

+QtAn1(x)Xt (x)[Tn(x) - Tkn(x)], x E C. (4.2)

To show that the solution to the least squares problem:

IE(x[Yi-Pnx(Xi)]
In (x)
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does exist, we recall that Nn(x) = #{i: 1 < i < n and lXi - xil < 6n}, x E C. Suppose

that l/nSd = o(n-") for some e > 0. Then, according to Conditions 2-4 and the argument

of Lemma 7 in Truong and Stone (1992), there are positive constants cl and c2 such that

limnP(Qn) = 1, (4.3)

where Qn = {cind < N,n(x) < c2nbd for x E C}. The existence of Pn,x(u) is given in the

following result.

Lemma 1 Under Conditions 2-4, there is a positive constant C3 such that

limP(Nn(x)(A-'(x))cOp < C3 for x E C and a,/3 E A) = 1.

Proof We may assume that C = [-1/2,1/2]d. Let A be a positive integer so that

Ln = nA. Let Wn be the collection of (2Ln + 1)d points in [-1/2,1/2]d each of whose

coordinates is of the form j/(2Ln) for some integer j such that lil < Ln. Then [-1/2,1/2]d

can be written as the union of (2Ln)d subcubes, each having length 1/2Ln and all of its

vertices in Wn. For each x E [-1/2, 1/2]d there is a subcube Qw with center w such that

x E Qw. Let Cn denote the collection of centers of these subcubes.

Define the #(A) x #(A) matrix A = (A,f,O) by

fl1,B1r utup duAo,# = flu,<l du

Then det(A) > 0 (see pp. 1354-1355 of Stone, 1980). Given e > 0, it follows from the

argument of Lemma 9 in Truong and Stone (1992) that

limPP(lNn-(w)Anop(w) - Aal < f for al w E Cn and a,/ E A) = 1.

According to (2.13) of Truong and Stone (1992) and by expanding (Xi - x)a in terms of

Xi- w and w - x, where x E Qw,

limnP(INn1(x)Anap(x)- Aal <E for al x E C and a, 3 E A) = 1, f > 0.
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Consequently,

limrP(det(Nn- (x)An(x)) > 0 for all x E C) =C

and hence

limnP(INn(x)(An1(x))ap - (A-),61 < e for x E C and a,6 E A) = 1, E> 0. 0

Set

Mn(x) = (Mi(x)) = QtA-'(x)X~(x), x E C.

Then

9n(x) = EMi(x)Yi. (4.4)

Note that Mi(x) = 0 for i V In(x) and that

IMn(x)I2 = O(N,-j(x)Qt(x)[Nn(x)A-j(x)]Qn(x))-

By Lemma 1 and (4.3), there is a positive constant c4 such that

limP(ln) = 1, (4.5)
n

where '11n = {IM,(x)I2 < c4n-'6-d and maxi JM2(x)j < c4n-lb-d, x E C).
In a number of results below, we need to condition on Xi,... , X,. In order to simplify

the notation, we set Pn(.) = P(.jXl7 ... ,Xn) and En() = E(.jX1 ....,Xn). Also, for

positive numbers bn and random variables Vn, n > 1, we write

En(Vn) < bn on n

to mean that

P({En(Vn) > bn} n n) = 0.

Similarly, for events An,

Pn(An) < bn on n

is equivalent to

P({Pn(An) > bn} n 'i') = 0.
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Remark. The following argument will be used repeatedly in the proofs. Suppose

En(IVnI2) < b2 on n. By Markov's inequality

P(ivni . cbnl} nn =1~lE(~2)<b2 P) j n.cb~d
wn nfEn( |Vn n2)<b

< T2P(fn n {En(jVnl2 < bn}

Lemma 2 Suppose Conditions 2-5 hold. Then there is a positive constant c5 such that, for

x E C,

En [(EiMi(x)[Yi - 9(Xi) ])2] C c5n6ld on Qnnn fn.

Proof Set Ui = Yi- (Xi) = Eu and Ilal12 = Ea2. By (4.3), (4.5), and the

assumptions on the E.'s,

En [(iMi (x)[ Yi - 9(Xi)])2] = Ei[M1(x)U1]2 + 2Z i Z3En(Mi(x)UiMi+j (x)Ui+j)
= C4n-16 du2lIalI2 + 2a2 Zi EjMi(x)Mi+ (x)Eai-uai+j-u
< c4n'b-djo2 llalI2 + 20,2 Ilal2 max lM,(x)IEilM (x)l

= 0(n16-d) on Qnnn tn 0

4.1 Proof of Theorem 1

According to Condition 1, there is a positive constant c6 such that

lTni(x) -Tkni(X)I = 19(Xi) - Ok(Xi; x)| < C66k, i E In(x), X E C.

By Lemma 1, there is a positive constant C7 such that

QtA l(x)Xt (x)[Tn(x)- Tkn(x)] < c76n on , x E C.

By Markov's inequality and Lemma 2,

IQtA l(x)xt(x)[Yn(x)- Tn(x)] = OP(6n).
The desired result follows from (4.7) and (4.8). 0

14
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4.2 Proof of Theorem 2

By Lemma 2, there is a positive constant c8 such that

En[Zn2(x)] < c8nrl6;'d Oil Qnn1fn x E C

where Zn(x) = QtAnl(x)X (x)[Yn(x) - Tn(x)]* Hence

En (I Zn(x) 12 dx) = JEn[IZn(x)12]dx =O(n-l-d) on Qn nf n.

Consequently, by (4.3), (4.5) and bn n-l/(2k+d)

( lzn(x)2 dx) -oP_(k) (4.9)

The conclusion of Theorem 2 now follows from (4.7) and (4.9). 0

Lemma 3 Suppose Conditions 2-6 hold and that 1/n6d = o(n-") for some E > 0. Then

there is a positive constant cg such that, for b > 0, if n is sufficiently large, then

Pn(J2jM(x)[Yj - 9(Xi)]I > b (log ro)/nnn)< n fn

Proof Set Cq = jcumq(eo)l and A = ZIa,I. Also set Ui = Yi- (X2), M1*(x) =

Mi(x)/maxIlM,(x)l, cumn,q(&) = cumq(-IX1,...,Xn) and varn(.) = var(-IXi,...IXn).
Then

cumn,1 (iMi*(x)Ui) = En (iMi*(x)Ui) = 0

and

cumn,2 (iMi*(x)i) = varn (ZiMi*(x)Ui)
Let q > 3. By Theorem 2.3.1(iv) of Brillinger (1981), the absolute value of the qth cumulant

of Ei M1*(x)Ui has the form

Z cumn,q (Mtl(x)Uil,I * Mi*q(X)Uiq)Si ,...,tq

- ;I ZEMi* (x)ai1...u .* e M4; (x)aiq_uqcum(eu1* -. ,et )
il, . . . ,iq u1 Uq
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= O(Cq Z Z*Iaii.uI.*.Iaiq.uI)
ii EIn(X) iqEIn(X) u

= O(Cq E E> ail-ul E jai2-UI Z laiq-l)
iiEIn(X) U i2EIn (X) iqEIn(X)

= O(CqNn(x)(lajl)g) = CqAqO(nbd) on Qn

Thus, by Taylor's expansion, for C positive and sufficiently small,

C2tlog En[exp((>jM1*(x)Uj)] -( ~varn(ZiMj*(x)Ui)| < c2n6d E ACqC(g/q! on Q
q.3

Let bn, n > 1, be a sequence of positive numbers. According to Markov's inequality,

Pn EiMi (x) Ui > bn)

< exp (-sbn En exp(sEjMj(x)Uj))
< exp (-sbn) En (exp(s max Mj(x)ZiMi*(x)Ui))

< exp (-sbn) exp ( -varn(ZiMi(x)Ui)) exp (C2rnd61 AqCqC9I q!) on

provided that ( = s maxj IMj(x)l is positive and sufficiently small. By Lemma 2,

varn(ZiMi(x)Ui) < c5nGl1d on Qn n n.

By Condition 6, for C positive and sufficiently small,

C2n6 EAgAQCq(9/q! = c2nbC2 EAqCCq(q /q! = O(nbd(2).
q>3 q>3

Thus there is a positive constant a such that, for snl nd positive and sufficiently small,

Pn(,Mi(x)Ui . bn) < exp (-sbn + as2in16nd) onl Q n 'in's

In particular, by choosing s = (bn/2a)n6d, we see that if bn is positive and sufficiently small,

then

P. iMi(x).Ui> bn) < exp(-(b 2/4a)n6n) on Qn n 'n

Similarly,

Pn(ZjMi(x)U1 < -bn) < exp(-(b2/4a)nb) on fln 4'n,
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so

Pn(EiMi(x)UjI > bn) < exp(-(bn/4a)n6d) on Q n 'n.

By choosing bn = b logn)/n6d for n sufficiently large and cg = 1/4a, we get the desired

result. 0

4.3 Proof of Theorem 3

Set Tn(x) = QtA;l(x)Xt (x)Tn(x). Then

Tn(x) - 0(x) = QtAnl(x)Xt (x)[Tn(x) -Tnk(X)]

Thus, by (4.3) and (4.7),

limPQpup JTn(x) - 9(x)I > c764) - 0. (4.10)n ECn

Set Un(x) = (Uni(x)), where Uni(x) = Ui = Y, - #(Xi) for i E In(x) and Uni(x) = 0

otherwise. Then Un(x) = Yn(x)- Tn(x) and

Tn(x) - Tn(x) = QtAl(x)Xt (X)Un(x) = M,(x)Un(x). (4.11)

Let Co be a compact subset of U containing C in its interior. We can assume that if

i E In(x) for some x E C, then Xi E Co. Choose 7 > 0. It follows from Conditions 5 and 6

by applying Markov's inequality to a suitable analog of Lemma 3 that

max{YY - 0(Xi)I: Xi E Co} = Op(nl)

and hence that

sup maxlUni(x)I = Op(nY). (4.12)
XEC

Consider the symmetric difference

In(x)JIn(w) = (In(x) \ In(w)) U (In(w) \ In(x)), w E Cn and x E Qw,

where Cn is as in the proof of Lemma 1. It follows from Condition 2 and 4 (see the proof
of (2.13) of Truong and Stone (1992)) that, for A sufficiently large,

max sup #(In(x)AIn(w)) = Op(nl). (4.13)
WCXEQw
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We conclude from (4.5), (4.12) and (4.13) that, for A sufficiently large,

max sup jMn(x)[Un(x) - Un(w)]l = op(n2y¾1d)d
WECnXEQwn

Consequently,

max sup IMn(x)[Un(x) - Un(w)]I = Op( 1/nd). (4.14)
WCXEQw b

Observe next that

max sup max max IXni (x) - Xnicr(w) (4.15)
WECn XEQw iEIn(X)AIn(W) aEA k(w).=(4.15)

We conclude from Lemma 1, (4.3), (4.12), (4.13) and (4.15) that, for A sufficiently large,

max sup IQtA-l(x)[X'(x) - X'(w)]Un(w)I = op( 1n)d (4.16)WCXEQw n n nn

Write An(x) = (Anotp(x)). It follows from (4.13) and (4.15) that, for A sufficiently large,

max sup max IAna (x) - Ana(w) =W) (opn). (4.17)
WCXEQw cSE

We conclude from Lemma 1, (4.3) and (4.17) that, for A sufficiently large,

max sup max j(A'-(x))ap - (A-1(w)),1 = op(n(nd)-2)
WECn XEQ a,8Ann

and hence that

max sup jQt[A-l(x) - A-1(w)]X'(w)Un(w)I = Op( /n) (4.18)
WCXEQw nn nb

It follows from (4.11), (4.14), (4.16) and (4.18) that

max sup |Tn1in-Tn(x)-Tn(W) + Tn(W)l Op (4.19)
WECnXEQw

For each fixed A > 0, it follows from Lemma 3 that there is a positive constant clo such

that

limP(max jTn(w) - Tn(w) I > o(log n)/n6n) = 0. (4.20)

We conclude from (4.19) and (4.20) that there is a positive constant cl such that

lim P -Tn(X)--Tn(X) ognJn) = 0. (4.21)

The conclusion of Theorem 3 follows from (4.10) and (4.21). 0
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4.4 Proof of Theorem 4

The main idea behind the proof of Theorem 4 is to approximate the sample covariance

structure constructed based on {Zi} by the corresponding one using Zi, and show that this

approximation has an error rate no more than n-/2.

Observe that, by (3.2), (4.1) and (4.4),

Zi = Yi-6n(Xi)

= 9(Xi) + Zi - EMj(Xi)(Xj) -EMj(Xi)Zj

= Zi-E Mj(Xi)Zj-E Mj(Xi)[9(X,)-Ok(Xj;Xi)],
j i

where OkQ(*; X) iS the Taylor polynomial of 6(.) about x. Thus
n-h n-h

n 1 Z2ii+h -n 1 E ZiZi+h = B,h + B2,h + *+ B5,h, h 0,1,**.v, (4.22)
i=l i=l

where
n-h

Bl,h = n1 Z{ZM(Xi)[0(Xj)-Ok(X3; Xi)]}{Mj(Xi+h)[9(Xj)- Gk(X3; Xi+h)]},

B2,h =- Z{ZMj(Xi)[0(Xj)-Gk(Xj; Xi)]}{LMj(Xi+h)Zj}
i=l j? .7

n-h

+n1 Z{ZMI(Xi+h)[O(Xj)- Gk(Xj;Xi+h)]}{Mj(Xi)Zj}

B3,h n-1 Z{Z Mj(Xi+h)Zj}{ Mj(Xi)Zj}
i=1 j i
n-h

B4,h = -n1 (Zi Mj(Xi+h)Zj + Zi+h EMj(Xi)Zj)
i=1 3.

n-h

Bs5,h = n Z Zi > Mj(Xi+h)[O(Xj) - ek(Xj; Xi+h)]
i=l j7

n-h

+n 1 E Zi+hE Mj (Xi)[6(Xj) - Ok(Xj; Xi)].
i=1 j

By (4.3), (4.5) and (4.6),

maxEMZ (Xi+h)((Xj) - Ok (Xj; Xi+h)) = OP(a5k) on In (4.23)
.7h
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Consequently,

Bl,h =OP(62k), h =O, 1,...,V. (4.24)

By (4.23) and Lemma 2,

B2,h=Op(6bk I nJ), h=o,1,... ,v. (4.25)

By Lemma 2,

B3,h = Op ((n6 )'), h = 0, 1,... .,v. (4.26)

The last two terms B4,h and B5,h will be treated in the following lemmas respectively.

Lemma 4 Suppose Conditions 2-5 and (3.1) and (3.2) hold, and that 1/n6d = o(nE) for

some E> 0. Then

B4,h = Op 1/nd," h = 0, v...>

Proof Since Zi = Ei ai-uE and {Eu} is a sequence of iid random variables with mean

zero,

E(ZiZ) = 2Zuai-ua-u

and

E(ZiZZij Zm) = EvE s, taj-uaj-vaj-sam-tE EUEVESt)

- (7i-l)(7)'j-m) + (7^i-j)(71-m) + (7i-m)(73-i)

+ (E( )- 34)Zuai-ual-uaj-uam-u.

Thus,

En [n11SiZiEjMi(Xi+h)Zi)
2

-n2 2,ij 21 FmMl(Xi+h)Mm(X.j+h)E(ZiZlZjZm)
- o (n4 Zi 2i 2m(IyiiII7j..mI + IYi-11171-mI + n4i-mIIdYi-mI)

+n462din( u lauI)4) on IJn.

20



= o(n-26-2d)

= Op (n-26-2d)

The desired result follows from (4.5). 0

Lemma 5 Suppose Conditions 1-5 and (3.1) and (3.2) hold, and that 1/n6d = o(n-") for

some E > 0. Then

h=.,1,..., v.

Proof Write

nr'EiZiZ3Mj(Xi+h)[9(Xj) - Ok(Xj;Xi+h)] = n1 ZiWnihZi,

where

Wnih = E, M, (Xi+h)[O(Xj)- Ok(-X; Xi+h)] - i = 0, ±1....

rraXIWlwhI = o(6k) on f.
i,h

Since

ZZE,IE(ZiZj)I . crE;j ai-uaj-ul = 0(n(lajl)2) = O(n),

we conclude that

En [(n lZiWnihZi)2] = n 22EZWnihWnihE(ZjZ,) = 0(n162k)

By (4.5) and Markov's inequality,
n-h

nr1 Zi Mj(Xi+h)[9(Xj) Ok(Xj;Xi+h)] = Op '/v/)
i=1 i

Similarly,

n-h

n ZlE Zi+h EM,(Xi)[e(Xj) - Ok(Xi;Xi)] = Op n I

i=1 j

h=0,1,...,v.

21

Hence

Similarly,

on n

on T,

B5,h =OP0 n 1n ,

By (4.23),

on T.

E,, n-'EiZiEjMj(Xi+h)Zj
2

EjM 2
j(Xi)ZEn n-'EiZi+h j



This completes the proof of Lemma 5. 0

According to (4.22)-(4.26), Lemmas 4 and 5,

n-h n-h
n Z ZiZ+h-n' > ZiZi+h = Op 62k+bk(nbd)1/2+(n6dr+/6 l h = 0,1,... ,v.

i=l i=l
(4.27)

We are now ready to prove Theorem 4. Set

1 n-h

7nh=fnhZZiZi+h, h=0,1,.., v.

Consider the consistent estimates rn = (5'n,Ih-lj) and 7n = ( 7 of r and 7,

respectively, and consider the Yule-Walker estimate fn = 17; of 3. By Proposition

8.10.1 of Brockwell and Davis (1987),

-/vn_( p)P N(O,u2r-) asn-oo. (4.28)

Since anh = (n _ h)-l Z.h1 Z4Zi+h, it follows from (4.27) that

7nh - Ynh = Op(62k + bk(n6d)"112 + (n6d)' + 6k/ ¶) (4.29)

Under the supposition that n-1/2d < bn < n-1/4k, we conclude from (4.29) that ',?nh-inh =

op(/Vf) and hence that fin -fin = op 1(ii/) . The desired result now follows from (4.28).

(The quantity 62k + 6k(nbd)-1/2 + (n6d)-l + 6k/5/ii in the right side of (4.29) has the fastest

possible rate of convergence when En6v n-l/(2k+d).) 0
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