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1 Introduction

Nonlinear time series modelling provides a useful alternative to traditional data analysis
and it has been an active area of research lately. Comprehensive accounts of this impor-
tant direction are described in Priestley (1988) and Tong (1990), where specific properties
of models, testing and estimation are also obtained. There are, however, fewer results on
model identification. This important issue has led a number of authors to consider non-
parametric problems of estimating conditional mean and median functions. The usefulness
of this approach in model identification is discussed, for example, in Robinson (1983, 1984),
Auestad and Tjgstheim (1990), Truong and Stone (1992) and the references cited therein.

The present paper considers a semiparametric approach to regression problems involving
bivariate stationary time series. To motivate this approach, let (X;,Y;) be a bivariate

stationary time series in which

X; = ‘)’Xi—l + &, |‘)’| <1, & ~id (0’02)7

oy
I

o(X:) + Z:, (1.1)

Zi = nZia+ &, Inl <1, & ~iua(0,72).

Suppose {e;} and {&:} are independent sequences of random variables, so that 6(X;) =
E (Y;|X;). Consider now the problem of estimating the parameter 7 as well as the regression
function 6(:). The solution to such problems would lead to a better understanding of the
underlying structures of the response series Y; and the bivariate series (X;, Y;).

In classical time series analysis, the estimation is carried out by putting parametric
(linear) assumptions on 6(:). This approach, known as parametric regression analysis, is
described in detail by Brillinger (1981), Brockwell and Davis (1987), Fuller (1976), Han-
nan (1970), Priestley (1981), Shumway (1988) and the references cited therein; see also
Cochran and Orcutt (1949). The approach can be made more flexible or general by adopt-
ing nonlinear models as considered by Priestley (1988) and Tong (1983, 1990). In practical

applications, one would have to address the issue of model identification.



To develop a general approach to the above problem, we extend model (1.1) as follows.
Let (X;,Y;), ¢ =0,%1,... denote a bivariate stationary time series with X; being R%-valued
and Y; being real-valued. Also, let 8(-) be a smooth real-valued function on R? and consider

the following regression model:

(1.2) Y =6(Xi) + Z;,

(oo}

where Z; = Y 22 _ o

ai—y€y. Here {ay, : v = 0,%1,%2,...} is a sequence of unknown
parameters and {e, : v = 0,%£1,...} is a sequence of iid random variables with mean

zero and variance o2

. Furthermore, suppose the sequences {X;,7 = 0,+1,£2,...} and
{€i,i = 0,£1,£2,...} are independent, so that §(X;) = E(Yi|Xy).

To enhance the flexibility in describing the relationship between the response and pre-
dictive series, as well as the ability to identify various nonlinear models, it is desirable to
eliminate the parametric assumptions on the mean function 6(-). With this semiparametric
approach, the present paper generalizes the results presented in Truong and Stone (1992) in
several directions. In particular, inference for the autocorrelated structures in the response
series [such as the estimation of 7 in model (1.1)] can be given via the usual parametric
approach. Moreover, results on rates of convergence in the estimation of the regression
function 6(-) can be improved. More specifically, under appropriate conditions to be given
in the following sections, it is shown that local polynomial estimators of the regression
function 6(-) can be chosen to achieve both local and global optimal rates of convergence
as given in Stone (1980, 1982). Furthermore, if the errors Z; form part of a parametric
time series model with finitely many unknown parameters, then these parameters can be
estimated with the usual root-n rate of convergence.

The rest of this paper is organized as follows. Results on rates of convergence are
given in Section 2, where the local polynomial estimators and conditions required for the
achievability of the convergence rates are also described. The fitting of the error process is

treated in Section 3, and proofs are given in Section 4.



2 Estimation of the Non-parametric Regression 6(-)

The estimator of the function 6(-) will now be described. For each given n > 1, let
(X1, Y1),...,(X,,Y,) denote observations obtained from (1.2) and let é, be positive num-

bers that tend to zero as n — oco. For a given x € R?, set
L(x)={i:1<i<nand |X;-x| <é}

and let N,(x) = #I,(x) denote the number of points in I,(x), where ||x|| = (z3+- - -+22)1/2
for x = (21,...,24) € R% Given k > 1, let P, x(u) denote the polynomial in (u; — z;) [here

u = (uy,...,uq)] of degree (k — 1) such that it minimizes

> V- P(Xi)P

i€ln(x)
over the class of (k —1)-th degree polynomials Pyx(u). (The existence of P, x(-) follows from

Lemma 1 in Section 4.) Define an estimator of 8(x) based on P, x(:) by
On(x) = By x(x).

For example, suppose d = 1 and k = 2. Then P,(X) = & + B(X — z) where & and 3

are obtained by minimizing

3 Y- a-A(Xi - o)

1€ln(z)
Thus
é,,(z) =a= E WY/ Z Wn,i,
i€ln(z) 1€ln(z)
where
Wn,t = Sn,2 — (Xt - z)sn,l, 1€ In(x)
and

snj= Y, (Xi-z), j=1,2
1€l,(z)

The estimator defined by 6,(z) = é is called the local linear estimator.
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The conditions required for the rates of convergence of the nonparametric estimators
6,,(-) treated here depend on the following conditions.
Let U be a nonempty open subset of the origin of R%. The following smoothness condition

is imposed on the function 8(-) so that the bias of 8,(-) can be dominated.
Condition 1 6(-) has bounded partial derivatives of order k on U.

The following two conditions are required to show the existence of Pn,x(-). Consequently,
it also guarantees the existence of the nonparametric estimator én(-). These conditions are

similar to those used in ordinary least square theory for random effect models.

Condition 2 The distribution of X, is absolutely continuous and its density f(-) is bounded
away from zero and infinity on U; that is, there is a positive constant M; such that M{! <

f(x) < M; forxeU.

Condition 3 For j > 1, the conditional distribution of X; given Xo = x has a density

fi(-1x); there is a positive constant M, such that
M;! < fi(x'|x) £ My for x,x' € U and j > 1.

Let F; and F7 denote the o-fields generated respectively by (Xi,Y;), —o0o <1< 7, and

(X;,Y;), 5 <1< o0. Given a positive integer u set
@, = sup{| P(AN B) - P(A)P(B)|: A€ F; and B e F'**}.
The stationary sequence is said to be a-mixing or strongly mixing if a, — 0 as u — 0.
Condition 4 {X;,i = 0,%1,+2,...} is a-mizing with
a, = 0(p"), 0<p<l, u=0,1,2,....

Conditions 3 and 4 are not required if {X;,7 = 0,£1,...} is a sequence of independent

random variables. In connection with model (1.1) described in Section 1, it is useful to



note that Gorodetskii (1977) and Withers (1981) have given sufficient conditions for linear
processes to be a-mixing. See also Auestad and Tjgstheim (1990) for an illuminating
discussion on the role of a-mixing (or geometric ergodicity) for model identification in
nonlinear time series analysis. |

The following condition is necessary for working with the variance term:
Condition 5 }_, |ay| < 00.

Finally, it is necessary to impose a condition similar to Condition 2 of Stone (1982) under
which the L., rate is achievable. We recall that if £ is a random variable with E|¢|? < oo,

then the gth order cumulant of £ is defined by
cumg(§) = 3 (=1Y71(4 - DIE(€")- - E(€)

where the sum extends over all partitions v,...,vj,7 = 1,2,...,q, of {1,...,q}. See

Brillinger (1981) or Shiryayev (1984). Let ¢() denote the characteristic function of &g.
Condition 6 The function log ¢(-) has a Taylor ezpansion:

Equq /q! < oo, z in some neighborhood of the origin,

q
where Cq = |cumy(€o)|.

In particular, the above condition is satisfied when &g is a Gaussian random variable.
Given positive numbers b, and ¢,, n > 1, b, ~ ¢, means that b,/c, is bounded away
from zero and infinity. Given random variables V,,, n > 1, V;; = Op(b,) means that the

random variables b;1V,,, n > 1, are bounded in probability; that is, that
Jim lim sup P(|Va] > cbs) = 0.

Also, V,, = 0,(bn) means that the random variables b;1V,,n > 1 converges to zero in
probability:
nlgrgo P(|Vy| > ¢b,) = 0, ¢c>0.
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Set 7 = k/(2k + d). The pointwise rate of convergence for the estimator 8, (-) will now

be given.
Theorem 1 Suppose Conditions 1-5 hold and that 6, ~ n=1/(2k+d)  Then
|0n(x) - 8(x)| = Op(n™"), x€U.

Let C be a fixed compact subset of U having a nonempty interior. Given a real-valued

function g(-) on C, set

1/2
lola = ([ loGPdx) ~ and gl = sup lg()l
(o) xeC
The L, and L, rates of convergence are given in the following results.

Theorem 2 Suppose Conditions 1-5 hold and that 6, ~ n~1/(2k+d)  Then

[162(-) = 6(-)ll2 = Op(n™").

Theorem 3 Suppose Conditions 1-6 hold and that §, ~ (" logn)/(?*+9)  Then there is

a positive constant ¢ such that
li,llnP (”én() —0()|loo > ¢(n? logn)") =0.

Proofs of Theorems 1-3 will be given in Section 4. According to Stone (1980, 1982),
the rates presented in Theorems 1-3 are optimal. In the fixed design setup (non-random
X;), similar results are obtained by Miiller and Stadtmiiller (1987) [based on a finite-order
moving average process] and Truong (1991). Based on the a-mixing of the bivariate series
(instead of {X;} alone), Theorem 2 was established by Truong and Stone (1992); Theorem 3
was also established in this paper under the additional assumption that the series {Y;} be
bounded.

The above results can also be extended to the estimation of the derivatives of the

regression function 6(-). Given nonnegative integers ay,...,0q, set a = (@1,...,a4) and



[a] = a1+ -+ aq. Let the regression function 6(-) be k-times (k > 1) differentiable on R€.

Set

T6() = )_ 4aD*6("),

[a)<k

where g, are constants and D* denotes the differential operator defined by

ol
DY = —— ———
0zt ... 0zg?
Let m denote the order of T’; that is, set m = max{[a] : 0 < [@] < k and g, # 0}. Note that
the function 76(-) = 6(-) corresponds to m = 0, while T6(-) = 96(-)/dz, corresponds tom =
1. Under the conditions given in Theorems 1-3, a sequence of local polynomial estimators of

T(6) can be chosen to achieve optimal rates n~(k=m)/(2k+d) hoth pointwise and in L, norm.

Furthermore, it can also be chosen to achieve the optimal Lo, rate (n~! logn)(k—m)/(2k+d),

3 Estimation of the AR Parameters

Suppose that {Z;} is a stationary time series in which
Zi=pZia+t -+ BZiy e, (3.1)

where v is a positive integer, the v roots of the polynomial 1— ;2 —---—f3,z" are all greater
than 1 in the absolute value, and ¢;, ¢ = 0,+1,+2,... are independent and identically
distributed with mean zero and finite variance 0. Then {Z;} is an autoregressive process
of order v. By Theorem 3.1.1 of Brockwell and Davis (1987), there is a sequence a.,
u = 0,%1,%2,... of real numbers such that )} |a,] < 00 and Z; = ¥, ai—y&y for i =
0,%1,%2,.... Thus Condition 5 is automatically satisfied.

Let C be a compact subset of R? having a nonempty interior (for example, a d-dimensional
rectangle), let X;, ¢ =0,£1,42,... be a C-valued stationary time series that is independent
of €;,2=0,£1,%£2,..., and set

Y. = O(X;) +2Z;, t=0,£1,%£2,.... (3.2)



As an example, X; and Y; could be bimonthly compliance and cholesterol measurements,
respectively; here compliance is the percent of medication consumed by the patient between
consecutive visits to the physician’s office.

In the present context, we set U = C in Conditions 1-3 and Theorem 1. Then Theorems
1-3 are valid in this context, as can be seen by examining their proofs.

Consider the v-dimensional column vector 8 = (81, 82,-..,08,)". Given by,...,b, € R,
set b = (b1,...,b,)t. Then B is the unique value of b that minimizes E[(Z; —b;Z;—y —--- —

b,Z;—,)?). Consequently, f1,...,B, satisfy the system of normal equations
E(Zih(Pr1Zi-r + -+ BuZi-)]) = E(Zi-pZi), h=1,...,v
Set vy, = E(Z;Z;4+1). Then the system of normal equations can be written as

v
Zﬂl’)’]h—l[ = Yh, h=1,...,v.
=1

Observe that the v X v matrix I' = (7|h—l|) is the variance-covariance matrix of Z;,...,2,.
Set 7 = (71,---,7)'. Then the system of normal equations for # can be written in matrix
form as I'# = 7, whose unique solution is given by # = I'"11.

Set Z; = Yi — 0,(X;) = Z; — (0,(X;) — 6(X;)) for all ¢ and
1 n—h
7nh=m§Z¢Zi+h, h=0,1,...,v.

Consider the estimates I'y = (Fn,h-1) and ¥ = (An1, - - ,9nv )t of T and 7, respectively,
and consider the estimate 8, = I';14,, of B. (Given sequences {b,} and {c,}, let b, < ¢,

mean that b,/c, — 0 as n — 00.)

Theorem 4 Suppose k > d/2, Conditions 1-5 and (3.1) and (3.2) hold, and that n=1/2¢ &
8o € n~Y4 . Then \/u(B, — B) 2 N(0,02T-1).

The above result on parametric inference for the error process provides an interesting
justification for using local polynomials of degree k—1 > d/2—1 to estimate 6(:). Note that

the condition on 6, in this result is quite broad; in particular, it is satisfied if §, ~ n~1/(2k+d)
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or &, ~ (n~llogn)Y/(?+4)  The proof of the result will be given in Section 4.4. A special
case of the result was presented in Truong (1991), where d = 1 and local averages are used
to estimate 6(-). When d = 2 or d = 3, local-linear estimates of 6(-) can be used, but when
d > 4, it is necessary to use local polynomials of higher degree. Moreover, the achievability
of the n~1/2 rate of convergence for estimation of § presumably requires Condition 1 or
some other suitable smoothness condition on #(-). Theorem 4 raises the interesting issue of
determining the order v from the observed data. Simulation results have shown that the
parametric estimates are insensitive to é,, which is compatible with Theorem 4. In these
simulations, AIC has been quite consistent in selecting the order v and this selection also

is insensitive to the value of 6,,.

4 Proofs

Given nonnegative integers aj,...,aq, set @ = (a1,...,a9), [a] = a1 + -+ + a4, a! =
(a1)!---(aq)! and x* = z§* - --25¢ for x = (z1,...,74) € R%. Also, set A = {e : [a] < k}.
Given x € C, let Y, (x), Xp(x) and A,(x) be defined as follows: Y, (x) = (Yni(x)) is the
n-dimensional column vector given by Yy;(x) = Y; if ¢ € I,(x) and Y,i(x) = 0 otherwise;
Xa(x) = (Xnia(x)) is the n x #(.A) matrix given by Xpia(x) = (X; - x)"/é!{’] if 1 € In(x)
and a € A and Xpin(x) = 0 otherwise; Ap(x) = (Apap(x)) = X&4(x)Xn(x), which is a
#(A) x #(A) matrix. Let P, x(u) denote the polynomial of degree k — 1, in terms of
(u- x)°‘/6n , minimizing

> ¥ - Pax (X))
In(x)
We have that
R u-—x
Pux(w) = 3 bral00)
[a)<k

where

bra(x) = (A7 (%) X7, (%) Ya (X))o

10



Let Q = (1,0,...,0)! denote the #(.A)-dimensional vector so that

bn(x) = Pn,x(x) = Q'A; (%)X}, (%) Ya(x).

Let 6x(-;x) denote the (k — 1)th-degree Taylor polynomial of 6(-) about x. That is,

D8
(0= 3 e xeq
o<k &

where
oled

) —
1., 9g%
0zy* --- Oz

Define the n-dimensional column vectors Ty (x) = (Tri(x)) and Tk, (x) = (Tkni(x)) by

Toi(x) = 6(Xi), i€ In(x),
Tini(x) = 0k(Xi5x), i€ In(x),
and Thi(x) = Tkni(x) = 0, otherwise. Then

. a clo] o
Tpni(x) = 3 iz )" fn D20(x)

S @ @ R
so
(A7 GO () T () = 2000
and
6(x) = Q"A;" (3)X7, (%) Tin ().
Consequently,

bn(x) = 0(x) = Q'AT(x)X}(X)[Yn(x) = Tn(x)]

+QI A (%)X (%)[To(x) — Tin(x)], x€C.

To show that the solution to the least squares problem:

> ¥ = Pox(Xi)P

In(x)

11
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does exist, we recall that N,(x) = #{¢:1 < ¢ < nand ||X; - x|| < 4.}, x € C. Suppose
that 1/né2 = o(n™¢) for some € > 0. Then, according to Conditions 2-4 and the argument

of Lemma 7 in Truong and Stone (1992), there are positive constants ¢; and ¢, such that
lign P(Q2,) =1, (4.3)

where 2, = {clnég < Np(x) < eanéd forx e C } The existence of I:’n,x(u) is given in the

following result.

Lemma 1 Under Conditions 2-4, there is a positive constant c3 such that
li’lznP(Nn(x)(A;l(x))ap <cz3 forxeC anda,B € A) =1.

Proof We may assume that C = [-1/2,1/2]%. Let A be a positive integer so that
L, = n*. Let W, be the collection of (2L, + 1)? points in [—1/2,1/2]¢ each of whose
coordinates is of the form j/(2L,) for some integer j such that |j| < L. Then [-1/2,1/2)¢
can be written as the union of (2L,)? subcubes, each having length 1/2L, and all of its
vertices in W,,. For each x € [-1/2,1/2]¢ there is a subcube Qw with center w such that

X € Qw. Let C, denote the collection of centers of these subcubes.
Define the #(A) X #(.A) matrix A = (Aqp) by

Aup = St u®u?f du
) Jjaj<1 du

Then det(A) > 0 (see pp. 1354-1355 of Stone, 1980). Given ¢ > 0, it follows from the

argument of Lemma 9 in Truong and Stone (1992) that
li1{nP(|N,'{1(w)A,wp(w) —Ayp| L€ foralwe Cp and a,f € A) =1.

According to (2.13) of Truong and Stone (1992) and by expanding (X; — x)* in terms of

X; —w and w — x, where x € Qw,

H’I;HP(IN,:I(X)Anap(X) — Ayp| <€ forallxe C and a,B € .A) =1, €>0.
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Consequently,

lim P(det(N;}(x)An(x)) > 0 forallx € C) =1
and hence
lim P(|Na(x)(A7 (X))as — (A V)agl S € forx€Cande,feA) =1, €>0. O
Set
Ma(x) = (Mi(x)) = QAT (OX4(x), x€C.

Then
ba(x) = 3 Mi(x)Y.. (4.4)

Note that M;(x) = 0 for 7 ¢ I,(x) and that
IMa(x)I = O(N7 (%)Q"(%) [N (x) A7 (%)]Qn(%))-
By Lemma 1 and (4.3), there is a positive constant ¢4 such that
lim P(V,)=1, (4.5)

where U, = {|M,(x)|?> < c4n™167? and max; |Mi(x)| < eqn~167¢, x € C}.

n

In a number of results below, we need to condition on Xj,...,X,,. In order to simplify
the notation, we set P,(-) = P(/|Xy,...,X;) and E,(-) = E(:|Xy,...,Xy). Also, for

positive numbers b, and random variables V,,, n > 1, we write
E,(Va)<b, onV,

to mean that

P({Ea(Va) > b} N¥T,) = 0.

Similarly, for events A,,

Pp(An) <bp on ¥,

is equivalent to

P({Pa(4n) > ba} N \Il,,) = 0.

13



Remark. The following argument will be used repeatedly in the proofs. Suppose

E.(|Va]?) < b2 on ¥,,. By Markov’s inequality

P({{Val 2 b} N ¥,) = Po(|Va| > cby)dP

Anﬁ{Eu('anz)Sb%}
1
< SP(Va N {EL(Val?) < 82)).

Lemma 2 Suppose Conditions 2-5 hold. Then there is a positive constant cs such that, for
x€C,
2 —14-d
E.[(SMix)[Y: - 8(X))]) ] < esn7167¢ on Q.0 .

Proof Set U; =Y; — 0(X;) = 3, ai-vu&y and ||a]|? = Y a2. By (4.3), (4.5), and the

assumptions on the g,’s,

E[(SM[% - 6X)]) | = DiEMx)UL + 25 T En(Mix)UiMig; (x)Uiss)

= cn 8,00 lal|? + 207 i 5 Mi (%) Mig (%) Dutizuiti-u
< eanlé %0 % al|? + 207 |al|? max | M; ()| 2| Mi(x)|

= O(n7%6;%) onQ,NV¥, O

4.1 Proof of Theorem 1

According to Condition 1, there is a positive constant cg such that
|Ti(x) = Thni(%)| = 10(X:) — 6(Xi; x)| < 66, i€ I(x), x¢€C. (4.6)
By Lemma 1, there is a positive constant ¢7 such that
QA (x)X! (X)[Tn(%) = Tin(x)] < 76 on Q,, xeC. (4.7)
By Markov’s inequality and Lemma 2,
| QA7 (X)XE () Yn(x) = Tu(x)]| = Op(65). (48)
The desired result follows from (4.7) and (4.8). O

14



4.2 Proof of Theorem 2

By Lemma 2, there is a positive constant cg such that
E.[Z}(x)] < cgn”'67¢ on Q. NV, xeC,
where Z,(x) = Q'A; 1 (%)X (x)[Yn(x) = Tn(x)]. Hence

E, ( /C |Zn(x)[2 dx) = /C En[|Zn(x)P] dx = O(r"16%) on Q. N V...

Consequently, by (4.3), (4.5) and §, ~ n~1/(2k+d)

(/C | Zn(x)|? dx)% = 0lp(£§)~ (4.9)

The conclusion of Theorem 2 now follows from (4.7) and (4.9). O

Lemma 3 Suppose Conditions 2-6 hold and that 1/n§% = o(n™¢) for some € > 0. Then

there is a positive constant cg such that, for b > 0, if n is sufficiently large, then

P (ISM)lY: = 0(X)]| 2 by/(logn)/n8d) < 2% on QN ¥,

Proof Set C; = |cumg(eo)| and A = Y |au|. Also set U; = Y; — 0(X;), M3 (x) =
M;(x)/max; |M;(x)|, cumpq(-) = cumg(-|X1,...,Xs) and vary(:) = var(-|Xy,...,Xn).
Then

cump, (M7 (x)Us) = Ea(SiM; (x)0;) = 0
and
cumy, o (Z,-M}' (x)U,-) = var, (E;M{(x)Ug) .

Let ¢ > 3. By Theorem 2.3.1(iv) of Brillinger (1981), the absolute value of the gth cumulant
of 3°; M} (x)U; has the form

E cumy, g (M,"1 (E3]1//77 M,-';(x)U;q)

i1 yemriq

Z E M (X) @iy, - Z M,-'; (%)@ —u Cum(Ey,, ..., Eug)
Uq

il,...,iq u

15



= 0(Cy X B Slaneal - lai)

11€In(x)  ig€In(x) v

0Ci ¥ Tloiamul X Maimal 3 laimul)

1€ly(x) u 12€I,(x) 1g€I,(x)
O(CaNa(x)(Xla;1)?) = CoA0(nb3) on Qn.
J

1l

Thus, by Taylor’s expansion, for { positive and sufficiently small,

< canél quCq(q/q! on Q.

2
log Enlexp(CE,M; (x)U3)] — - vara(SiM7 (x)03)
g23

Let b,, n > 1, be a sequence of positive numbers. According to Markov’s inequality,
Po(SiMi(x)U; 2 bs)

< exp (—sbn) E. (exp(sE,-Mi(x)Ui))

< exp((=sba) En (exp(s max M; (x) S5 (x)U5))

IN

2
exp (—-sbn) exp (%varn(E;M;(x)U;)) exp (cznéff ZAqu(q/q!) on Q,,

923

provided that { = smax; |M;(x)| is positive and sufficiently small. By Lemma 2,
var, (ZiM,-(x)U,-) <esn 1674 on Q, NV,
By Condition 6, for { positive and sufficiently small,

canéd 3 AIC(T/q! = eanbi(? Y AICL(T /¢! = O (ns;{g?).
g23 g>3

Thus there is a positive constant a such that, for sn=16;¢ positive and sufficiently small,
P, (Z‘Mg(x)U; > bn) < exp (—sbﬂ + aszn'lﬁ,':d) on 2, NV,.

In particular, by choosing s = (b,/2a)né2, we see that if b, is positive and sufficiently small,
then

P, (E,-M,-(x)U.- > bn) < exp (—(bi/4a)n6g) on Q,NY,.

Similarly,

P, (E,-M;(X)U; < -—b,,) < exp (—(bﬁ/4a)n6g) on 2, NV,

16



SO

P, (IZ,-M.-(x)Ud > bn) < exp (—(b?,/4a)n6f,) on N, NVY,.
By choosing b, = b\/m for n sufficiently large and cg = 1/4a, we get the desired
result. O
4.3 Proof of Theorem 3
Set T, (x) = QA (x)X! (x)Tp(x). Then
Ta(x) = 8(x) = Q" A7 (%)X, (x)[Tn(x) = Tnr(x)]-

Thus, by (4.3) and (4.7),

li'I‘nP sgg ‘ITn(x) -6(x)| > 076,'5) =0. (4.10)

Set Un(x) = (Uni(x)), where Upi(x) = U; = Y; — 6(X;) for ¢ € In(x) and Uyni(x) = 0
otherwise. Then Upn(x) = Yn(x) — Tr(x) and

T (x) — Ta(x) = Q'A; (%) XL (X)Un(x) = Mn(x)Un(x). (4.11)

Let Cy be a compact subset of U containing C in its interior. We can assume that if
i1 € I,(x) for some x € C, then X; € Cp. Choose v > 0. It follows from Conditions 5 and 6

by applying Markov’s inequality to a suitable analog of Lemma 3 that
max{|Y; — 0(X;)| : X; € Co} = Op(n")
and hence that
sup max |Upi(x)| = Op(n"). (4.12)
xeC ¢
Consider the symmetric difference

L(x)AI(w) = (In(x) \ In(W)) U (In(w) \ In(x)), w € C, and x € Qw,

where C,, is as in the proof of Lemma 1. It follows from Condition 2 and 4 (see the proof

of (2.13) of Truong and Stone (1992)) that, for A sufficiently large,

max sup #(In(x)AI(w)) = 0y(n"). (4.13)

WECn xeQw
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We conclude from (4.5), (4.12) and (4.13) that, for A sufficiently large,

max sup [Ma()[Un(x) = Un(w)]| = Op(n77'6;).

weCh x

Consequently,
“I}IGagE: sup [Mp(%)[Un(x) = Un(w)]| _op(\/l/néﬁ). (4.14)

Observe next that

. - Y T |
VIJleagi XSGQPW tEIn(x)AIn(w) °1€A IXn'a(X) Xn‘a(W)l 0 (n 61; ) ) (4.15)

We conclude from Lemma 1, (4.3), (4.12), (4.13) and (4.15) that, for A sufficiently large,
tA -1 t Xt - d
max sup QAT (X)(XA(x) - Xo(w)]Un(w)] = op(\/1/n82). (4.16)

Write A,(x) = (Anap(x)). It follows from (4.13) and (4.15) that, for A sufficiently large,

Jex sup max, |Anap(x) — Anap(W)| = 0 (n") (4.17)

We conclude from Lemma 1, (4.3) and (4.17) that, for A sufficiently large,

s sup max (477 (x))ag = (47 (W)as| = 05 (n7(n67)?)

and hence that

max sup |QYA;(x)— A7 (W)IXE(W)Un(W)| = 0, (/1/n64). (4.18)

It follows from (4.11), (4.14), (4.16) and (4.18) that

max sup |Ta(%) = Ta(x) = Ta(w) + Ta(w)| = 0, (1/1/n82). (4.19)

WGC,. xX€

For each fixed A > 0, it follows from Lemma 3 that there is a positive constant c;g such

that
“PP(‘%%’i |Ta(W) = Tu(w)| 2 €101/ (logn)/né2) = 0. (4.20)
We conclude from (4.19) and (4.20) that there is a positive constant ¢;; such that
liirlnP(sup |Tn(x) = Tn(x)| > clu/(logn)/né;‘{) =0. (4.21)
xeC

The conclusion of Theorem 3 follows from (4.10) and (4.21). O
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4.4 Proof of Theorem 4

The main idea behind the proof of Theorem 4 is to approximate the sample covariance
structure constructed based on {Z,} by the corresponding one using Z;, and show that this

approximation has an error rate no more than n~1/2,

Observe that, by (3.2), (4.1) and (4.4),

Y: — 0,.(X;)

= X))+ Zi - 3 M(X)e(X;) - 2 M;(Xi)Z;

Z;

Z; - Z:Mj(xi)zj - ZMj(Xi)[ﬁ(Xj) - 0k (X;5 X)),

where 6k (-;x) is the Taylor polynomial of 8(-) about x. Thus

n—h n—h
n~! z ZiZiyh — n! z ZiZiyh = Bipn+Bap+---+ Bsp, h=0,1,...,v, (4.22)
=1 =1
where
n—h
Bip = n7 Y {3 Mi(Xa)O(X;) = 0x(Xy X {30 M (X )[0(X;) — 66(X 5 X1
=1 3 J
n—h
Byp =

w7 Y { DD MKOK;) — 06K Kl H{ 0 M (Xian) 23}

n—h
+070 S {3 M;(Xagn)[0(X;) — 0x(X53 Xi-{-h)]}{ZMj(X,')Zj}

=1 3

n—h
Bsp n! Z{E Mj(xi+h)zj}{ZMJ’(Xi)Zj}

=1 7

n—h
Byp = -n7'> (Z.' Y M;(Xith)Z; + Zitn EM,(X,-)Z,-)
=1 ] 7
n—-h
Bsp = n7' Y Ziy Mi(Xign)[0(X;) — 06(X;5 Xitn))
=1 7
n—h
+n7h Y Zign ) Mi(X)[6(X;5) — 6k(X 5 X))
=1 7

By (4.3), (4.5) and (4.6),

max 3 M5 (Xern)O(X;) - 0Ky Xern) = Opl85)  on W (4.23)
J
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Consequently,

Bih=0,(62%), h=0,1,...,u (4.24)
By (4.23) and Lemma 2,
Byp = op(élj/\/n_ag), h=0,1,...,v. (4.25)
By Lemma 2,
Bsp=0,((n63)71), h=0,1,...,n. (4.26)

The last two terms By and Bs, will be treated in the following lemmas respectively.

Lemma 4 Suppose Conditions 2-5 and (3.1) and (3.2) hold, and that 1/né% = o(n~¢) for
some € > 0. Then

Bin=0,(1/n62), h=0,1,...,v.

Proof Since Z; = ¥, ai—y&, and {€,} is a sequence of iid random variables with mean

zero,
E(2:2) = 0*Tuticutica
and
E(Z,'Z[ZJ‘Zm) = Zu Zv E, Etag_ual_vaj_,am_tE(eueve,et)
= (Yi-)(Vj-m) + (¥i=5)(Vi=m) + (Vi=m)(Vj-1)
+ (E(eg) - 304) DI PR TR SR MO
Thus,

E, [(n TiZiT Mi(Xien)Z5)
= 02T T N T Mi(Xirh) Mo (Xj41) E(Z:21 2 Z0m)
= 0p(n7*6:25: T3 Tt S (1i-tllimm| + il V1| + Wil 1= )

+r 7481 (Tulaul)!) on ¥,
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Hence

E, (n-lz,.z.-szj(xHh)zj)z' = 0,(n"26;*!) on ¥,

L

Similarly,

E, (n’IE;Z,~+thMj(X;)Zj) =0p(n_25;2d) on ¥,.

-
The desired result follows from (4.5). O

Lemma 5 Suppose Conditions 1-5 and (3.1) and (3.2) hold, and that 1/né2 = o(n=¢) for

some € > 0. Then

Bs = 0,,(55/\/5), h=0,1,...,v.
Proof Write

Y Z Y MK n)[0(X) — 06(Xj3 Xign)] = n 7 i Whin Zi,

where
Whin = 2, Mi(Xign)[0(X;) = k(X5 Xigr)], i=0,£1,....
By (4.23),
Q’%x|wm-h| =0(6%) onv,.
Since

i DHE(Z:Zi)| € P T 5| uticutiou| = O(n(2|aj|)2) = 0(n),

we conclude that
2
E. [(n—lzin'th) ] = 0728 T WoinWinE(ZiZ;) = Op(n~162) on ¥y,

By (4.5) and Markov’s inequality,

n—h

n7! Z Z; EMJ(Xt+h)[0(xJ) - 0k(x.‘i; xi+h)] = OP (61,':1/\/7_7') , h=0,1,...,v.
=1 J
Similarly,

n—h
R Zign Y M;(X9)[6(X;) - k(X5 X)) = 0, (6%/v/n), h=0,1,...,v.

i=1 J
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This completes the proof of Lemma 5. O
According to (4.22)(4.26), Lemmas 4 and 5,

n—h n—h
nt Y ZiZign—nTt Y ZiZign = Op(53k+5§(n5§f)'1/2+("55)—1+5§/\/ﬁ), h=0,1,...,v.
=1 =1
(4.27)
We are now ready to prove Theorem 4. Set
1 n—-h
'7nh=—EZiZi+h1 h=0,1,...,0.
n—h =1

Consider the consistent estimates 'y = (Y jh-t) and ¥, = (Fn1,---,Fn)* of T and 7,

respectively, and consider the Yule-Walker estimate Bn = ~;1’yn of B. By Proposition

8.10.1 of Brockwell and Davis (1987),
vn(B, - B) LA N(0,0°T71) asn — oo. (4.28)
Since Ynp = (n — h)" 1 0P Zi Ziyh, it follows from (4.27) that
S — o = Op(82F + 85(n82) /7 + (n63) ™ + 85//m). (4.29)

Under the supposition that n=1/2¢ & §, < n~1/4% we conclude from (4.29) that 4,1 —Jns =
0p (1 / \/ﬁ) and hence that B, — B, = o, (l / \/ﬁ) The desired result now follows from (4.28).
(The quantity 2% 4 §5(né2)~1/2 4 (n62)~1 + 6% /\/n in the right side of (4.29) has the fastest

possible rate of convergence when 6, ~ n~1/(%+d) ) 0
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