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ABSTRACT

'here is concern that flooding of the Amazon River has been aggravated by deforesta-
tion hi the Amazon Basin. In the paper this issue is naively fonnalized to onie of
obtainhig an esthnate 0 of P in the miiodel

Y(t) = oa +1+E(t)
(with F, a zero inean stationary mtixqing noise) and then of exanmining the hypothesis
thlat 3 = 0. A crucial ptrt of the problein is that of obtaining a suitable uncertainty
estimate of the sampling error of 3.The approach adopted here is semriparainetric in
character. The paramueter P is estimate(d by least squares anx the standard error is
estiniate(l nonparametrically. Sonme evidence is found for a linear trend in the daily
stage values but tnot in tle vector anuual series of nminimum, nmaximum, square root of
exceedance area, proportion of exceedance days. Further cross-spectral analysis of the
monthly mean series with monthly mean sunspots is carried out as is a bispectral
analysis of seasonally adljusted daily values. No evidence is found of a linear time
invariant relationslhip with sunspots, but there is sone evidenice of nonlinearity and
nonGaussianity.

1. INTRODUCIlON

Quite a nihinler of scieuitific problems of conitemnporary initerest come down to a
question of whiether or not soie tenmwral trendl is present int a time series of concem.
ibis work presents an elementary atldlressing of the question in the case of Amazon
River water hieight recordled at one location, Manaus. Daily river height values have
been recoried there for the Rio Negro since 1903. [t seems of some interest to exam-
ine this (lalta for trenid, given the nany developiienits that hiave takeni place in the Ama-
zont Bashi during this cenitury.

2. DISPLAYING TlHE DATA

.t)aily stage, that is lhighlt, rea(lings have been ma(e since 1903 at Manaus, 18 km
tip the Rio Negro estuary, from the Anazon River. Because of the minimnal slope of
tie water surface, the Manaus values are felt to provide a reasonable approximation to
the Amazoin's values in the region, see Stenblerg (1987). Tbe readings have. been
made available to Professor. O'R. Stemberg of my University by Manaus Harbour
Ltd., Portobras. In all there are 30529 readings continuing through 31 July 1986.

Tliese data may be graphe(d in several ways, having in mind that o*ne is concerned
with wiether or not some trend is present. Figure I is a graphi of the annual mean
stage. Figure 2 is a perspective plot of monthly nmean values by month ancd year. Fig-
ure 3 providles graphs of the annual "shape" an(d of the deviations from that shape for
tle 83 comiplete years available. These graphs eacih bring out (listinct aspects of the
data. Figure t, b-eing thie annual inean, has snimthed out the annual variation. If there
were a strotng trend present, it slhould show itself hi this plot. In 1926 there were some
(lranmatically low values. They possibly relate to a great forest fire, see Steinberg
(1987). ln the early 70's the series was hiigh, but since then it seenes to have returned
to a more usual level. Figures 2 and 3 illustrate tIhe strong seasonal effect present in
tle river Iluctuations. Thne details of the two graphs of Figure 3 are: the top grapih is
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the 50% trimnnmed inean of the annual curves. Specifically, if Xk (1) denotes the value
on the I-th day of the k-th year, then the 50% trimmed mean is defined as

0(l)=meanIXk(l): lXk-0Ud) (2.1)
k

wlhere d is the medilan of the distances IXk - 01 = (lX(l) - 0(1)12)1/2. It is coin-
puted iteratively. The properties of this statistic are (leveloped in Folledo (1983). The
very deviant curve in Figure 3 is for the year, 1926, of the forest fire.

3. FREQUENCY-SIDE ANALYSIS

3.1 Univariate analysis
Fourier techniques often leadl to elementary analyses of time series measurements.

The (liscrete Fourier transform of the tinme series stretchi Y(t), t=O,...,T-1 is the collec-
tionl of values

T-1

Yi= L Y(t) expl-2ifjl/T) (3.1)
t=0

for j = O,...,T-l. The top graph of Figure 4 is a plot of the log of the periodogram,
lyj 12/2nT, for Y(t) the seasonally adljusted Manaus series, with seasonal adjustment
conisistinig of subtracting out the 50% trimmed mean of Figure 3. The flatnes of the
graph at low frequencies is noteworthy . There is no substantial peak at the annual
freqluency, suggesting that the seasonal adjustment has been effective. (The Fourier
transfomi hIere was computed via a fast Fourier transform algorithm for the last 30420
values of the series.)

Tuninig now to the central problem of the paper, consider thle model
Y() = S(t,O) + E(t) (3.2)

with S a tren(l terrm, with 9 an unknown parameter and with E a zero mean noise
series. Let si(9) and e, denote the Fourier transform values for S and E respectively
computed as in expresion (3.1). Thlen equation (3.2) yields

yj = sj(O) + Ej (3.3)
for j = 0,...,T-1. This alternate form is often a great practical simplification. In the
case that the noise process E is stationary and niixing (in various senses), the Ej satisfy
a cenitral lIimit theorem. Specifically, as T .-. and 2itjlT -.X, the variate ej may be
approxjimated by a (complex) normal variate with mean 0 and variance 2icTf E,(X).
(Here'f EE is the power spectruml of the series E. Its specific defilition is given in the
Appetxix.) Further, J distinct e, values, with each 2icjlT near A, are asymptotically
in(lepentdent. Thle dralnatic practical implication of this result is that one may be able
to act as if one is dealiLg with an additve (nonlinear) regression model with Gaussian
errors. (Details of specific assunptionis involved and results miay be found in Bril-
linger (1983). This approach was pionieered, for lincar systems, in Akaike (1965).)

Now consider specifically the case of a series with a linear trend,
S (t.)= a + Pt, wlere 0 = (a3.0). The issue of wlhether a trend is present is the ques-
tion: is 1 = 0? To develop this idea fulrher write

T-l T-l
Aj= eexp(-2nijt/TJ andmW =j texp( '2iijrIT) (3.4)

t14 1-0

Thliese are the Fourier transfonns of the constant aid linear tenns of the ino(lel respec-
tively. These quantities may be evalunted by elenentary algebra to fined that A( = T
and r0 = T(T-1)/2, wlhile for j * 0 one has Ai = 0 and r = T/(exp I-2ijlT I-I).
llhe bottomn graph of Figure 4 is a plot of Irj I OlI the samie scale as the periodogram
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in the urper graph. The bulk of the mass of Ir I is seen to lie at the lower frequen-
cies. Elenentary examnination of the two grapbs suggests that the likelihood of a
strong linear tend in the Manaus series is small, there being insufficient fall-off at the
low frequencies- A formal developnent follows.

For the liear model, one has the regession relationships

YO0 = a4O + or, + eo (3.5)
yj = pri +£j

for j = I....,T-1 withi the £ approxiniately indepentdent nonnal variates withi mean 0
and variance 2nTf Lg(2nc ii). It will be assumed henceforth that f (O) * 0. Te
least squares estimate of for the miodel (3.5) is

=Ret jyj/l rj 12) (3.6)
j-l j=l

This variate is di.stribtited asymptotically as a normal variate with mean ( and variance
irTf {0W/ If) gZ for J < T/2. Because of the rapW fall-off in magnitude of th r
the estinate 0 will generally be close to the ordinary least squares estimate of (, that
is to

T-1 T- 12 T-i T-
z y r / IIri I2= Y(t)(t _ HI)/1:(t _ M)2
jul j'l I'm *0

witli m = (T-1)/2 .
lhe variance, (32 = 2irTf FE.(O) may be estinated via the residual sum of squares,

specifically by
& _= 2 I0yjy-O2 (3.7)

Jul
'Tle distribtition of this variate will b-e approximately that of o2XL2_/(2J-1) , as is
usual in lthe case of regression wi(It Gaussian errors.

Now one can get approximate P-values for the hypothesis that (3= 0 via the test
statistic

042 lIr, g2,d (3.8)
Tlis statistic lhas approxinmately a t-distribution with 2.-1 Ilegrees of freediom.

As remiarkedl above, the estimate computedl is basically ordinary least squares.
One'lias a concern that, because of the autocorrelated nature of the error series, it may
not be efficiecnt. In this connection it is to be noted that Grenander (1954) has shown
that among linear unhiased estimnates, the ordinary leIast squares estimate is asymptoti-
cally efficient. Asymptotically, tiere is no need for weights.

Tlhe analysis described refers to a linear trend. It is clear that polynomial trends
may h-e landled in the sarm fashion. Further, in some cases it nay be well worth
entploying somne of the traditional time series "touch-up" techniques, such as prewhi-
tenuig and tapering. The effects of these are to make the analysis more sensitive.
Tapering was essenitial in the bispectral analysis reported below.

3.2 Vector-variate aialysis 4

Taking a sinile characteristic valnue for each year, eg. yearly maximum is one
way to "elinininate' tih seasoinal. Continuing to initroduce a second approach, otiler
characteristics thnn the daily stage values may he better mneasures of flooding, and
perhaps such should be combined into a multivariate analysis. Vector extensions of
the results of the previous section are therefore needed. In this connection, in the



following, vector and matrix-valued quantities will be written in bold-faced type.
Let Y(t) denote a row-valued time series with r rows. The model of considera-

tion is now
Y(t) = oa + Pt + E(t ) (3.9)

The estimate of P is
J _ J

12ReIl ry /: II j2 (3.10)
j-l j-l

with yj denoting the enmpirical Fourier transform of the vector series. This estimate
will have large-sample covariance matrix 2!j/zl rj 12 where I = 2nTfEE(O) with fm
the spectral (lensity matrix of the error series.

lhe efror covariance mnatrix may be estuimated by

-l_(_j (3.11)

with r cdenoting matrix transpose. This statistic is distributed as Wishart,
Wr (V -r ,£)1(2J-r ). As a test statistic of the hypotiesis P = 0 one can now consider
the quantity

T2 = (Ot'1O"X2 irj 12) (3.12)

wliich is suich that (2J-2r+l)T2/(r (2J-r)) is distributed asymptotically as F,2_1
These lmst are standard multivariate results for normal variates. (See for example Rao
(1973), Section 8b.)

4. RESULTS

Tlte Fotirier procedlt3res (lescrile(l in Section 3 were imnplemented with the Rio
Negro data presenited in Section 2.

4.1 Univariate results

The seasonally adjusted series of daily water stages at Manaus is analyzed as in
Section 3.1 . 'The number of Fourier values employed in the estimate (3.6) is J = 25.
This nunmber was chosen so that the t-(listribution was reasonable stable and yet so that
one stayed far below the seasonal frequency. The value obtained for the estimated
slope, (3.6), iS .00(X)251 . The value obtained for the t-statistic, (3.8), is 1.686 . with
49 degrees of free(lom. The P-value, for exwamininlg the altemate hypothesis, 3 > 0, is
.049 . There is sonm evidence for a positive linear trend.

4.2 Vector results

In an attempt to broaden the analysis, a 4-vector series was analyzedl. Its com-
ponents were the annual minimunm, the annual maximum, the square root of the annual
area of the series above the stage level of 26m and the annual proportiont of days about
the 26n level. These variates were chosen as possibly providing better measures of
flooding antd other aspects of river belhaviour. For the analysis, the annual series were
extended to 84 years. (To get estimnates of the last 5 months of 1986, the first 7
nonths data were regressed on the corresponiding 50% triimmed meanecurve values.)

The value obtained for T2 of (.3.12) was 4.885 . Tle correspomeling F-statistic
was .960 with degrees of freedonm 4 and 1 1, (J = 9). The P-value obtained was .467 .
In this case there is no evklence that p .0. It is to be noted that tihe daily analysis was
based on 30529 observations wiliie tihis amnual analysis wa based on but 84. It may
be expected to be coiniderably less sensitive.
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5. DISCUSSION

The topic of the paper has ben an "elemnltary" trenl analysis. There are a mul-
titt(lek of othr unalyses that couldl have been carrie(l out. A few will be mentimned.
Otler definitions and comnputationts of a trend component are possible. More subtle
seasonal asmt procedures might have been employed, specifically procedures
involving fitting a trend and seasonal simultaneously. Robust/resistant techniques
could hiave been emlployed. Models with random effects mighit have been employed,
so too might paranmetric models.

It masy be remarked that the first analysis above was based on (laily data. It was
possible to have analyzed monthly or annlual ineans insteadl. An advantage of employ-
ing the daily series is the large nuinber of degrees of freedom at low frequencies avail-
able for estinating f (0).

6. TWO FURTIhER ANALYSES

Having come this far witlh this (lata set it seems worth while to report the results
of two further analyses. Tle first is a cross-spectral analysis of the monthly means
with the series of inean monithly sunspot numiibers. The second is a bispectral analysis
of the daily stages.

6.1 Coherence with sunspots

Tlere h1as long been a concem that sunspots affect the Earth's climate. (See for
example Pittock (1978).) A cross-spectral analysis was carried out with the Rio Negro
data to examine this possibility. Monthly mean values were employed. These values
were grap)hed in Figure 2 for the Rio Negro. The values were seasonally adjusted by
remoi<ving overall monthly mcans. Monthlty mean relative sun.spot imunmbers were found
in Waldmeir (1961) for the years up to 1960) and tlereafter in tle Intemational Astro-
nomical Union Quarterly Bulletin on Solar Activity.

Figture 5 provides an estimate of the coherence between these two series. It is
based oi 9906 nonthly values and1 hlas 40 degrees of freedomn. The horizontal line in
the graph is the level that has probability 5% of being exceeded in the case of no rela-
tionslhip. (The level is comnputetl as in Exercise 8.16.22 in Brillinger (1975).) The
level is exceedled 5 tines out of 101. This analysis has produced no evidence for a
iinear tuin inivariant relationshiip between the Rio Negro values anid the stuspot series.

6.2
Bispectral analysis

Bispectral analysis is of use in discemig nonGaussianiq of a tim seres and in
excamniing it for nonlinearity. me

The bicoherence at bifiequency (X,g) for the stationary series Y is defined as
Ifyyy (v4) 12

f}' (X)fy ()f y(X+)
wlere fyyy is the series' bispectrum. (Tle bispectrum is definted in the Appendix.)
Anong the properties of the bicolherence are thtat it vanisles if Y is a Gaussian series
antd that it is constant in the case that Y is a linear process, that is in the case that
I (t )= a(t)-u')T(u) with T wlhie noise. (Trhese properties are developed in Bril-
linger (1965).)

Thne estimation of the bispectnim and bicolherence is discussed in the Appendix.
For thte seasonally Mauaus daily data, the series was split into L = 119 disjoint
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segments of length V = 256. A cosine taper was applied to each segment, (because of
the fall-off of the spectrun adxl thie short segmenit length).

Figure 6 provides contour and perspective plots of the bicoherence estimate.
Tlhere is evidence of nongaussiaity and nonlinearity, specifically there are elevated
values near (0,0) and (33.,33.). (The elevated values in the latter case may be due in
part to bias ring in the estiiiate.) A fonnal test could have been applied here, see
eg. Hich (1982), but the work presented here is sinply a pilot investigation.
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APPENDIX

Specific expressions are set down here for pertinent parameters and tlhei esti-
nmates.

A. I Parameters

Let Y(t), tO,±l,±12,... dencote a stationary time series. Let it hlave mean cr,
covariance function -yy(u) = coy (Y(t+u),Y(t)) and third moment function
Cyyy(U,V) = E ([Y(t+u) - cyJlY(1+v) - cy][Y(t) - cy]). The power spectrunm of Y
at frequency A is defined by

fyy(X) = (U
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The bispectrum at bifrequency (X,L) is defined by

fn (X.A) =-2x2 YFn( ,vk ( P)

lTl fund am al domain of bifrequencies for the bispectrum is O S S x and
0 s 2X+tt 2L This is the region of Figure 6.

A.2 Estimates

Tlere are a variety of fashions by which a bispectrum may be estimated. In this
paper the techlique of segmentuig and averaging is enmployed because of the ease with
which it may be programmed. Specifically let tlh data be broken into L stretches of
length V, so T = LV. Next compute the tapered Fourier trausfomi of the I-di4 stretch,

V+1 _0d,v(X;)1 =Izh(V+1 )Y(IV+v)e^

for I = O(,...,L-1. (The taper employedi in the work of this paper is Tukey's namely
h (u ) = O1 - cos2nu )2.) Next fomi the third order periodogram of the I -th stretch

ry(yai;lI) =
I d;(A;l dr'(;lI

where 113 = 2;h ((v+1)/(V+I))4. The estimate of the bispectrum is now
fT ( ,)= 2Irj41 4;g)

L Iwo

In forming the estimate of the bicoherence, as (lefine(I by expression (6.1), the power
spectnunm is estimiated by sitimilarly averaging the second-order periodograus of the L
strethlies.
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Figure Captions

Figure 1. The annual mean of daily stage values. The horizontal line is at the level of
the mean value of all the data.
Figure 2. Montlly mean stage values plotted by year and month.
Figure 3. The top graph is the 50% timmed mean of the annual curves, as defined by
(2.1). Tlhe bottom graph provi(es the deviations of each year's curve from the 50%
trnnmed mean curve. The very low curve corresponds to a year of a serious forest
fire.
Figure 4. The top graph is the logarithim of the periodogram of the daily values. Tle
lower graph is the corresponding funiction for the case of an exact linear trend.
Figure 5. The estimnated coherence of the seasonally aljusted monthly mean Manaus
stages with nmonthly mean sunspot numbers. The horizontal line is exceeded with pro.
bability 5% in the case of no relationship.
Figuvre 6. The estimated bicoherence of the seasonally adjusted Manaus daily stage
values.
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Consisent detection of a nuonotonic trend superposed on a stationary time series

BY DAVID R. BRILJINGER
Statisdcs Department, University of California, Berkeley, California, USA

SUMMARY

Consider a time series nmatde tp of a signal an(d a stationary autocorrelated error
series. A statistic is proposed for exanining the hypothesis that the signal term is con-
stant versus the hypothesis that it is mionotonic in tinm. The statistic is the ratio of a
linear combination of the tinme series values (with coefficients introduced by Abelson
an(d Tukey (1963)), to an estimate of ti4e standard error of the linear combination. The
statistic has asymptotic power I for a lbroa(d class of nmonotonic altematives. Thle pro-
ce(ltire is illustratedl for the series of river leights at a location on the Rio Negro in
Brazil where there is concern tlat the height is rising due to deforestation of the Ama-
zon Basin. The prob-value obtained is .025.

Some kev' word.s: Amazon Basin, asymptotic methois, central limit theorem, change,
conuistent test, nommotonic trend, power, Rio Negro, stationary time series

1. INTRODUCTION

1.1 Preamlble

11n tle studly of a scientific phenomenon via tine series (Inta, a fundamiental ques-
tion itat sonietines arises is; is there a trened in tlie series? In particular onie may nmen-
tion the case of the thickness of the atimosphere's ozone layer possibly decreasing with
increasing use of chlorofluorocarbo)ns, Stolarski (1988), and thle case of the long-term
heiglht of the Anmazon river increasing with (leforestation, Steniberg (1987). If there
are clhanges in tlese two cases, it seems pertinent to view the changes as imonotonic.
These are particular examples of circumstances where a stimulus applied is increasing
witlh tine, and so there could well be a nmonotonic response effect.

To beghi, consider the time series model
Y(t) = S(t) + E(t) (1.1)

t= O.±lfi2, where S(.) is a 4etenninistic signal and E(.) is a zero inean station-
ary nioise series. Of hiterest is the hypotlesis: S(t) equal constant, versus tlh altema-
tive: S(t) . S (t+l) for all t, with strict inequality for some t.

Given data Y(t), t=O,...,T-l the procedure studied hi this paper is based on a
linear combination, c(T )YQ), involving particular coefficienits c (.).

1.2 Earlier work hi the autocorrelated time series case

Time series researchers have long approached the problem of trend analysis via
the teclhnique of fitting a paranmetric fonui for S(.) and thent examninig thle parameter
estiniates obtained. For exaimple, one might fit S(t) = a+ft andl consider the
hypothesis 1 = 0. Greiinler (1954) has worketd out the asymiiptotics in this case.
Specifically, given the data Y(0), Y(1), ..., Y(T-1), lhis miiethods lead to the result that
thl statistic



- 2 -

T-t _ T-1

1=0 t=O

lhas mean Wand aymptotic variance 2xfBE(O)/4t - 7)2 where fE(X) denotes the
power spectrum of th: series E(.) at frequency mad t = (T-l)/2. Further, under
regularity conditions, is asynmptotically nomial, (see eg. BrilWinger (1975), Theorem
5. 1.1), and so for large T one inay compute approximate P-values, confidenice inter-
vals and tIh like.

An altentate approach to trend analysis that is currently under development, see
eg. Akaike (1980), Kitagawa (1981), involves what may be viewed as either Bayesian
inoetls for trend with a smootluhess prior or mdtels with a stoclastic trend. These
models do not have monotonic trends however, and so are not directly pertinent to the
problemn of this work.

1.3 Earlier work in the independent case

Wlhn the error series, E(.), is white noise, (that is a sequence of independent
i(lentically distributed randomii varisables), quite a tiunuber of techniques, botlh parametric
and noitparanetric, have been proposed. Lonibardi (1987) is one recent reference uld
Shaban (1980) provides a bibliography of some results

Tlhe work for the cae of in(lepen(lent errors that is pertinent to the time series
prohlenm of present concem, is that of Abelson and Tukey (1963). These authors
address the problem of detenrining a statistic linear in the data and sensitive to mono-
tonic mean function departure, as follows.

Detemnine coefficients, c = c(t ), t=0,l,...,T-lJ , with mean c = 0 to

1:(C(t -(S(t 5)2
nmax min _ (1.3)c S L(C(t)_)2y(S(t)_-S)2

whiere S = IS(0)iS(1):(...*S(T-1)j. The coefficients Abelson and Tukey (1963)
obtainetd are

T t+1 (4c(t)= c (t) - (-i(t+ )(l - T ) (1.4)T T
Thle value at the extreme for expression (1.3) is l/£c(t)2 2/logT for large T. This
value is achieved( for the step-function signals S (t) = 0 for t e-to an(d S (t) = I for
t > t6.' A plot of the coefficients c (t ) is providetl by Figure 1 for thte case of T = 100.
(The shape will be the same for other values of T.) The linear combination,
Ic(aY)Y (t), is seen to strongly contrast the beginning and enling levels of the data, as
seenms intuitively reasonable givern that one is looking for a monotonic trend across the
tiie series values.

In the case that the E(Q) are inden til normals with known variance (Y2, a test
statistic is provided by IL(a)Y()7/c (ta . In practice if (2 is unknown but one
hlas an independenit chi-squared estimnate of 92, then one can compute a t-statistic.

1.4 Notation and structure of the paper

Specific assuntptions, ttieoreins and( proofs lihave been placedi in Appendlices. The
results are of asymptotic character, lhut are lhopedl to provide useful finite sample
approximations. The term "monotonic" will allow equality of soine consecutive values
in the sequence. The symotol 2 , unsubscripted, will refer to sununiation over
t = 0(, 1,..., T-1. It will be taken that f EE(O) * 0.
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2. THE PROPOSED PROCEDURE

2.1 The statistic

The problem of specific conscem in thtis paper is that of the model (1.1) with an
autocorrelated noise series, E(.).

Consi(er Yc(t)Y(t) with Y(t) given by expression (1.1) and with the
coefficients, c (t ) given by (1.4). One las

E Ir,c(t)Y(t)I = c(t)S (t) (2.1)
and

var (I;c (t )Y(t)J= (s )c (t )c (s -t) (2.2)

wliee c .1where C,E(EQ) = cov JE(t+u ),E(t)J. It is shown in Appendix 3 that for large T expres-
sion (2.2) is approxinmately 2 fBE(O) (t)2 where fE(.) is tie noise power spectrun.
Furtler if the noise series is normal, then cW(t)Y(t) is normal, while if the noise
series is imixing, then the liiear comibination is asymptotically normal (see Appendix
3).

If one has f E(O), a consistent estimate of fE(O), then in the case that S (t) is
constant one may approximate the distribution of the statistic

2c (t )Y(t)/\27 e(O)c(t)2 (2.3)
by a standard noninal, and lthereby conipute an approximate P-value or carry out formal
tests of significance. The problem of constructing such a consistent estimate of f EM(O)
is now addressed.

2.2 Estimation of tihe variance

Suppo-se tihat the tren(d fuinction S(.) has the form g(fIT) where g(.) ha a
Lipshitz integral miiodulus of conitinuiity of ordler a (see (A.4) below). The signal is
taken to lhave this fonn in ordler that it mnay be present the whole of a time interval
tetidinig to infinity wilti T. Let the signal be estiniated by th nrunng nman

S(t)= Z Y(t+s)/(2V+1) (2.4)
sM-V

t = 141l.V+2,...,T-1-V foj mdierate sized V. lThe noise series may then be
estimiiated by tihe residuals EQ) = Y (t)S(). An estimate of fEE() may be based on
these last.

Specifically denote the discrete Fourier transform of the residuals by
T-t-VA 2it

j Id EQE)expI-2 1 (2.5)
I=V+lT

for j = 0,I,...,T-1. Define the transfer function values

aj = sin (2nj 12V+l V2T)II2V+l Jsin(2nj/2T) (2.6)
For chosen L and M compute, f EE(O), the smoothed periodogram spectral estimate

L#M-1 I L+M-1 L+M-1
£W 2 Tlj2I l)2 2xT(l)lj2 I (1-a (2.7)

Ilere d.(lenotes the discrete Fourier transfonn of the original series. Frequencies from
MIT to (L+M -1)T cycles/unit tnei are involved, wihere both of these are to be near
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0. The terms (1a.)2 are intro(luced to comipensate for the effect of the filtering
operation on the notse series. In the data analysis below it seenmed reasonable to take
M = 1, but m the asymptotics developed M is set to M = ST/V for some fixed 8.

Specific asumions are given in the Appendix under which the estinate (2.7) is
consistent as T-".

3. POWER

It has been indicated that the variate c(t)Y(t) may he approximated by a nor-
mal with meffan c(t)S(t) and with variance 2cf EE(0) Lc (t)2. This leads, for exam-
pie, to approxinating a probability such as

Prob Ic (t )YQ Y/42if (0)c (t)2 > d I (3.1)
for some given d by

1- d - IC(t)S(t)/421fY ( )£c(t)2) (3.2)

whiere 0(.) is the nonnal cunmulative. Now, from the results of Abelson and Tukey
(1963) one has

I Ic(t)S(t)12 2 (S(t) _ S)2

Tc(t)2 logT +o(l) (3.3)

for all monotonic S(t). It follows that a test based on rejecting the hypothesis of con-
stant meanl when the statistic (2.3) exceeds d has asymptotic power I for S(.) such
that Z(S (t ) - S )2/logT tends to infiiity with T. (Tiis is the case under Assumption
A.2 below.)

4. THE EXAMPLE OF TIHE AMAZON RIVER

Dotily stnge, thiat is height, rendinigs have been made since 19013 at Manaus, 18
km. up the Rio Negro estuary froin the Amazon River in Brazil. In all 30529 readings
were availalale for analysis. Many developmenits lhave taken place in the Amazon
hasin this centtury, particularly a steady deforestationi, so it seenms of interest to exam-
iime this river stage series for nimonotonic trend.

Fi,gure 2 provides a graph of the data. A strong seasonal effect is present. Figure
3 is.-a graph of the 8 year rnfuning mean level as tdefined by expressioll (2.4) with
V = 4* 365.25. The seasonal effect is no longer apparent. (niis runnming mean can be
quickly computed via a fast Fourier transform algorithm.)

In ordler to obtain some i(ea of the low fre(quency character of the timeie series it is
useful to look at the periodogram. Figure 4 provides the perioxiogram of the data at
the lower frequencies. lhe high peak occurs at the seasonal frequency. (This periodo-
gram was computed via a fast Fourier transform of the N = 30720 observations
obtained by adding 191 zeros to tIle end of the given data).

Tunming to a formal exanmination of the (lata for a monotonic trend, expression
(2.3) is evaluated. The spectrum at 0 'is estimaeti by expression (2.7) with M = 1 an
L = 25. Time value tiemi obtained for the statistic (2.3) is 1.961. The corresponding
P-value for tih htypoliesis of monotonic increase is .025. By way of comparison if a
linear trendl is fit to the series and the power .spectrum at 0 esthimated from the residlu-
als of that fit, then the P-value obtained is .040 . hi sumiumiary there is some evidence
for hicreasing trenid (or clhange) in this data.
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5. DISCUSSION AND CONCLUDING REMARKS

The ri-centralitLr parameter occurring in expression (3.2) is
I c(t)S(t (0)Lc(t) . Under Assumption A.2 below, this is of or(ler of mag-
nitude TSlogT and tends to intinity with T. If one emnployed the stat#tic $ of (1.2)
instead, the comsponding non-centrality paranmter would be of order iT which tends
to infinity inore slowly. The corresponding test is therefore consistenit, but has asymp-
totic efficiency 0 relative to the first.

It is clear that one could fonn other estimates of S(t), such as the (robust) linear
sinoother of Cleveland (1979), or the nionotonic smnoothter of Friedmnan aned Tibshirani
(1984); however the rnmlning mceani is quickly computed and its statistical properties are
simply (lerived. Further, it would apptr that not a lot would be gained by using these
other smoothers in the esthimation of ftW(O).
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APPENDIX I

Assumptions
The cuniulant functions of the stationary series E(.) are defined by

CE . E("1 tI I *,uk-) = cum I E(t+u l),...,E(t+Uk._l),E(Q)) (A.l)
for k = 2,3,... anid the power spectrum at frequency A by

fEE( = ACE(u )e-x (A.2)

wlen tlhis series converges.
Assuwnpliona A.1 (Mixing). For k = 2,3,...

with - * lHce...E(u11..-,Uk-1)l <0* (A.3)

with u i...., Ilk-I running from -- to @@.
Assumpt ion A.2. Thte signal has the form S (t) = ST(t) - g (tIT) , wit/u g (.) square
integrable, and where there is an a such that the initegral modulus of conttinuity of g (.)
satisfies

I

sup JlIg(u+v)-g(u )lI2du = O(ht ) (A.4)

as h -40.
Condition (A.4) allows steps in g(.). In particular if g(uk) = 0 for u 5u0 and = I

for u > u0, thten a = 1. In the case that g(.) has a bounded derivative, a = 2.

APPENDIX 2
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Lemmas

Lemma Al. For the coefficients c(.) of (1.4), for fixed u, u,..., Uk-. anid for
k = 2, 3,... onw has

1
T=C( - logT (A.5)

2
lim jc(t+u)C(t)/Lc(t)2 = 1 (A.6)

Iinm EC(t+u) . C(t++Uk1)(t)(t c(CIt = 0 (A.7)
T-"

Proof. By elementary analysis.
Next defince

V
S (t )= I S (t+sY)(2V+l ) (A.8)

m-V

the munn&ig mean of the signal. One has
Lenmna A.2. Let S (t) = g Q(T) w-itht g (.) satisfying Assumption A.2. Let V = VT be
such titat VIT -4 0 as T - . Thten

zIS(t) S(t)j2=- T.2-s g2 O(VaT1-) (A-9)

Proof. Tle first equality follows from Parseval's Theorem. Next, neglecting end
effects as onie milay,

y ~~~~~~~IIS(t) - S(t)l3 2 15 S (t) - S(t12 12 s sup LI S(t) - S(t+s)12
2V+l4I. iiS

svup lg(#) - g(LT )12 = Tsu1Jlg(u+v)_g(u)l2du
and one has the inidicated result.

APPENDIX 3

Theorems
Theorenl A. 1. Suppose tItat the series E(.) satisfies Assunmption A.1 . Suppose that c(.)
is giewn by (1.4). Then

lim var (c(t)Y(t)JI/ c(t)2 = 2nfEE(0) (A.10)

Proof. Fromn expression (2.2) the variance may be written
T-1 T-1-lu I

1; CEEe() 1; C(t+l )C(t)

Tlhe result now follows from (A.3) and the Dominated Convergence Theorem.
Theorem A.2. Under the coniditions of Theorem A.1, the variate J:c((t)Y (t) is asymp-
totical/v nornmal.
Proof. The standardized cumulant of order k may be written

£; ... I. ....(u 1,...,uk_.)IC(t+u l)...c(t+Uk-dC(t)/1Tc(t)2jkI2
III UO4b , I

ITins tentds to 0 for k > 2 by (A.3), (A.7) and the Domiinated Convergence Tbeorem.
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Thne asynmptotic norniality then follows from Lenma P4.5 in Brillinger (1975), page
403.
Theorem A.3. Let the series E(.) sati,fy Assumption A.I and let the signal S(.) satisfy
Assumption A.2. Suppose that L = L and V = VT tend to as T .- oo in such a
way that LIT, VIT, VATTlIL -. 0. Suppose thtat M = 6TIV for fixed &. Thien
f EgO) is a consistent estimate Off EE(0).
Proof Since Y(t) = S(t) + E(t) one has yj = s, + ej and

fJ 2 = J ii-j2+S-)) -E + -Ej ) + lI -tj 12
To begin, one sliows that the first term here has negligeable effect on (2.6). Because
M = 6TIV, the (I - a.) are bounded away fromii 0 and it is enough to cosiider the
order of magititude of

I IL i T i i

Fnrm (A.9) this is O (L-'T'V) and so tends to 0 under the indicated linit
processes.

Next one requims that
I I

.2CTlj _-Ej 12 / 1(,__j)2- -a(l)2 IF 12 I j(I -a )2
2nT "x

is a consistent estimlate of f EE(0). Tlnis follows from classic arguments like those of
(irenander and Rosenblatt (1957) and Parzen (1957).

Finally, from the previous two results, the cross product terms may be neglected.
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Figure Captions

Figure 1. TIe coefficients of expression (1.4) in the case that T = 100.

Figture 2. 0mph of the daily river height level as nmeasured in meters from a reference
point at Manaus.

Figure 3. An eight year rumming mean of the series of Figure 2. Tec horizontal line is
at die overall mean level.

Figure 4. Tlh low frequency portion of the periodogram of the data of Figure 2.
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