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ABSTRACT

There is concem that flooding of the Amazon River has been aggravated by deforesta-
tion in the Amazon Basin. In the paper this issue is naively fonmalized to one of
obtaining an estimate 8 of B in the model

Y(t)= o+ Pe+E(t)

(with B a zero mean stationary mixing noise) and then of examining the hypothesis
that B = 0. A crucial part of the problem is that of obtaining a suitable uncertainty
estimate of the sampling error of Pp. The approach adopted here is semiparametric in
character. The parameter P is estimated by least squares and the standard error is
estimated nonparametrically. Some evidence is found for a linear trend in the daily
stage values but not in the vector annual series of minimum, maximum, square root of
exceedance area, proportion of exceedance days. Further cross-spectral analysis of the
monthly mean series with monthly mean sung‘pots is carried out as is a bispectral
analysis of seasonally adjusted daily values. No evidence is found of a linear time
invariant relationship with sunspots, but there is some evidence of nonlinearity and
nonGaussianity.

1. INTRODUCTION

Quite a number of scientific problems of contemporary interest come down to a
question of whether or not some temporal trend is present in a time series of concem.
This work presents an elementary adkressing of the question in the case of Amazon
River water height recorded at one location, Manaus. Daily river height values have
been recorded there for the Rio Negro since 1903. It seems of some interest to exam-
ine this data for trend, given the many developments that have taken place in the Ama-
zon Basin during this century.

2. DISPLAYING THE DATA

.D,aily stage, that is height, readings have been made since 1903 at Manaus, 18 km
up the Rio Negro estuary, from the Amazon River. Because of the minimal slope of
the water surface, the Manaus values are felt to provide a reasonable approximation to
the Amazon’s values in the region, see Stemberg (1987). The readings have been
made available to Professor. O'R. Stemberg of my University by Manaus Harbour
Ltd., Portobras. In all there are 30529 readings continuing through 31 July 1986.

These data may be graphed in several ways, having in mind that one is concemed
with whether or not some trend is present. Figure 1 is a graph of the annual mean
stage. Figure 2 is a perspective plot of monthly mean values by month and year. Fig-
ure 3 provides graphs of the annual "shape" and of the deviations from that shape for
the 83 complete years available. These graphs each bring out distinct aspects of the
data. Figure L, being the annual mean, has smoothed out the annual variation. If there
were a strong trend present, it should show itself in this plot. In 1926 there were some
dramatically low values. They possibly relate to a great forest fire, see Stemberg
(1987). In the early 70’s the series was high, but since then it seems to have retumed
to a more usual level. Figures 2 and 3 illustrate the strong seasonal effect present in
the river fluctuations. The details of the two graphs of Figure 3 are: the top graph is
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the 50% trimmed inean of the annual curves. Specifically, if X, (/) denotes the value
on the /-th day of the k-th year, then the 50% trimmed mean is defined as

A )= mean Xy () : Xy ~ MN<d) (2.1)

where d is the median of the distances IX; — 81 = (T 1X, (/) - 6(/)1HY2. It is com-
puted iteratively. The properties of this statistic are developed in Folledo (1983). The
very deviant curve in F[i,gure 3 is for the year, 1926, of the forest fire.

3. FREQUENCY-SIDE ANALYSIS

3.1 Univariate analysis

Fourier techniques often lead to elementary analyses of time series measurements.
The discrete Fourier transform of the time series stretch Y (¢), ¢=0,...,T -1 is the collec-
tion of values
T-1
yj = X Y () exp(-2mijt/T) @3.1)
t=0
for j =0,..,T—-1. The top graph of Figure 4 is a plot of the log of the periodogram,
ly; 12/2nT, for Y(¢) the seasonally adjusted Manaus series, with seasonal adjustment
consisting of subtracting out the 50% trimmed mean of Figure 3. The flatness of the
graph at low frequencies is noteworthy . There is no substantial peak at the annual
frequency, suggesting that the seasonal adjustment has been effective. (The Fourier
transform here was computed via a fast Fourier transform algorithm for the last 30420
values of the series.)

Tuming now to the central problem of the paper, consider the model
Y(¢)=5(@,0)+ E() 3.2

with § a trend term, with 6 an unknown parameter and with E a zero mean noise
series. Let 5;(9) and €; denote the Fourier transform values for S and E respectively
computed as in expression (3.1). Then equation (3.2) yields

for j =0,..,T-1. This altemate form is often a great practical simplification. In the
case that the noise process E is stationary and mixing (in various senses), the €; satisfy
a central limit theorem. Specifically, as T — oo and 2%j/T —A, the variate € ; may be
approximated by a (complex) nomal variate with mean 0 and variance 2RTf gg(A).
(Here: f g is the power spectrum of the series E. Its specific definition is given in the
Appendix.) Further, J distinct €; values, with each 2rj/T near A, are asymptotically
independent. The dramatic practical implication of this result is that one may be able
to act as if one is dealing with an additive (nonlinear) regression model with Gaussian
errors. (Details of specific assumptions involved and results may be found in Bril-
linger (1983). This approach was pioneered, for linear systems, in Akaike (1965).)

Now consider specifically the case of a series with a linear trend,
S(t.8) = o + Bt, where 0 = (a.p). The issue of whether a trend is present is the ques-
tion: is B =0 ? To develop this idea further write

T-1 T-1
A= Eexpl-Znijt/Tl and T[; = §’texp|-42nijt/T} 34
] !

These are the Fourier transforms of the constant and linear terms of the model respec-
tively. These quantities may be evaluated by elementary algebra to find that Ay=T
and Ty =T(T-1)/2, while for j # 0 one has A; =0 and Fj = T /(exp (=2rijIT }=1).
The bottom graph of Figure 4 is a plot of IL; | on the same scale as the periodogram
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in the upper graph. The bulk of the mass of IT'; | is seen to lie at the lower frequen-
cies. Elementary examination of the two grap"ls suggests that the likelihood of a
strong linear trend in the Manaus series is small, there being insufficient fall-off at the
low frequencies. A formal development follows.

For the linear model, one has the regression relationships
Yo =0do + Bl + € 3.5)
yj =BU; +¢
for j = L...,T-1 with the €; approximately independent normal variates with mean 0

and variance 2RTf gg(2K '/f). It will be assumed henceforth that fgg(0) #0. The
least squares estimate of B for the model (3.5) is

J _ J 5 -
= ReiZIerj/_zl'rj 1) (3.6)
j= j=
This variate is distributed asymptotically as a normal variate with mean B and variance
rlfge(OVXIT; 12 for J < T/2. Because of the rapid fall-off in magnitude of the I’ i

the estimate [} ‘will generally be close to the ordinary least squares estimate of B, that
is to

T-1 _ T-1 T-1 T-1

TyLii I 12= TYe)t —my X ¢ - m)?
j=1 Jj=1 L t=0

with m = (T-1)/2 .

The variance, 62 = 2rTf gg(0) may be estimated via the residual sum of squares,
specifically by
2 2
=—Y 1y, = Br;| 3.
| o’ 7—’-1,§1y’ pr; 3.7
The distribution of this variate will be approximately that of o%x# _,/(2/-1) , as is
usual in the case of regression with Gaussian errors.

Now one can get approximate P-values for the hypothesis that B = 0 via the test
statistic

V2 XIT; 146 (3.8)

This statistic has approximately a t-distribution with 2/ -1 degrees of freedom.

(AS remarked above, the estimate computed is basically ordinary least squares.
One has a concern that, because of the autocorrelated nature of the error series, it may
not be efficient. In this connection it is to be noted that Grenander (1954) has shown
that among linear unbiased estimates, the ordinary least squares estiiate is asymptoti-
cally efficient. Asymptotically, there is no need for weights.

The analysis described refers to a linear trend. It is clear that polynomial trends
may be handled in the same fashion. Further, in some cases it may be well worth
employing some of the traditional time series "touch-up” techniques, such as prewhi-
tenng and tapering. The effects of these are to make the analysis more sensitive.
Tapering was essential in the bispectral analysis reported below.

3.2 Vector-variate analysis

Taking a sin;le characteristic value for each year, eg. yearly maximum is one
way to "eliminate” the seasonal. Continuing to introduce a second approach, other
characteristics than the daily stage values may he better measures of flooding, and
perhaps such should be combined into a multivariate analysis. Vector extensions of
the results of the previous section are therefore needed. In this connection, in the
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following, vector and matrix-valued quantities will be written in bold-faced type.

Let Y(¢) denote a row-valued time series with r rows. The model of considera-
tion is now

Y(t) = a + Bt +E(t) 3.9)
The estimate of B is
J _ J
B=Re(Xy,T;/XIT;1?) (3.10)
j=l j=1

with y; denoting the empirical Fourier tmilsfom\ of the vector series. This estimate
will have large-sample covariance matrix E-Z/ZII‘J- 12 where I = 2rT fgg(0) with fgg
the spectral density matrix of the error series.

The error covariance matrix may be estimated by

J
£ =Re(=— X, - BT))'w; - BI))) (3.11)

j=1

2
2 -r
with T denoting matrix transpose. This statistic is distributed as Wishart,

W, (2 -r ,L)(2/-r). As a test statistic of the hypothesis B = 0 one can now consider
the quantity

T =L 'BH2 Tir; 1% (3.12)

which is such that (2J=2r +1)T%/(r (2J-r)) is distributed asymptotically as F, 5;_5 .;.
These last are standard multivariate results for normal variates. (See for example Rao
(1973), Section 8b.)

4. RESULTS

The Fourier procedures described in Section 3 were implemented with the Rio
Negro data presented in Section 2.

4.1 Univariate results

The seasonally adjusted series of daily water stages at Manaus is analyzed as in
Section 3.1 . The number of Fourier values employed in the estimate (3.6) is J = 25.
This number was chosen so that the t-distribution was reasonable stable and yet so that
one stayed far below the seasonal frequency. The value obtained for the estimated
slope, (3.6), is .0000251 . The value obtained for the t-statistic, (3.8), is 1.686 . with
49 degrees of freedom. The P-value, for examining the altemate hypothesis, f > 0, is
049 . There is some evidence for a positive linear trend.

4.2 Vector results

In an attempt to broaden the analysis, a 4-vector series was analyzed. Its com-
ponents were the annual minimum, the annual maximum, the square root of the annual
area of the series above the stage level of 26m and the annual proportion of days about
the 26m level. These variates were chosen as possibly providing better measures of
flooding and other aspects of river behaviour. For the analysis, the annual series were
extended to 84 years. (To get estimates of the last 5 months of 1986, the first 7
months data were regressed on the corresponding 50% trimmed mean curve values.)

The value obtained for T2 of (3.12) was 4.885 . The corresponding F-statistic
was .960 with degrees of freedom 4 and 11, (J = 9). The P-value obtained was .467 .
In this case there is no evidence that B #0. It is to be noted that the daily analysis was
based on 30529 observations while this annual analysis was based on but 84. It may
be expected to be considerably less sensitive.
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5. DISCUSSION

The togiec of the paper has been an "elementary” trend analysis. There are a mul-
titude of other analyses that could have been carried out. A few will be mentioned.
Other definitions and computations of a trend compunent are possible. More subtle
seasonal adjustment procedures might have been employed, specifically procedures
involving fitting a trend and seasonal simultaneously. Robust/resistant techniques
could have been employed. Models with random effects might have been employed,
80 too might parametric models.

It may be remarked that the first analysis above was based on daily data. It was

ssible to have analyzed monthly or annual means instead. An advantage of employ-

ing the daily series is the large number of degrees of freedom at low frequencies avail-
able for estimating f gg(0).

6. TWO FURTHER ANALYSES

Having come this far with this data set it seems worth while to report the results
of two further analyses. The first is a cross-spectral analysis of the monthly means
with the series of mean monthly sunspot numbers. The second is a bispectral analysis
of the daily stages.

6.1 Coherence with sunspots

There has long been a concemn that sunspots affect the Earth’s climate. (See for
example Pittock (1978).) A cross-spectral analysis was carried out with the Rio Negro
data to examine this possibility. Monthly mean values were employed. These values
were graphed in Figure 2 for the Rio Negro. The values were seasonally adjusted by
removing overall monthly means. Monthly mean relative sunspot numbers were found
in Waldmeir (1961) for the years up to 1960 and thereafter in the Intemational Astro-
nomical Union Quarterly Bulletin on Solar Activity.

Figure 5 provides an estimate of the coherence hetween these two series. Tt is
based on 996 monthly values and has 40 degrees of freedom. The horizontal line in
the graph is the level that has probability 5% of being exceeded in the case of no rela-
tionship. (The level is computed as in Exercise 8.16.22 in Brillinger (1975).) The
level is exceeded S times out of 101. This analysis has produced no evidence for a
linear time invariant relationship between the Riv Negro values and the sunspot series.

K 6.2
' Bispectral analysis

Bispectral analysis is of use in disceming nonGaussianity of a time series and in
examining it for nonlinearity.

The bicoherence at bifrequency (A,p) for the stationary series Y is defined as
|frry )12

Frr A yy QUf yy A1)

where fyyy is the series’ bispectrum. (The bispectrum is defined in the Appendix.)
Among the properties of the bicoherence are that it vanishes if Y is a Gaussian series
and that it is constant in the case that ¥ is a linear process, that is in the case that
Yu)= (t=u)¥(u) with ¥ white noise. (These properties are developed in Bril-
linger (1965).)

The estimation of the bispectrum and bicoherence is discussed in the Appendix.
For the seasunally Manaus d’:ily data, the series was split into L = 119 disjoint

(6.1)
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segments of length V = 256. A cosine taper was applied to each segment, (because of
the fall-off of the spectruin and the short segment length).

Figure 6 provides contour and perspective plots of the bicoherence estimate.
There is evidence of nongaussianity and nonlinearity, specifically there are elevated
values near (0,0) and (33.,33.). (The elevated values in the latter case may be due in
part to bias remaining in the estimate.) A formal test could have been applied here, see
eg. Hinich (1982), but the work presented here is simply a pilot investigation.
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APPENDIX

Specific expressions are set down here for pertinent parameters and their esti-
mates.

A.l Parameters

Let Y(r), r=0£1%2,... denote a stationary time series. Let it have mean cy,
covariance function c¢yy(u)=cov(Y(¢+u)Y(t))] and third moment function
cyyy(u ) =E(IY(t+u) —cyJIY (¢ +v) = cyIIY (¢) = ¢y]). The power spectrum of ¥
at frequency A is defined by

1 —u
Frr®) = ——Fepy (u)e™*
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The bispectrum at bifrequency (A,p) is defined by

frry(Ap) = E:;;Zﬂ’m(u W)e~ rvi)
The fundamental domain of bifrequencies for the bispectrum is 0 S p S A Sx and
0 S 2A+t S 2x. This is the region of Figure 6.

A.2 Estimates
There are a variety of fashions by which a bispectrum may be estimated. In this
paper the technique of segmenting and averaging is employed because of the ease with

which it may be programmed. Specifically let the data be broken into L stretches of
length V, so T = LV. Next compute the tapered Fourier transform of the /-th stretch,

o v+l
dys) = X h(=
! E', V+l

for / =0,.L-1. (The taper employed in the work of this paper is Tukey’s namely
h(u) = (1 — cos2ru y2.) Next form the third order periodogram of the /-th stretch

Iy pil) = dy sy (1 dy Al )

Y (IV +v )e~v2

(2r)%h,
where h3 = Y((v +1)/(V+1))}. The estimate of the bispectrum is now

T 155y
Firy ) = — T lyyyAu;l)
L2
In forming the estimate of the bicoherence, as defined by expression (6.1), the power
spectrum is estimated by similarly averaging the second-order periodograms of the L
stretches.
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Figure Captions

Figure 1. The annual mean of daily stage values. The horizontal line is at the level of
the mean value of all the data.

Figure 2. Monthly mean stage values plotted by year and month.

Figure 3. The top graph is the 50% trimmed mean of the annual curves, as defined by
(2.1). The bottom graph provides the deviations of each year’s curve from the 50%
trinmed mean curve. The very low curve corresponds to a year of a serious forest
fire.

Figure 4. The top graph is the logarithm of the periodogram of the daily values. The
lower graph is the corresponding function for the case of an exact linear trend.

Figure 5. The estimated coherence of the seasonally adjusted monthly mean Manaus
stages with monthly mean sunspot numbers. The horizontal line is exceeded with pro-
bability 5% in the case of no relationship.

Figure 6. The estimated bicoherence of the seasonally adjusted Manaus daily stage
values.
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Consistent detection of a monotonic trend superposed on a stationary time series

BY DAVID R. BRILLINGER
Statistics Department, University of California, Berkeley, California, USA

SUMMARY

Consider a time series made up of a signal and a stationary autocorrelated error
series. A statistic is proposed for examining the hypothesis that the signal term is con-
stant versus the hypothesis that it is monotonic in time. The statistic is the ratio of a
linear combination of the time series values (with coefficients introduced by Abelson
and Tukey (1963)), to an estimate of the standard error of the linear combination. The
statistic has asymptotic power | for a broad class of monotonic altematives. The
cedure is illustrated for the series of river heights at a location on the Rio Negro in
Brazil where there is concem that the height is rising due to deforestation of the Ama-
zon Basin. The prob-value obtained is .025 . -

Some kev words: Amazon Basin, asymptotic methods, central limit theorem, change,
consistent test, monotonic trend, power, Rio Negro, stationary time series

1. INTRODUCTION
1.1 Preamble

In the study of a scientific phenomenon via time series data, a fundamental ques-
tion that sometimes arises is; is there a trend in the series? In particular one may men-
tion the case of the thickness of the atmosphere’s ozone layer possibly decreasing with
increasing use of chlorofluorocarbons, Stolarski (1988), and the case of the long-term
height of the Amazon river increasing with deforestation, Sternberg (1987). If there
are changes in these two cases, it seems pertinent to view the changes as monotonic.
These are particular examples of circumstances where a stimulus applied is increasing
with time, and so there could well be a monotonic response effect.

_Téo begin, consider the time series model
Y(¢)=S()+E@) (1.1)

t =011.12, - - - where S(.) is a deterministic signal and E(.) i3 a zero mean station-
ary noise series. Of interest is the hypothesis: S (¢) equal constant, versus the alterna-
tive: S(¢) S S(¢+1) for all ¢, with strict inequality for some ¢.

Given data Y(¢), t=0,...T—1 the procedure studied in this paper is based on a
linear combination, Zc(r )Y (¢ ), involving particular coefficients ¢ (.).

1.2 Earlier work in the autocorrelated time series case

Time series researchers have long approached the problem of trend analysis via
the technique of fitting a parametric form for S(.) and then examining the parameter
estimates obtained. For example, one might fit S(r) = a+¢r and consider the
hypothesis B =0. Grenander (1954) has worked out the asymptotics in this case.
Specifically, given the data Y (0), Y (1), ..., Y(T-1), his methods lead to the result that
the statistic
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T-t _ T-1 —-
B=Y¢-nNreyxe - (1.2)
=0 t=0

has mean P and asymptotic variance 2rf ge(0)/3(r — 1)?> where fgg(A) denotes the
power spectrum of the series E(.) at frequency A and ¢ = (T-1)/2. Further, under
regularity conditions,  is asymptotically normal, (see eg. Brillinger (1975), Theorem
5.11.1), and so for large T one mnay compute approximate P-values, confidence inter-
vals and the like.

An altemate approach to trend analysis that is currently under development, see
eg. Akaike (1980), Kitagawa (1981), involves what may be viewed as either Bayesian
models for trend with a smoothness prior or models with a stochastic trend. These
models do not have monotonic trends however, and so are not directly pertinent to the
problem of this work.

1.3 Earlier work in the independent case

When the error series, E(.), is white noise, (that is a sequence of independent
identically distributed random variables), quite a number of techniques, both parametric
and nonparametric, have been proposed. Lombard (1987) is one recent reference and
Shaban (1980) provides a bibliography of some results

The work for the case of independent errors that is pertinent to the time series
problem of present concem, is that of Abelson and Tukey (1963). These authors
address the g:'oblem of determining a statistic linear in the data and sensitive to mono-
tonic mean function departure, as follows.

Determmine coefficients, ¢ = (¢ (¢), t=0,1,...,T-1) , with mean T =0 to

1 T )-US (1 )-5)12

max min (1.3)

¢ S F(cE)rEPTSE)»S)
where S = (S(0)SS(1)S - - - SS(T-1)). The coefficients Abelson and Tukey (1963)

obtained are
= T = - —' - ‘J - ___t+l
c@®)=c’ () ‘\/t(l T) (e+1)1 T ) (1.4)

The value at the extreme for expression (1.3) is 1/3 ¢ (¢ )2 = 2N1ogT for large T. This
value is achieved for the step-function signals S(t) =0 for ¢ <r, and S(¢) =1 for
t > tp.” A plot of the coefficients c(¢) is provided by Figure 1 for the case of T = 100.
(The shape will be the same for other values of T.) The linear combination,
Yc(t)Y (¢), is seen to strongly contrast the beginning and ending levels of the data, as
seems intuitively reasonable given that one is looking for a monotonic trend across the
time series values.

In the case that the E(r) are inde normals with known variance 02, a test
statistic is provided by Y ¢ (#)Y (r)YoyXc(t)'. In practice if o2 is unknown but one
has an independent chi-squared estimate of 62, then one can compute a ¢ —statistic.

1.4 Notation and structure of the paper

Specific assumptions, theorems and proofs have been placed in Appendices. The
results are of asymptotic character, but are hoped to provide useful finite sample
approximations. The term "monotonic” will allow equality of sotne consecutive values
in the sequence. The symbol Z , unsubscripted, will refer to summation over
t =0, 1,.., T-1. It will be taken that f gg(0) = 0.
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2. THE PROPOSED PROCEDURE

2.1 The statistic

The problem of specific concemn in this paper is that of the model (1.1) with an
autocorrelated noise series, E(.).

Consider Yc(t)Y(r) with Y(r) given by expression (1.1) and with the
coefficients, ¢ (¢) given by (1.4). One has

E(Jc@)Y(@)) =2c@)S@) Q.1
and
var (Yc(t )Y({_)l = Zc(s )e (t)cgg(s—t) (2.2)

where “EB(“) = cov (B(t+u),E(¢)). Ttis shown in Appendtx 3 that for large T expres-
sion (2.2) is approximately 2rtf gg(0)Yc (¢)* where f gg(.) is the noise power spectrum.
Further if the noise series is normal, then Zr(t)Y(t) is normal, while if the noise
series is mixing, then the linear combination is asymptotically normal (see Appendix
3).

If one has f ge(0), a consistent estimate of f gp(0), then in the case that S(r) is
constant one may approximate the distribution of the statistic

Y ()Y (t)YN2rf gg(0)Xc (¢ ) (2.3)

by a standard normal, and thereby compute an approximate P-value or carry out formal
tests of significance. The problem of constructing such a consistent estimate of f gg(0)
is now addressed.

2.2 Estimation of the variance

Suppose that the trend function S(.) has the form g(¢+/T) where g(.) has a
Lipshitz integral modulus of continuity of order a (see (A.4) below). The signal is
taken to have this form in order that it may be present the whole of a time interval
tending to infinity with T. Let the signal be estimated by the running mean

. |4
S@t)= Y Y(t+s5)/(2V+]) (24)

s=-V
t -V+I V+2..T-1-V for moderate sized V. The noise series may then be

estimated by the residuals E(¢) =Y (t)—S(t) An estimate of f gg(0) may be based on
these last.

Specifically denote the discrete Fourier transform of the residuals by

T-1-V,_ iti
¢ = 3 E(t)expl —"TL‘L) 2.5)
1=V+]
for j =0,1,...,T-1. Define the transfer function values
a;j = sin(2rj |2V +1Y2T )12V +1]sin(2rj /2T ) (2.6)
For chosen L and M compute, £ g&(0), the smoothed periodogram spectral estimate
LiM-1 , LM~ L+M-1 , , LML )
Y Z—TIG 1“3 (l—a) ) ——(1-a;)"1y; 1%/ Y (1-a;) 2.7)
j=M i ju 2%T j=M

Here v; denotes the discrete Fourier transform of the original series. Frequencies from
MIT to (L+M-1)T cycles/unit time are involved, where both of these are to be near
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0. The terms (l—aj )2 are introduced to compensate for the effect of the filtering
operation on the noise series. In the data analysis below it seemed reasonable to take
M = 1, but in the asymptotics developed M is set to M = 8T /V for some fixed 3.

Specific assumptions are given in the Appendix under which the estimate (2.7) is
consistent as T —ee,

3. POWER

It has heen indicated that the variate Y c(¢)Y (¢) may be approximated by a nor-
mal with mean Y ¢ (#)S(¢) and with variance 2rf gg(0) 2'/:(1)2. This leads, for exam-
ple, to approximating a probability such as

Prob (Xc (¢)Y ¢ )\ 2rf gg(0)Xc (¢)* > d) (3.1)

for some given d by

1-® [d — T ()S (V\2rf ggO)Xc (¢ )2] (3.2)

where @(.) is the nommal cumulative. Now, from the results of Abelson and Tukey
(1963) one has

1 Xe()S(0)1? , 2Z80) - §)?
Te@) logT

for all monotonic S(r). It follows that a test based on rejecting the hypothesis of con-
stant mean when_the statistic (2.3) exceeds d has asymptotic power 1 for S(.) such
that Y(S(*) =S )zllogT tends to infinity with T. (This is the case under Assumption
A.2 below.)

+o(l) 3.3)

4. THE EXAMPLE OF THE AMAZON RIVER

Daily stage, that is height, readings have been made since 1903 at Manaus, 18
km. up the Rio Negro estuary from the Amazon River in Brazil. In all 30529 readings
were available for analysis. Many developments have taken place in the Amazon
basin this century, particularly a steady deforestation, so it seems of interest to exam-
ine this river stage series for monotonic trend.

Figure 2 provides a graph of the data. A strong seasonal effect is present. Figure
3 is.a graph of the 8 year running mean level as defined by expression (2.4) with
V = 4*365.25. The seasonal effect is no longer apparent. (This running mean can be
quickly computed via a fast Fourier transform algorithm.)

In order to obtain some idea of the low frequency character of the time series it is
useful to look at the periodogram. Figure 4 provides the areriodogram of the data at
the lower frequencies. The high peak occurs at the seasonal frequency. (This periodo-
gram was computed via a fast Fourier transform of the N = 30720 observations
obtained by adding 191 zeros to the end of the given data).

Tuming to a formal examination of the data for a monotonic trend, expression
(2.3) is evaluated. The spectrum at () is estimated by expression (2.7) with M = 1 and
L =25. The value then obtained for the statistic (2.3) is 1.961. The corresponding
P-value for the hypothesis of monotonic increase is .025. By way of comparison if a
linear trend is fit to the series and the power spectrum at () estimated from the residu-
als of that fit, then the P-value obtained is .040 . In summary there is some evidence
for increasing trend (or change) in this data.
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5. DISCUSSION AND CONCLUDING REMARKS

The ntrali parameter  occurring  in  expression (3.2) s
Yc(t)s¢ )/3[]2;:; m(O)f/:(t)!. Under Assumption A.2 below, this is of order of mag-
nitude T/VlogT and tends to intinity with T. If one employed the statistic ﬂ of (1.2)
instead, the corresponding non-centrality parameter would be of order VT which tends
to infinity more slowly. The corresponding test is therefore consistent, but has asymp-

totic efficiency 0 relative to the first.

It is clear that one could form other estimates of S(r), such as the (robust) linear
smoother of Cleveland (1979), or the monotonic smoother of Friedman and Tibshirani
(1984); however the running mean is quickly computed and its statistical properties are
simply derived. Further, it would appear that not a lot would be gained by using these
other smoothers in the estimation of f gg(0).
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APPENDIX 1
Assumptions

The cumulant functions of the stationary series E(.) are defined by

Cg... gy ... up_y) = cum (E(t+uy),... . E(t +1;_;),E(¢)) (A.D)
for k = 2,3,... and the power spectrum at frequency A by '
1 & ;
feE®M=-- T cpglu)e M (A2)

when this series converges.
Assumption A.l1 (Mixing). For k =23,...

, z tee Z lCB c. B(u 1,...,u,‘_l)l < oo (A.3)
' uy Uy
with uy. . . ., uy_y running from —oco to oo,

Assumption A.2. The signal has the form S(t)=ST(t) = g(t/T) , with g(.) square
integrable, and where there is an o. such that the integral modulus of continuity of g(.)
satisfies

1

) 2 - a .
|i’f’s’h £lg(u+t g u)l°du =0(h*) (A4)
as h-0.

Condition (A.4) allows steps in g(.). In particular if g () = 0 for usugpand =1
for u > uy, then o = 1. In the case that g(.) has a bounded derivative, a = 2.

APPENDIX 2
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Lemmas
Lemma A.l. For the coefficients c(.) of (1.4), for fixed u,u,, ..., up_, and for
k =2, 3,... one has
Ye@)y == logT (AS)
lim zr.(t+u)c(t)/2c(t)2=l (A.6)
T —oe
Jim Fe@etuy) - c@tHup_c @I =0 (A7)
—hoo
Proof. By elementary analysis.
Next define
|4
S@)= Y SE+s)QV+1) (A.8)
s=-V

the running mean of the signal. One has

Lemma A.2. Let S(t) = g(¢t/T) with g(.) satisfying Assumption A2. Let V = VT be
such that VIT = 0as T — oo. Then

zls«)—smlz-—zls, i12=overt®) (A9)

Proof. The first equahty follows from Parseval s Theorem. Next, neglecting end
effects as one may,

TIS@H)-St)12s

Ve 1u§svz's(') S(t+s)l 5,5‘,‘52'5(‘) S(t+s)l

< mpVZ|g(-—)-g(ﬂ)lz~T su lJIg(u+v)—g(u)lzdu

and one has the indicated result.

APPENDIX 3

Theorems

’I’hedrc,m A.l. Suppose that the series E(.) satisfies Assumption A.1 . Suppose that c(.)
is given by (1.4). Then

lim var {Tc ()Y (£))/ T (t)? = 2nf gg(0) (A.10)
T —oe E )

Proof. From expression (2. 2) the variance may be written
T-1-lul
Z cgg(#) z c(t+u)c(t)

u=-T+1
The result now follows from (A.3) and the Dominated Convergence Theorem.

Theorem A.2. Under the conditions of Theorem A.1, the variate Yc ()Y (t) is asymp-
totically normal.

Proof. The standardized cumulant of order k may be written
Y Y. .. g gty X HU ..o (¢ HG_ e (T ()12
", gy !

This tends to 0 for k£ > 2 by (A.3), (A.7) and the Dominated Convergence Theorem.
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The asymptotic normality then follows from Lemmma P4.5 in Brillinger (1975), page
403.

Theorem A.3. Let the series E(.) satisfy Assumption A.l and let the signal S (.) satisfy
Assumption A.2. Suppose that L =L" and V = VT tend to o as T — oo in such a
way that LIT,VIT, VST — 0. Suppose that M =38T/V for fixed 8. Then
f gg(0) is a consistent estimate of f gg(0).

Pl‘()()fSiﬂCCY(t)=S(f)+E(t)0nCh”yj =Sj +€j and
18;12=1s; = 3,12+ (55=3;)e; - &) +(5; -3 )E =E) + lg; - ¢;1?

To begin, one shows that the first term here has negligeable effect on (2.6). Because
M =0T/V, the (1 - a;) are bounded away from 0 and it is enough to consider the
order of magnitude of

|l «1 2
I?;'SJ- —3'j|

From (A.9) this is OL~'T'*V®) and so tends to 0 under the indicated limit
processes.

Next one requires that
1 1
578 - 817 X))’ = To—(1-9;)Ig; 12/ F(1-a;)?
is a consistent estimate of fge(0)). This follows from classic arguments like those of

Grenander and Rosenblatt (1957) and Parzen (1957).
Finally, from the previous two results, the cross product terms may be neglected.
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Figure Captions

Figure 1. The coefficients of expression (1.4) in the case that T = 100.

Figure 2. Graph of the daily river height level as measured in meters from a reference
point at Manaus.

Figure 3. An eight year running mean of the series of Figure 2. The horizontal line is
at the overall mean level. '

Figure 4. The low frequency portion of the periodogram of the data of Figure 2.
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