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ABSTRACT

Suppose that we observe the process Y(t) from

t

Y(t)=([f(u)du +o W), tel0l]
)

the optimal rates of convergence ( when ¢ — 0 ) of quadratic functionals under hyperrectangle

type of constraint on unknown function f (t) is addressed, where W (¢) is a standard Wiener
1

Process on [0, 1]. Specially, the optimal rate of estimating l f ®(x))? dx under the hyperrec-

tangle constraint £ = {f: .\'j(f YsSn?}) is ¢ when p 20.75 + 2k, and g2~ @+ dp - ,
when k£ + 0.25 <p < 0.75 + 2k, where X;(f) is the jth Fourier-Bessel coefficient of unknown
function f. The lower bounds are found by applying the hardest 1-dimensional approach as
well as testing method. We use the lower bounds to compare how far the lower bounds apart
from the upper bounds, not only in rates but also in constant factors, which gives us an idea
how efficient the best "unbiased" truncation estimator is in comparison to the possible best esti-

mator. Indeed, with such a comparison, we find the asymptotic minimax estimator for estimat-
|

ing the functional ! f2(x)dx when p >0.75. The more general testing bound are also dis-

cussed in the current setting.

Key Words and Phrases: Quadratic functionals, Lower bounds, Rates of convergence,
Minimax risk, Gaussian white noise, Estimation of bounded squared-mean, testing of

hypotheses, Hardest 1-dimensional subproblem, Bayesian approach.



1. Introduction

Suppose the information available for unknown function [(t) is the observation from

t

Y(t)=(|:f(u)du + G W), tel0, 1] (1.1)

with constraint f (t)e Z, a subset of LZ[O, 1], where W(t) is a standard Wiener process on [0,
1]. We want to estimate a functional T (f) nonparametrically. The functionals of particular
interest in this paper are quadratic functionals, with Z a hyperrectangle. For example, we want

to estimate

1

T(f)= l[ Uf ®e))? de (12)

where f “"(t) is the kth derivative of the unknown function f(t). A natural question is. how
well can we estimate the functional? How well does the best quadratic estimator behave?

Ibragimov et al (1986) made a start on questions of this kind.

Such a model is apparently the most useful model for studying the properties of non-
parametric estimates, as pointed out by lbragimov er al (1986), since the statistical nature of
the problem is not complicated. Donoho and Liu (1988) connect such model with non-
parametric density estimation by heuristic argument that the information available from an
empirical process is almost the same as model (1.1) because the empirical process tends
weakly to a Browian bridge. Indeed, the result of Efroimovich and Pinsker (1982) -- under
ellipsoid type of constraint, the best linear estimator of density estimator (found explicitly) is
an efficient estimator among all possible estimators -- is motivated by Pinsker’s(1980) study of
model (1.1). Our results together with recent findings of Bickel and Ritov (1988) also support

such a heuristic.

oo

The discretized version of model (1.1) is as follows: fix an orthonormal basis |¢j (t))
|

in L?[0, 1], expand the functional dY (¢), f(¢), dW (¢) on this fixed basis. Then the observa-

tion from (1.1) is equivalent to observe their ith coordinate from
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Yi =X +0 2z (i=1,2,"') (1.3)

where y; x;, z; are the ith ‘coordinate of dY (¢), f (t), dW (t) defined by

1 1 1

yi = J 0:(t) dY (), x; = J 6:(t) f(t) dt, z; = ! ;i (t) dW () (14)

and the functional T (f ) of interest is equivalent to T (x), and constraint X is the same as a sub-

set in R™,

The quadratic functionals under consideration are
Qu)=Y N x? (1.5)
1

with hyperrectangle type of constraint
Z=(x € R™ Ix;| <A;) (1.6)

To make problem meaningful (Q (x) < oo, for x € Z), assume additionally that
TN A< (1.7)
1

Specially, when A; = j*, and A j=J7 (p 2k +025), then Q(x) defined by (1.5) is the

same as that defined in (1.2) with the smoothness constraint on f(t).

For finding the optimal rates of convergence, mathematically it involves on one hand, to
find a lower bound, which says that no estimator can do better than the lower bound, and on
the other hand, to find an reasonable estimator to achieve the rate of the lower bound. For the
current setting, it is not hard to find an intuitive estimator, which is good enough to allow us to

obtain an optimal rate of the convergence.

Finding a lower bound usually involves more mathematical techniques. An usual way to
find a minimax lower bound is by assigning an appropriate prior. However, we will show that
no intuitive Bayes method works in the current setting. For the setting of nonparametric den-
sity estimation, the mathematical background behind the construction of Farrell (1972) and

Stone (1980) is that no perfect test, no good estimate even though they didn’t state clearly.
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The generalization of such an idea is illustrated in Donoho and Liu (1987b,c, 1988).

When T is a linear functional, Donoho and Liu (1987a) shows that when the constraint is
convex, balance and symmeltric, under quadratic loss, the maximum risk of best linear estima-
tor is no worse than that of the best estimator times 1.34 by using the hardest 1-dimensional
trick back to Stein (1956). The optimal rate of the convergence is equivalent to the modulus

function defined by
br©) =sup ( IT(x)) - Txpl: llx; —x,112=0% x,€Z, x,€X) (1.8)

We will see that no matter what kind of functional we want to estimate and what kind of con-
straint we have, the lower bound by (o) is always available to be a lower bound. However, the

attainability of the lower bound by (o) fails already even for quadratic functionals.

Looking inside of the modulus function defined above, it says by no mean that once we
cannot test between x, and x, from the observations, then the change of the functional of
T(x) is the least mistake we will make for estimation of T(x). For the case that modulus
bound doesn’t work, one may argue that the pair of x; € Z, and x, € £ may not be one of the
most difficult pairs of subsets to be tested among all subsets having the same change of the
functional based on our observation (1.3). Thus, a more economical and automatic way to for-
mulate a pair of subsets (usually composite) to be tested is that let the change of functional of
two sets be at least A, and then see how large A will be in order to have a good but no perfect

test to separate two subsets. The idea of this kind is due to Donoho and Liu (1987c¢).

Contents of Paper: We begin with finding the best "unbiased” truncation quadratic esti-
mator, and compute its MSE error. Then, we apply the hardest 1-dimensional method to give
a lower bound, which shows that when p 2 g + 0.75, the best "unbiased” truncation quadratic
estimator is quite efficient in asymptotic minimax sense. When (g + 1)/2 <p < g + 0.75, the
hardest 1-ditnensional approach does not give sharp lower bounds. To handle this case, we
develop a new lower bound, based on the Bayes risk in testing between two highly composite

priors, which shows that the best "unbiased” truncation quadratic estimator gives the optimal



-5-

rate in this case. However, the lower bound and upper bound is quite different in the constant
factor. Motivated by the testing method, we will suggest how to assign an appropriate prior to
give a bigger (possible) lower bound ( in constant factor ). Finally, we generalize the idea of

testing method to more general setting.

2. Quadratic estimators
Let start with the model (1.3). Suppose we observe
y=x+0z 2.1

with hyperrectangle type of constraint (1.6). A intuitive class of quadratic estimators 'to esti-

mate
Q)= i A xi ' (2.2)
1

(where A; 2 0) is the the class of estimators defined by

gg(y)=y'By +¢ 2.3)

where B is a symmetric matrix, and c is a constant. Simple algebra shows the risk of g (y)

under quadratic loss is
RB,x) L E (qp() - Q) 24
= (x'Bx + 6> rB + c—-Q (x))? + 206" rB? + 46* x'B%Xx (2.5
Following Proposition tells us the class of quadratic estimators with diagonal matrix B is a
complete class among all estimators defined by (2.3).

Proposition 2.1: Let Dg be a diagonal matrix, whose diagonal elements are those of B.

Then for each symmetric B ,

max R(B,x)=2 max R(Dg, x)
x €L x€eX

where Z is defined by (1.6).



-6 -

Thus only diagonal matrix B is needed to be considered. For diagonal matrix
B =diag(b, b,, ....) (2.6)

the estimator (2.3) has risk
RB,x)= X bix?+0*Ih; +c - T Ax)? + T b? 20" + 406? x?) Q2.7
1 1 1 1 .

A natural question is when the estimator (2.3) with B defined by (2.6) converges almost surely.

Following Proposition may state in some standard probability book.

Proposition 2.2: Under model (2.1), gg(y) converges almost surely for each x € X iff

5_:. bi(A*+ 0} <o (2.8)
1

Even though for diagonal matrix B, it is hard to find the best quadratic estimator. For the
infinite dimensional estimation problem, usually the bias is a one of major contribution to the

risk. Thus, we would prefer to use a unique unbiased quadratic estimator
< 2 _ <2
? Ay = oY)

but it may not convergence in L2, and even it does converge, it may contribute too much on

variance. Because of convergence condition (1.7), we know that after certain dimension m (

which will go to infinite, as 6—0 ), we are not worth to estimate YA; ,\'jz. Thus, "unbiased”
m

truncation guadratic estimator
qur®) =X M0/ - o) 2.9)
1

is a good candidate for estimating Q(x), and m is chosen to minimize its MSE. For estimator

qur (v) just defined above, the maximum MSE is

max R(qur, x) = (EAA7 + T /20" +40%4) (2.10)
X € m 1
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When A; = j? and A; = j°P, (p > (g + 1)/2), (2.10) can be simplified a lot. Let’s study its

asymptotic property as ¢ — 0. By (2.10), the estimator
m .
Y0} - o) (2.11)
1
has its maximum risk
2 +
R(n) 2 2mA T

1 m -2p-q-1
W+o)+402 T4~ % + (—uvo 21 + 0L
2q+10( +0())+o§/ + ( F— (1 + o (1))

Casel: (¢ +1)2<p <q +0.75.

4
Choose m = [c,0 -1, where ¢y is specified below. Let
' 29 + 1
gy == +c7 2@ -a-Dyp — g —1)? (2.12)
2g +1
1
Then the minimizer of g(c) is ¢y = (2p — q -1) “-' Thus, (2.11) is simplified as
PRt )]
gleyes ¥ (1+o0(1) (2.13)
and the optimal m is
-t 4
me=12p —q-1 ¥-'g ¥ (2.14)
Thus risk of the optimal estimatior "unbiased"” is
4-X2qthH
glegys  P-1 (L+o(1) (2.15)
CaseIL: p >q +0.75
S
The optimal my = [¢ *"~'], with risk
4y, j*1-* a1 +o(1) (2.16)
1

Let summarize the result we obtained above
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Theorem 1: For 7\]- = j? and Aj = j P, (p > (g + 1)2), the best "unbiased" truncation
estimated is given by (2.11) with optimal m, defined by (2.14) when

(g +1)2<p <q +0.75, and the maximum risk of the optimal estimator is given by (2.15),

4

- 4—p:l—

and the optimal m, = |C ] when p > g + 0.75 with the maximum risk given by (2.16).

Note that when (¢ + 1)/2 < p < g + 0.75 the rate given above is bigger than . In fact,
in the next two section, we will show that the "unbiased" truncation estimator is quite efficient
in the sense that its risk is quite close to lower bounds, and the rates given above are optimal.
Note the when q = 0, we will actually prove that the best "unbiased” truncation estimator is

asymptotic efficient in minimax sense.

In the following examples, we always assume that the constraint is £ = {x: Ile <j Py

1
Example 1: Suppose we want to estimate T(f) = ([ f %(t) dt from model (1.1). Let |

6;(t) ) bea ﬁxed orthonormal basis. Then T(f) = Y sz. Thus, the optimal "unbiased" esti-
j=1

my

mator is Y, }»j (yj2 - ¢%), where
1

4

6 ¥-'), itp >0.75
ng = 1 4

@ -1 ¥-Tg -1}, if05<p <0.75

Moreover, when p > 0.75, the estimator is an asymptotic minimax estimator. For

0.5 < p £0.75, the optimal rates are achieved.

Example 2: Let orthonormal basis be {¢]-(t)} = (I, L cos2rjt, L sin2mjt ). We

2 a2
want (0 estimate

T¢) = [IfOOF de = @ufr 3% 47

) j=2

Mo
The optimal "unbiased” estimator is @rt2 > 2k (yj2 — @?), where
j=2



4
[c %', if p>2k +0.75
Mo = 1 4

(@ -2k-1) - 'g %) ifk +05<p <2k +0.75

Moreover, the estimators achieve the optimal rates.

Example 3: (Inverse Problem) Suppose we are interesting in recovering the indirectly

observed function f(t) from data of the form ( Donoho & MacGibbon (1987) )

us u

y(u)=“1<(t, $)f (¢)dt ds +o£dW, u €[0, 1]
)

where again W is a Wiener Process and K is known. Let K: L,[0, 1] = L,[0, 1] have a
singular system decomposition (Bertero et al (1982)), i.e. a representation

Kf = 3 M(FL B0,

where the A; are singular values, the {&;} and {m;] are orthogonal sets in L,[0, I]. Then the

observation is equivalent to
Yi =Ai6; + 0 €

where €; are i.i.d. N(0, 1), 0; is the Fourier-Bessel coefficient of (f, &;), and y; is a Fourier-
Bessel coefficicnt of the observed data. Now suppose want to estimate
1 oo oo
lfz(l‘)d' =Y 07 =¥\ % x’
1 1
where x; = A; 0;. If the non-parametric constraint on 0 is a hyperrectangle, then the constraint
of x is also a hyperrectangle in R™. Applying Theorem 1, we can get an "optimal" estimator,

which achieve the optimal rate. Moreover, we will know roughly how efficient the estimator is

if we apply the Table 3.1 and 4.1.
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3. Hardest 1-dimensional lower bound

The hardest 1-dimensional trick is suggested by Stein (1956). The idea is to use the
difficulty of the hardest l-dimensional problem as a lower bound of that of nonparametric
problem. Thus, for estimation of quadratic functionals ( infinite dimensional), we will end up

with the difficulty of estimation of 02 from observation ¥ ~ N (CA 02) (1-dimensional).

Let Y be a random variable distributed as N( 0, 6> ), and suppose it is known that

18! < 7. Let the minimax risk of estimating 6% be
p(t, 6% = inf sup Eo(S(Y) — 0%)? @3.1)
5 lelse
By definition, it is easy to show that
p(t, 6%) = ¢* p(v/a, 1) 3.2)
For estimation of bounded mean, the quantity
inf sup Eo(8(Y) — 0)? (3.3)
5 lelst

has been studied by Casella and Strawderman (1981), Bickel (1982). However p(t, a?)
behaves much different from the minimax risk of estimation of the bounded mean (3.3). For

the purpose of later use, we give the following asymptotic result of p(a, 1).
Theorem 2: As g — oo,
pla, 1) =4a*1 + 0 (1)) (3.4)
Moreover the least favorable prior is the limit (as n —eo ) of the prior density of

2n_+ 1)8%"
gn(0,a) = ‘(—g;*z;';)]—— Lol < a (3.5)

Now we are ready to find a lower bound by using the hardest 1-dimensional trick. Fix a
point x € . Letx, =tx,t € [-1, 1], be a line segment passing the origin. Then the problem

of estimating of Q (v) in { x, } is just that of estimating

0% = Q(tx) = t’Q (x) (3.6)
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from observation
y=tx+0z

where z is normal with mean 0 and variance identity, and t is unknown to be estimated. As

(y,x)~N(t|lx I%, S4lx II?) is a sufficient statistics for t, the observation available for estimation

t or O is equivalent to that from —f ; X) o, x Q(‘) 0%). Thus the minimax risk of

estimation 62 in the problem is
PODCO), (IZL—(J% o? 3.7
Y
according to our notation. By (3.2),

P (), ﬁz’ ) = Ql(:‘;" pUk Il 7 6, 1) (3.8)

But, the minimax risk of estimation Q (x) is at least as difficulty as that of estimation 62 Con-

sequently,
inf sup E.(8(y) — Q (x))?
S xelX

=inf sup  sup E, (3(y) — 20 (x))?
Il <1

O xe X

> sup inf sup E, (8(y) — 6%)?
xeX & llsgl

2 sup Qlt ':" p(iell / o,1)

xe X

In conclusion,

Theorem 3: The minimax risk of estimation Q (x) from observation (2.1) is at least
2
sup L o o/ o) (3.9)
€

and as ¢ — 0, the minimax lower bound is at least

2

sp 227 2 4oy (3.10)
xeLfk]>0 u,“2
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Comparing the lower bound and upper bound given by (2.16), when p 2 q + 0.75 the
rate ¢° is the optimal one... When p = 0, the best truncation is the asymptotic minimax estima-

tor. How close is the upper bound to lower bound? By (2.16) and (3.10), as ¢ =0

C 2
Lower Bound ,  ~2%- @3.11)
Upper Bound  Co, Co, _ o,

where C, =Y j~" can be calculated numerically. Following table shows the result:
1

Table 3.1: Comparison of the lower bound and upper bound
p=1+1+05i

i=1 i=2 i= i=4 i=5 i= i= i=

¢q=0.0 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000
=0.5 | 0976 | 0.991 | 0996 | 0.998 | 0.999 | 1.000 | 1.000 | 1.000
=1.0 | 0940 | 0977 | 0990 | 0995 | 0998 | 0.999 | 0.999 | 1.000
=1.5 | 0910 | 0963 | 0.984 | 0992 | 0.996 | 0.998 | 0.999 | 0.999
=2.0 | 0.887 | 0952 | 0.979 | 0990 | 0.995 | 0.998 | 0.999 | 0.999
=25 | 0.871 | 0944 | 0975 | 0988 | 0.995 | 0.997 | 0.998 | 0.999
=30 | 0.859 | 0938 | 0972 | 0.987 | 0994 | 0.997 | 0.998 | 0.999
=35 | 0851 | 0934 | 0970 | 0986 | 0993 | 0.996 | 0.998 | 0.999
=4.0 | 0.845 | 0931 | 0968 | 0985 | 0.993 | 0.996 | 0.998 | 0.999
=45 | 0.842 | 0.929 | 0.967 | 0.984 | 0992 | 0.996 | 0.998 | 0.999
=5.0 | 0.839 | 0928 | 0966 | 0984 | 0992 | 0996 | 0.998 | 0.999
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4. Testing of the vertices of hypercube

Note that when (g +.1)/2 < p < g + 0.75, the upper bound (2.15) is not at the rate of o2
and consequently, the hardest I-dimensional lower bound (3.10) is much smaller. We may
wonder whether 1-dimensional bounds cannot capture the difficulty of estimating quadratic
functionals or clse the best "unbiased” truncation estimator is not a good estimator in this case.
Indeed, we will construct a bigger lower bound, which says the best "unbiased” truncation esti-

mator gives the optimal rate.

The idea of the construction is as follows: take a largest hypercube of dimensional n
(which depends on ¢ ) in the hyperrectangle, and assign probability ;l"— to each vertices, and
then test them against the origin. When no perfect test exists ( by choosing some critical value
n, depending on ©), the difference in functional values at two hypercubes supplies a lower

bound. The approach we use is related to one of Ibragimov et al (1986), who, however use

hypersphere rather than hyperrectangle.
To carry out the idea, let’s formulate testing problem
Hyx;=0,eH;:x;=x¢, (i=1l, ---,n), 0@ >n), “.1)
i.e. we want to test whether the obscrvation y; from H or H, which is specified as follows:
Hyy, ~N@©,6) (=1, - »n) & 4.2)
1 .
Hyyi~ 5 90, 12, 0) + 60, =1, 0L, (=1, -~ ).
where ¢(y, ¢, ) is the density function of N (¢, 02). The result of the testing can be summar-
ized as follows:

Lemma 4.1: The sum of type I and type 1I error of the best testing procedure is

Vi (t, | 6)*

D(- N

1 +o(1)) 4.3)

it n'? (ty, / 0)%—c, where @(') is the probability function of a standard normal distribution.
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Now we are ready to derive a lower bound. Let
n
r=1QH)-QHYI2=1]F \/2 4.4
1

be the half of change of the functional. For any estimator T (y), the minimax risk under qua-

dratic loss is

sup E, (T(y) - Q(x))*
xelX

> _; [Eo To)- Q) +E, TO) - Q)]
2 22 [Po(TO) 2 1) + PITO) = ()] 27)]
2>

%rﬁ [Po (T 2 1) + PUIT O < 7p)] 4.5)

2 q Nt 10
2y} B-—— )1 +o(1)

where E, and E | mean that take the expectation under H,, and H |, respectively.

The last inequality holds because we can view the second term of (4.5) as sum of type I
error and type Il error, which is no smaller than that of best test procedure given by Lemma
4.1. Thus, take n such that the last term is bounded away from 0, then r,,2 is the order of the

lower bound.

Theorem 4: Suppose that A; is increasing in j, when j is large. Let n, be the largest

number of the equation
i (Ap/0)P? S ¢
Then, for any estimator T (y), the maximum risk of estimating Q (x) is no smaller than

sup | ‘I’L‘g@ c M) A, Y (L+0(1) (as ¢ — 0). (4.6)
¢ 1

Moreover,
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(fA'j)Anzo
1 C
Sup. PUT)-QM)l2 — } 2 ®(- Ts) 1+ o0(1)

and for any symmetric increasing loss function /(*),

sup E, [1(2'“" ~0™WY]s 101y o= \I_)+o(1)
}:x A2

When A; = j7 and A; = j?, we can calculate the rate in Theorem 4 explicitly.

Corollary 4.1: When A; = j and A; = j?, for any estimator the minimax risk under

quadratic loss is no better than

4 N2q+ 1)
&.q0 ¥l a+0q))

Moreover, for any estimator T(y),

_2gt 204

sup_ PXIIT(y)—Q(x)|2c‘I P-Y2@+lyoe Pl 20 —j—g—)(l+o(l))

where

_4+2
1
§ = sup c 4 -
P9 50

O(- ( < )(4(g + 1)}

When (g + 1)/2<p <q +0.75, by comparing the lower bound and upper bound given
in section 2, again we show that the best "unbiased" truncation estimator gives the optimal

rate. Following table shows how close the lower bound and the upper bound are.
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Table 4.1: Comparison of the lower bound and the upper bound

q=0 q:l q=2 q=3 q=4

p= ratio = ratio = ratio p= ratio p= ratio
0.55 | 0.0333 | L1.15 | 0.0456 | 1.75 | 0.0485 | 2.35 | 0.0495 | 2.95 | 0.0499
0.60 | 0.0652 | 1.30 | 0.0836 | 2.00 | 0.0864 | 2.70 | 0.0864 | 3.40 | 0.0858
0.65 | 0.0949 | 1.45 | 0.1159 | 2.25 | 0.1170 | 3.05 | 0.1153 | 3.85 | 0.1 132'
0.70 | 0.1218 | 1.60 | 0.1431 | 2.50 | 0.1419 | 3.40 | 0.1383 | 4.30 | 0.1345

where ratio = _\/ lower bound by testing method
upper bound by qu(y)

The above table tells us that there is a large discrepancy at the level of constants between
the upper and lower bounds. It appears to us that the hypersphere bound of Ibragimov et al

(1986) would not give a lower bound of the same order as we are able to get via hypercubes.

5. Bayes Method

Often we use Bayes method (o find a minimax lower bound. However, as mentioned in
the introduction, the intuitive Bayes method gives too small lower bound in the case of
(@ + 1)2<p <q +0.75. By intuitive Bayes method, we mean that assign prior uniformly on
the hyperrectangle, which is equivalent to say that independently assign prior uniformly on

each coordinate, or more generally assign prior x; ~ ;(0) independently. Mathematically,

assigning the prior in this way does not include the interaction term ( which has order n?

terms) and hence give a smaller lower bound. To see this, let p, }(i"” , G) be the Bayes risk of

estimation ©6° from Y ~N(®, 0% knowing 0l<j P with prior m;. Let

.
8() =E(X j? x{* | y) be the Bayes solution of the problem. By independent assumption of
1

prior,
8() = X JIE (xly))
1

Then the Bayes risk is
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ExE, §0) =X j%%)* =X j¥ pn(j 7. 0)
1 1
ST/ SN+ X U 6.1
|

n+l

because the Bayes risk is no larger than the maximum risk of estimator 0. As Bayes risk is no

bigger than the minimax risk, by Theorem 2, the last quantity is no bigger than

n =p
X % pr(l— Dot + O @™+ 2
1

SoOmM-"#r'gh)+rom Prutl

_ s gttt
= max(0 (¢%), O (¢ Py

4 Mg+
=0 ') (when (g +1)2<p <q +0.75)

by choovsing n =g 7.

To find a bigger lower bound, motivated by the testing method, take a largest n dimen-

sional hypercube in . Assign prior n(x) on the diagonal line segments starting from the ori-

gin uniformly, with probability 2% to each line segment of the hypercube.

Mathematically, assigning the prior in this way can be reduced to find the Bayes risk of

the estimating 62 based on the n i.i.d. observations y; having density
1
Yi ~ 5(4)(9, D+¢(-6, D)

with prior m(0) is uniformly distributed on [0, #,], and denote the Bayes risk by B(t,, n),
where ¢(0, 1) is the density of normal distribution with mean 0 and variance 1. Then, a
minimax lower bound of estimating Q (x) is at least as big as the Bayes risk, i.e. no smaller

than the quantity
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i E@®@y) - 5 . 9%)?
nin amax E0©0) ?”f )

2 (T A\j)e* B@A,/0, n)
1

We believe that for the case A, =n andA; =j? by choosing suitable dimension

4
4 - |

n= [(co)_ ], the lower bound might be improved. We are not going to pursue that here.

6. General testing lower bound

In this section, we will generalize the testing bound to more general setting, which
applies to all functionals to be estimated and any kind of constraint. Suppose we have obser-
vation from (1.3), and want to estimate T (x) knowning x € Z. Then no estimator can esti-

mate T(x) (aster than the modulus bound defined by (1.8).

Theorem 5: For any estimator d(y) from observation (1.3),

supz E, (8(y) - T(x))? 2 sup®(~ c/2)b;-2(c 0)/4
X € c

where by is defined by (1.8).

Remark: When the hardest I-dimensional lower bound and modulus bound both. give
the correct rates for estimating quadratic functional ( p2 g + 0.75), the modulus bound gives a

smaller constant factor. In fact, by Cauchy-Schwartz inequality,

br(€) S 2Yj4j~Te=2VCyp_o€ (v —¢>0.5)
and

O(-c/2)c? C c
Modulus bound _ “PIPE/D Cap4)Cap

1-dim bound 4 szp_q

C C
=0.167 X _2(_”._'1’___21’_’
C2
2p—q

where C, = Y j". The second is evaluated numerically in Table 3.1. For p=0, the last term
]

is no bigger than 0.167 and sometimes even much worse, if we evaluate both bounds more
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carefully.

Applying the testing-trick in section 4, we can give a more general result which allow us
to judge whether the modulus lower bound is too small or not. To state the result, without
loss of generality, assume that T(0) = 0. Let /, be the length of the largest n-dimensional

hypercube in Z, with /, > 0 and /, —0, and N4 be the largest integer such that

n"% l,20

Theorem 6: Under the above notations, assume that in the neighborhood of origin,
IT (x)! 2 Q (x), which is symmetric in each argument. Then the rate of Q (x,) is a lower rate,
in the sense that no estimator can estimate T(x) faster than that of Q (x,) (as 6—0), where
Xg=(@0, -++,0,0,0,---)N 8'25 with N, non-zero elements.

If moreover br(c6)/Q (x4) = 0 for each ¢. Then modulus bound by (c 6) does not give
an achievable lower rate under quadratic loss, where by is defined by (1.8).

As mentioned in the introduction, 2-points testing bound may not be the best pair to be
tested. To give a more powerful lower bound, let Z;., = {xeZ: T(x) <t} and Iy, , 5
defined similarly be the (wo subsets to be tested. Let conv(Zr 5, . ») be the convex hull of
Xr >, +a in the space of distributions, and define conv(Zr <,) similarly. Le Cam (1985)

shows minimax risk of the sum of type 1 and type 1I error of testing

Hox € Zryy4p e Hyix € Ir g, 6.1)

is just the maximum testing affinity of the hardest pair in conv(Zy 5, 4 o) and conv(Zr <),

and denote it by t(conv (Zr > + a), conv(Ir <) i.e.
r(conv(Zp 5, 4 a)s cOnV(Zp <) =

min max (E,0() + E.(1 = (»))). 6.2)
0p<l x € Iry 4 2 U Irg

The sum of type 1 and type 1I of the most difficult subsets to is tested be

o7 (4, 0) = sup m(conv (Ir 2 1 + o), conv (I <) 6.3)
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Hence the largest change of the functional A of the pair that we cannot test
Ar (o, ) = sup{A: o (A,G) 2 o} 6.4)

Then, we have following theorem, which generalizes all kinds of testing lower bound given

above.

Theorem 7: For any estimator §(y),

irgf sup_ P (18(y) = T(x) 2 Ap(,0)/2) 2 /2

and for any symmetric increasing loss /(t), the minimax risk lower bound is given

. 20¢) - 9 (x)) o
Wt e 2102

7. Proofs

Proof of Proposition 2.1:

For any subset Sc(l, 2, ,....}, let prior ps be the probability measure of independently
assigning Xj = 1A j with probability % each, for jeS and assigning probability 1 to the point
Ofor j ¢S. Then by the Jensen’s inequality,

max R(B,x)

xe X

2max E s R(B, x)
s M

ngx{ (E ,s(x'Bx) + o*uB +c¢ - E,s [Q )D* + 206 rB? + 46? Eps(x’Bzx)l. (7.1)

LetDy, = E lls(xx "), which is a diagonal matrix. Simple calculation shows that
Eps(x'B.\') =tr(BDy) =tr(DgD,)
E (B Y=t (B?D,) 2 tr(Dg)*Dy

rB? = #B'B = trDj}
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Thus by (7.1) and the last 3 display,

max R(B,x)2max E sR(Dg,x)= max R(Dg x)
xel s ¥ xel ’

The last equality holds because (2.7) is convex in x?, and consequently attains its maximum at

either sz =0or sz = Aj-z.

Proof of Proposition 2.2

Sufficiency follows from the monotone convergence theorem:

Eqggx) =Y b,'(x,-2 + 02) +Cc <o
1

Suppose that (2.3) convergence a.s. for each x € X, then according to Kolmogrov 3-

series theorem,

S Pbyt21) <eo (7.2)
1

z", Ebiy* 1,2 gqy <o (7.3)

As the distribution of y; is normal, it is easy to check that
E y! <3E y?)
Thus by Cauchy-Schwartz inequality,
E byt 1

Biyt2 1)

<V3 Eby2 P (b;y? 2 1)
=0(E byy?) (7.4)

Hence the assertion follows from (7.3) and (7.4).
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Proof of Theorem 2

Let the prior distribution of 0 is g, (8, a) defined by (3.5), for fixed n. Then the poste-

rior density of 0 given Y is

0% exp(- (v = 0)2/ 2)1 11 <4)

- a.5)
j 02" exp(= (y — 0)*/2) d©
Thus, the Bayes solution under quadratic loss is
a
j 0% *2 exp(= (y — 0)*/2) d®
E 0 ly)= —
j 0%" exp(— (y — 0)2/2) d®
£y2+6a0) (7.6)
Now, the risk of the Bayes estimate is
EG®+38,0) - 6%’
=40 +3 + ESX (€ +0) +40 Ec §,(e + 0) + 2E€* §,(c + 0)
where € ~ N (0, 1). Thus, the Bayes risk is
4 ;L:—; a? + ESXe +0) +4 E€ 0 8,(c +0) + 2E€2 5, (€ + 0) + 3 a.7
n
where E represents taking the expectation over € ~ N(0, 1), and 6 ~ g, (9, a).
We will prove that
EdX e +0)=0(? (7.8)

Suppose (7.8) is true, then By Cauchy-Schwartz inequality,
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Ec03,(c+0) s (EO?Ee)? (ES2(E +0))2=0(@a?
Thus, by (7.7), the Bayes risk is

g 2n+1
2n +3

a’(1 +o(1)) = 4a*(1 + 0(1)), (as n — o)
Consequently,
pla, 1) 2 4a*(1 + o (1))
On the other hand,
sup Eq¥2-0%*=44%+3
We conclude that

p(a, 1) =4a’(1 + o (1))

Now, we have to check (7.8). By definition of (7.6) and integration by parts,

j 02" (02 — y?) exp(= (y — 8)2/2) dO©

8,0) = ——; (1.9)
j 02" exp(- (v — 0)2/2) d®
==8,(y) +8,(y) + (2n + 1) + 2n85(y) (7.10)
where
S0 =a®(y +a)exp(-(y —a)/2)/1 (7.11)
50)=a”(y —a)exp(-(y +a)’/2)/1 (7.12)
() =y j 0% ~lexp(-(y = 0)*/2)d0 /1 (7.13)

—-a

I= j 0" exp(— (y — 0)2/2) d0 (7.14)
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Thus, to prove (7.8), we need only to prove
E8}(y)=o0(a?), ( =123)

which will be proved by following three Lemmas, where y 2 0+e
Lemma 2.1: Under the above notations, E 3{(y) = 0(a?)
Proof: Wheny <a -1, and a is large,

a

I2(a-1* exp(— (y — 0)2/2) do

a-1

2@ - D)™ exp-(y —a)’/2)

> —;— a¥exp(= (y — a)?/ 2)

Thus,on the set { y:y <a -1},
32(y) S 4 +y)* < 16a®

Consequently, by Lebesque’s dominated convergence theorem,

E8{0)y<a_yy=00h (7.15)
Ontheset {a —1<y <a ], we have
1 za}_l 02" exp(— (y — 0)*/2)d®
> e~ 5@ -
(7.16)

20.5¢" % a? exp(- (y —a)*/2)

Thus, by (7.16)
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E 812(.}’)101 -1sy sa)
< i6e a?Pla - 1<y <a) =o0(@?d (7.17)

Wheny > a,

a

[2(@-D™ j exp(= (y — 8)2/2)d®

a-1

2n
> 482D fexpi- (v - a)2/ 2) - expi= (v — @ + 1)?/ 2)]
y—a+l
> L(] - e exp(- (y —a)?/2)
20 —a + 1)
Hence,
E 8l .. @19
<S4l -eNPEQG —a + Dy +a)ly ..
Note that

Ply>a)<sPla -a"P <0)+Pa®P <e) =0 "7 (7.19)

Note also that
Ply >a +a"®¥) <Pe>a"P)
= 0@ "®exp(-Va /2) (7.20)
By the easily checking fact that
Ely™m=0(@™)
and Cauchy-Schwartz inequality,
E iyl o >a)

<41 - [E ¢ -a + 1Py +a)l,

05 4 4 2y >a)
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2 2 -
+E @y -a+ 1y +ally, s, ,)]

<O0@*)Pa®P +azy>a)+40@") [Py >a +a%P)"?

= 0(0 |.75)

Consequently, by (7.15), (7.17), and (7.21), the desired assertion follows.

Lemma 2.2: Under the above notations, E 522(y) =0(a?

Proof: The proof is similar to that of Lemma 2.1.

Lemma 2.3: Under the above notations, E 832(y) =o0(a 2)

Proof: Whenaz 2,

82(y) < 2[y2 ( j 02"~ exp(- (y — 0)*/ 2) d9/1)2

lelz 1

+y2( _[ 92""exp(—(y—0)2/2)d9/1)2]
lol'< 1

02" ~lexp(- (y —0)*/2)do .
SZ[y2+y2(|°|<2| )]

jez" exp(— (y — 0)%/2) d®
=2

Let

j 02~ exp(~ (y — 0)2/2) d®
8l'< 1

gy ==
jﬂz" exp(- (y — 0)2/2)de
2

(7.21)

(71.22)

Obviously, by the continuity of g, when ly | < 2, g(x) < ¢, a finite constant. And when y > 2,

[ ™" exp- (v - 0/ 2) d0 < 2exp(- & — 1/ 2)

lol'< 1
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while
2 3
jez" exp(= (y — 0)2/2)d0 2 exp(= (y — 1)}/ 2)
=2

Hence, lg (x)| <2, when x>2. Similarly, when x < — 2, Ig (x)| < 2. Thus, we concluded that

832(y) <2 max (c?+1,5) y2

2 2
As }'_2 is uniformly integrable, and so is — ) . Consequently,
a a
82
E 3(3) —0(as a > =)
a

The assertion follows.

Proof of Lemuna 4.1

Without loss of generality, assume that ¢ = 1. Then the likelihood ratio of the density

under Hy and H | is
L, =]1L,; (7.23)
1

where

L,; = exp(- t,2/2) [exp(t, y;) + exp(— t, ¥)))/2
Denote ¢, ;, =log L, ;, then

2.2 4.4
LY Ly

Oniy, == 622 + logll + St Tt 0, ()]
2,2 4 4 4 4
tyyi th i thyi
=—t72+ " + "24 - S 4+ 0,(t)

Consequently,

2 2 4.4
i 1,572 - ¢, i - 3)/12
log L, + nt,4 ?O’ i w0 %

Nn/2 t? N Nn/2 12

+0,(Nnt,}
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By invoking the central limit theorem for i.i.d. case, we conclude that

logL, +nty4 |
BT —> N(@©, 1)

under H,. Note that

n
log L, — nt, /4 Y0 = 1= 22 = 70, = Eyy12 + O (nt,)
n = n 1 .
v - +0p(Vntt
ni2t? Nni2 p(Vnt,

Now, under H |,
nE(ly2 = 1=ty =0 @™
and
nE (ly - EyiNn ' = 0 (n™)

Hence, the Lyapounov’s condition holds for the triangular arrays. By triangular array central

limit theorem, under H,

logL, — nt,,“/4 L N, 1)
— 9 s
ni2 t,,2

Consequently, the sum of type I and type I error is

Nn t2

n

V8

Py L, > 11+ Py (L, S 1]=2 ®(- X1 + o(1))

Proof of Theorem 4:

The first two results is actually proved by the argument before stating Theorem 4. The

third result follows from the inequality
1dehy 2115y (7.24)

Proof of Corollary 4.1:

4
Take ng=[(Nc 6) “ ~!']. Then,
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X jfmg ¥
1

=nd*'-®ig+1) (1 +0(1)

gl 5, 29+
=c ¥ lo ¥-lyug+y

Hence, the assertion follows from Theorem 4.
Proof of Theorem 5:
Consider the testing problem
Hy y~N(x,, 6% & H: y~ N(x;, 6°) (7.25)

Then, the likelihood ratio is

Yz =x) ol = eyl
0'2 20'2

L = exp( )

and the minimum sum of the type I and type Il error is

min (£, 00) + Ex,(1 = 00)) = P (L > 1)+ P (L S 1)
0<ps<t

- 20(- |l\'|2‘(;«"2||)

where ®(') is the distribution of the standard normal distribution. Let r = %lT (x)) = T(xypl

be the half of the change of the functional. Then, by the same argument as those in (4.5), we

have

;u])J: E, 8(y)-Tx))*= %»rz[PXI(IS(y) -Tl>r]+ Px2(|8(y) -Tx)l <)

IT(x,) = T(x)|? oy — X
(x, - (x2) e |h|2 lzll)
g

Taking "sup” over x|, x,€ X subject to |jv| — x,l? = co, we get the desire result.



-30 -

Proof of Theorem 6

Consider the testing problem (4.2) with ¢, =/,, and n = N;. By Lemma 4.1, there is no
perfect test between Hy, and H |, i.e. the minimum sum of type I and type II error is bounded
away from 0. Hence, by the similar algebra as those in (4.5), the half of change of the func-
tional from Hy to H, is a lower bound of estimating T(x). Now when & is small, by
assumption, the change of functional from H, to H is at least Q (x4). Hence, Q (xy) is é

lower rate. As By (c0) = 0(Q (x4)), we conclude the second result.
Proof of Theorem 7

Without loss of generality, let the supremum over t in the definition of o be attained, at
ty, and the supremum over A in the definition of A; be attained, at A. Then by definition, it

follows the minimax risk for testing between Hy and H | is at least o, i.e.

min sy, E,o¢+E, (1 -9 20 (7.26)
0<¢<I xoeszlovx{’er’l'Ztoi»A 0¢ i ’

Now for any estimator 8, and x € Zr 5, 4 a
P, (180) = T(xp)) 2 42} 2 P, {18(y) - T(xy)! < A2}
Hence, by (7.26)

sup max Pxillﬁ(y)—T(x)l 2 AN2)

xo€ Lt s:ow‘ler'r 210 +4 *oo X1

2 sup 1

x0€Ir <1 1€ LT 24 4 2

[ P 1180) = T(xg)l 2 A2} + P, (18(y) = T (xo)| <A/2}]

2 o/2

Thus, the conclusion first result follows. The second result follows from the inequality (7.24)
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