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Abstract

We consider in this paper two widely studied examples of non and semiparametric
models in which the standard information bounds are totally misleading. In fact no
estimators converge at the n™* rate for any a > 0, although the information is strictly
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positive ‘‘promising’’ that ™2 is achievable. The examples are the estimation of Ipz

and the slope in the Engle et al. model. A class of models in which the parameter of
interest can be estimated efficiently is discussed.
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1. Introduction. _

Consider the standard simple random sampling model on a sample space X:

X1 ..., X, 14d. according to P € P, a set of probability measures on X dom-
inated by p. Let p denote the density of P and 6: P — R be a parameter.

Suppose P is a regular parametric model, that is
172

- . m : _ | 9Pe,n
1) P= {P(e.n)- 0e R,neR™ where if s@O,m)= —Tu—

(6,1m) — s(8,m) is continuously Fréchet differentiable from R™*! to L, (1), with
derivative s(6,M) an m + 1 vector of elements of L, (u).

the map

2) The Fisher information matrix, 1(8,m) = 4 [ [$;(8,M)$;(8,M)dM Jms1yxems1) Where
the s; are the components of s, is nonsingular.

Then it is known, see for example Hajek (1972), that if @ is identifiable it can be

estimated at rate i In fact there exist 8, of ‘‘maximum likelihood’’ type which

vn
have the property that, if I'! is the first element of I"}, then
LeX (28 - 6)) —» N (0,1'' (8,m))

uniformly on compact subsets of R™! and I!! is the smallest asymptotic variance
achievable by uniformly converging estimates.

(1) Research supported by ONR Grant N00014-80-C-0163.
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Levit (1978), Pfanzagl (1982), Begun et al. (1983) have used an idea of Stein
(1956) to extend these lower bounds to P non or semiparametric, provided that 0 is
pathwise Hellinger differentiable on P.

In this paper we investigate the question: Under the conditions of the above
authors, are the bounds necessarily sharp if we drop the restriction that P is a regular
parametric model?

We begin, in Section 2, by showing in the context of two widely studied examples,
estimation of fpz, and of the regression coefficient in the Engle et. al. (1986) model
that the answer is, in general, no. In fact, the rate n'2 is not even achievable point-
wise. Although the arguments are specific they can evidently be generalized to show
similar results for much broader classes of parameters. A general view on these
phenomena is given in Donoho and Liu (1988).

In Section 3 we show that the information bounds are valid for a general class of
semiparametric models. This class includes the regular parametric models and is rich
enough to contain models having essentially any tangent space structure.



2. The bounds are not sharp.

The first example we consider is:
P=(Pon[0,1]: P absolutely continuous with density p < M}
where M is a finite constant and,

8() = [p?(x)dx.

Since the functional O (p) is differentiable along every Hellinger path in P, the
regularity conditions required for validity of the information bound are satisfied. This
functional appears in the asymptotic variance of the Hodges-Lehmann estimator. Simi-
lar functions (the integral of the square of the derivative of the density) appear in the
theory of optimal density estimation.

It is well known, Pfanzagl (1982), Donoho and Liu (1988), that the information
bound in this case is

(2.1) 4Varp(X) = 4[(p(x) - 6(p))*p (x)dx.

Hasminskii and Ibragimov (1979) following work of Schweder (1975) exhibit an esti-
mate én such that \/H(én -0(p))/2[Varp X) 2 converges in law to N(0,1) uni-
formly on {P with densities p such that ||p|l.. + ||p’ll. < L}. Yet we can establish

Theorem 1:

For any € > 0, there exists a subset Py = P (compact in the topology induced by
the variational norm and having diameter less than €) such that for every sequence of
estimators én and every a > 0 there exists P € Py such that

22) lim, P8, - 8] > n™®] > 0. O

A consequence of this result is that the rate of convergence on P, as defined for
example by Stone (1980), is slower than n™ for any o > 0. In fact, no sequence of
estimators which is n* consistent at each point of Py exists. So the information bound
is totally misleading for P.

To see what goes wrong we consider the behaviour of a plausible type of estima-
tor. It is proved in Pfanzagl (1982) — See also Bickel et al (1989) (which we refer to
in the sequel as BKRW) — that if 6 is efficient, then

Oy = 0(p) + 207'EL, (X)) - 0(p) + 0,0
The naive approach to estimating 0 efficiently is to try
0= 0(p,) + 2n7! IR [P (X) - 08(p,)] for P, an estimator of the density. For simpli-

city suppose P, (-) is based on an auxiliary sample. If 8 = 84 + o, (n"/?) we would
expect
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E®Ip) = [pP(0dx + Op@™?).

But,

E@IP) - [p?(0dx = 2[p(0pdx - [pZ)dx — [p*(x)dx
~[ (a0 - p x))?dx

By Bretagnolle and Huber (1979) to have this last term be of order n™!2 uniformly for

I

pe P we need a Holder condition of order at least -%— on p in P, viz.

Ip(x) =p( | <clx-y[”2 A positive result when p is so restricted has been
obtained by Ibragimov and Hasminskii (1979). This argument cannot be translated
into a proof since we have considered only estimates of a particular type in the discus-
sion of the rate at which p can be estimated. In fact, a cleverer construction — see

Bickel and Ritov (1988) shows that a H8lder condition of order % suffices. However,

we hope the point is clear. The calculations leading to the information bound are

local. They are irrelevant to actual performance if you can’t even get to within
o, (n714) of 6 (p).

We begin with a simpler construction which establishes
Theorem 2:
For any sequence of estimates én there exists a compact P for which the uniform rate
of convergence is slower than a,, for any sequence a, — 0, viz.
(2.3) lim, supp P[|8, - 0] 2 2,] >0
Note that (2.3) implies the existence of € > 0 such that

lim, supp P[18, - 0] > €] > 0.

The main idea of the proof is a ‘‘Bayesian’’ construction. We exhibit a sequence

of prior distributions =, assigning mass % each to finite subsets Hg, of

(P:O(P)=1+ -l;-an} and H;, of (P:0(P)=1+ %an} whose size k(n) T o such
that the posterior probabilities of Hj,, Hy, given X, ..., X, are with probability

tending to 1, still equal to % More explicitly, the members P / =1,...,k(n), of

H;y, j = 0,1 are equally likely a priori and are chosen so that with probability tending
to 1

1 k(n) n " k(n) n n
k™ (n) 1§1 iI=-Il Porn (X)) = k7" (n) El i£11 Pun(X) = Il p(Xp

where p is the uniform distribution on (0, 1) (though this is inessential). Define Py to
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be this countable collection of lem’s together with their limit, the uniform. An
immediate consequence from which (2.3) follows is that,

- 1
infy [P[18,- 612 2,]m, (P) > —,

and this establishes the theorem. This construction differs from similar constructions

appearing in the density estimation literature where the corresponding Hg,, H;, are
simple (consist of one point).

Proof of Theorem 2:

Here is the sequence of priors the union of whose carriers is a set having the uni-
form distribution on (0, 1) as its limit. We prescribe =, through some auxiliary vari-
ables

1. Let o, = ¢, with probability %

= 2, with probability %; the sequence ¢, { 0 is to be chosen later.

2. Let Ay, ...,A,, m=n> be independent identically distributed random variables

independent of o, and equal to 1 with probability —;—

T, is the distribution of the random density p given by

p((i+y)(m+1)‘1) = 1+ A0,h(y), i=0,...,m O<y<l1
where (say)
- 1
h() =t 0<t< >

1
= —(1-t — <t< 1.
(1-1 >

The support of each x, is finite and _[ |Ip — 1] < 2¢, with &, probability 1, so the union
of the supports of &, is a sequence tending to the uniform. Now, if P corresponds to
the random p

1
8@ = [p’()dx = (m+ )7 EL[(1+ Aenh(y)?dy
0

2
L+t
12

This construction, since m = n°, has the property that the T, probability that at
i i+1 )

b4

most one of the observed X, . . ., X, will fall into any of the intervals [

m+l m+l
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is 1 -0Om™). But 1 observation in a cell gives no new information on whether
o, = ¢, or 2¢;, and so the posterior probability

2 cr%
2.4) n,,{e=1+§“—2|x1,...,x,,} = m(O=1+ (X, X)
= ?-FO.R“( ).

L
Let c, = 33,2 Then (2.4) implies that infsP (16, - 0]> a | X}, X, . . ., X,) = 172,

or, forany 8, =6, (X;, ..., X)),
[PLI8,-0]2a,]n,@dP) — 122.
Then

v

lim, [P[|6, - 6] > a,] m, (dP)
= 12

lim, supp, P[|8, - 6] > a,]

and (2.3) follows. To check (2.4) note that if at most one X, falls in each interval the
posterior distribution of (0, Ay, . . . , A,) is
2.5) T (A, . .., AplXy, ..., X)) =

+ A 1 -4

= o) qm (L + - 5
= 2 Hi=0 Tfa(Yl)+Tfa(Yl)} c(Xl,...,Xn)

M (1 + A oh (Y

where
fi(y) = 1+ ah(y)
8 = 1 if there exists X; e [ ——, —*L )
b X m+1’ m+1
= (0 otherwise

and Y; is the fractional part of (m + 1)X;. By symmetry, from (2.5),

1
nn((xn=cn|X1, . e ,Xn) = E
and (2.4) follows. O
Theorem 1 again uses a Bayesian construction. For the conclusion we can not reduce

our problem from estimation to testing but have to construct a prior distribution with
infinite support whose Bayes risk for the loss function [, (6, 6) = 1(6 - 0l2a) is



bounded away from 0.

Proof of Theorem 1:

We exhibit a Py contained in the € ball around U (0, 1) and =, concentrating on P,
such that for all & > 0

(2.6) lim, inf; [P[16, - 8] 2 n™*]my(dP) 2 %.

Then (2.2) follows. Otherwise, we could exhibit o > 0, én such that for all P
P[16,-6]2n%] >0
which by dominated convergence would imply
JP116,-6]2n]ny(dP) - 0
contradicting (2.6). Here is my. Let oy, A(0),...,A(2-1), k=172,. be
independent, oy =0 or 1 with probability %, each A (i) =*1 with probability -;—

each. Define random functions
. s A=k . 1 —k
2.7 h (x) = ALQ), 12%<x< @i+ ?)2
= -AG), G+ %)2‘k <sx<@(+1)27%
Finally, the random density p is given by

p‘(x) =1+ k§1 coyhy (x)

where the ¢, are positive g2 ¢, < % Note that since J'hi x)dx =0, Ihihj (x)dx = §;

8P = 1+ }5 a?c?

i=1

= 1+ 38 afc? + Eaalcl

Let B=(ay,..., ) and Tog be the conditional distribution of all the a’s and A’s
given B. For any bounded loss function L (8, a)
(2.8) infsE, L(6,8) = mfstnmL(G, d) v (dp)
> [infsEy, L(6,8) v (dp)
where & ranges over all estimates of 6 based on Xy, ..., X, and v is the marginal

distribution of B. Therefore, there exists a value B, of B such that the Bayes risk of m,
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is no smaller than the Bayes risk of mog) = Tgo. Under my, if m = [3log; n] any inter-
val of the form [i2™, (i + 1)2™™) contains at most one of Xj, . . ., X, with probabil-
ity > 1 — (2n)"!. Arguing as before, under Ty, except on a set of probability O(n™!),
the conditional distribution of A= {A (i): 1 <i<2X k>m)} given Xy, ..., X, is
the same as the marginal distribution. We claim that the same is true of the condi-
tional distribution of o ={0y,...,k>=m). Write the joint density of
(o, AX, ..., X,) with respect to the measure p where, under U, the oy ’s and A (i)
have the distribution specified earlier and Xj, . .., X, are independent of o, A and
uniform (0, 1) as

B (1 + I o oy hye (X)) + k§mck oy hy (X))
The posterior density, if at most one X; is in each interval [21—k, ikl-), k > m, is pro-
portional to
T2, (A (X)) + I o o4y €, (X)) Ayy)

where  A;(x) =1+ZMc opoh (x), Ag=AG) iff j is such that
X; e [i275,G + 1)27%) and

§X) = +1 if X;e [j275 G+ -;—) 27Ky

-1 if X e [(j+%)2‘k,(j+l)2'k).

Then the posterior probability that (0tp.p, - - ., Ope) = ((x,?,+1, cees a,?,+o given
X) =Xy, ..., X, = X, is proportional to

E, (TIZ; (A; (X)) + I, ceon) £ (X) A + . %m Cx Oy & (X)) Ayy)

1 (o = a’r(r)l+1' e Oy = ax?wt)}-

But the oy and the Ay are independent under u. Multiplying out the product and
using the symmetry of the Ay; we obtain that the posterior probability is proportional
to IIZ, A; (X)) and our claim follows. To complete the argument note that, under 7y,

. - 1
if B, = 2:k=mck2(ak2 - E)
1 - 1
P[B, > 7c,%,] >Plo, =1, 52, c(a? - 2 20]

2 -}T by the symmetry and independence of o, and ak2 - %,k =m+ 1,...

A similar argument shows



P[B, < —%c}, > 1/4.

Hence, if at most one X falls in each interval,

inf, P[]0 —a] = %c,,2,|x1,...,x,,]
X
> min (P[B,, > %cm|x1,...,xn], P[Bp < —3 031Xy, -, X,)
>+ + 0,
2 2 p n

since except on a set of probability O (n~!) the marginal and conditional distributions
of B, agree. So the Bayes risk of my for the loss function

L,(0,2)=1[]6 -a|> %c,%,] is > %+ O™, If ¢, = 9e2[logn]™*%, say, then
(2.6) follows from (2.8). O

In the Engle et al. model (1986) we observe X; = (W,,Z;,Y;),i=1, ..., n where
2.9) Y = BW+t@) +¢

and € ~ N(0,62). The joint distribution of (W, Z) and t are unknown. In recent work,

Hung Chen (1988) and Cuzick (1987) have exhibited, under various smoothness res-
a -1

trictions on t, estimates B which are asymptotically N (0, —I—) where

n

(2.10) I = 62E(W-EW|2)*>0
unless W is a function of Z.

Local calculations yield this as the information bound whenever W e L,. Let

P = {All distributions (W,Z,Y) given by (2.9) such that I > 0 and well defined.}

We show

Theorem 3: a) Even if 6 = 0 (or equivalently I given by (2.10) equals <) there exists
a subset Py of P such that for all estimates 8,

(2.11) supp P[|B, - Bl 2€]>0 foranye> 0.

b) For o > 0 there exists a compact subset Py of P such that for all estimates B,, and
all y> 0,

lim, supp [IB - Bl = n™]1 > 0.

We argue as for Theorem 2.
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Proof: a) We give the simpler construction for 6 = 0 and P, non compact and sketch
it for 0 > 0 and Py compact. Here is the prior n,. Take W = +1 with probability %
and0<sZ< 1.

Let o,Ag, ...,A, .-m=n> be iid. and equal to +1 with probability —;_- If

=-1 then =0, Z~ U(0, 1) independent of W and t(z) =0. If « =1, then B=c¢
and the conditional density of Z|W and t(-) are given by,

2.12) p(ziz‘g - i;IA’W} im+ Dl sz<(i+ %)/(m+ 1)
p(ztlzg - I_CZIA'W} i+ %)(m-l— < z< G+ 1)/ @+ 1).

Again with probability 1 — O(n™!) the posterior of Ay, . .., A, is the same as the prior
distribution. Note also by construction that W +t(Z) = 0. So, with probability
1-0@m™

Plo=1|W;Z,Ypi=1,...,n] = Pla=1|W;Z,i=1,...,0]
is proportional to,
213)  E(IIE (1 - 4W) (1 +a4W)'™)

where Wy,Z;, ..., W, Z, are fixed. If Z; falls in [j;/(m + 1), G; + 1)/(m + 1)), we
define §; = 1 if Z; is in the first half of that interval and O if it is in the second. The
expectation in (2.13) is again 1 and we conclude that the posterior distribution of o is
the same as its prior and hence that the Bayes risk of m, is bounded away from O.
(2.11) follows.

b) If 6 =1 (say) proceed as follows. Let a, A, ..., A, be as above. Suppose
P[W=0]=P[W=1]= % and that the conditional distribution of Z given W = 0 is
U(0,1). Underr, if o =~1, B =0and Z given W = 1 is also U (0, 1). Let

th(z) = a A, i/(m+1)sz<(i+%)/(m+l)
= —a A, (i+%)/(m+1)sz<i/(m+l).
Ifa=1,B=c,and

(2.14) piIW=1)

]

1 -b,4, i/(m+1)sz<(i+%)/(m+1)

= 1+b,A, (i+%)/(m+l)sz<(i+l)/(m+1).
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With probability 1-O(n™!) there is at most one Z, in each interval
[im+ 1)}, G+ 1)(m+ 1)"}). Conditional on that event, being given (W;,Z;,Y,) is
the same as being given (W,,V;, Y;) where V; is the fractional part of (m+ 1)Z,.
Further, the posterior distribution of B is the same as the conditional distribution of
given, {(V;,Y;): W;=1}. Given W; =1, V; is U(0, 1) by (2.14) since the conditional
distribution of A; given W; = 1, where Z; € (;/(m + 1), (j; + 1)/(m + 1)) is the same
as its prior.

Finally, the conditional density of Y; given W; =1, V,, a = 1, is
1 1
E’(l - bn)q)(y —Ch—ay + 5(1 + bn)q)(y —Cpt a‘n)

= ¢ () + yo (y) (¢, — a,by) + O(c? + a2).

If a,=c!® by=cd 8>0 the density of Y, given W;=1, V, a=1 is

0 () (1 +cZ®h(y) + O(c3 + a3)) where [¢(y)h(y)dy = 0. One can show the joint
distribution of {(V;,Y;): W; = 1} under o = 1 is contiguous to that under a = 0 pro-
vided 03"25 = O(n™Y?). Hence by taking c, = n"V#*¢, ¢ > 0 arbitrary we can deduce
that B cannot be estimated at a rate better than n~V4*¢, [ |
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3. Validity of the bounds for a class of models.

We consider semiparametric models with the following structure:

(3.1) P= P, P,<P,, Vm
m=1

~and P, regular parametric. That is, we can write
P, = (Pgum:0c© N™ = (My,...,Ngy), withd=d(m)

andm;e E;, j=1,...,d- 1, E; © open subsets of R}
i) P,
ii) The maps (8,n™) — P ym are 1-1 for all m. Further if P € P, = P, N Py,
m’ > m then the first d (m) coordinates of ™ agree with n™.

iii) The maps (8,N™) — s(0,N™) = ( € L, (1) are continuously Fréchet

dP g, nm) 2
dp
differentiable with derivative s (8,n™) = (5, . . . , $9) (6,1™), éj eL,w,j=1,...,d

iv) The information matrix,
IO,N™ = 4[[585ON™dhlea = [Egambil;®n™ la

is nonsingular for all (6,1™) where [ @n™ = 2 % (6,n™) is the derivative of the log
likelihood.

In words, every member of P belongs to a nice parametric model whose dimension
d can however be arbitrarily large. A moment’s thought will show that most if not all
semiparametric models proposed in the literature can be thought of as the closures (for
weak convergence) of such P. For example, the symmetric location model {P: P is

absolutely continuous on R, symmetric about some 6 € R} is the closure of P as in
(3.1) where P(e.n")’ for example, has

logpg, 4= (x) = h(x - 6,n™)
where

h”(x,n™ = Z& M1 (%] < byry)
where d =2"+ 1, b, =mk2™, k=1,...,d-1. That is we assume that the log
density of X — 0 is a symmetric quadratic spline with knots at by, which is constant
for | x| > m. Such models have been considered by Faraway (1987) and Stone (1986)

among others. It is well known, see Le Cam (1956), Bickel (1982), that there exist
estimates émn,ﬂmn which are efficient on P,. In particular,

A

(3.2) Omn — 89 = n' IR 7o (X)) + op (n7V2)
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where

and
s = 8 —IIG;I[5 ... 8D,

IT(h|L) denotes the projection of h € L, (i) on the closed linear subspace L in the

L, (w) norm, ||-|l, and [S,, . . ., S4] is the linear span of {S,,..., S4}. fAmn — No has
a similar expansion but we only note that

(3.3) fmn — Mo = Op, (n™12).

These relations hold for each m fixed, all Py € P, as n — . Frequently, we achieve
(3.2), (3.3) using the maximum likelihood estimates of 6, n™ under P,,. For any
PePletn=(My,...,Ngp) where d(P) is the smallest m such that P € P,,. For the
model P, the information bound in estimating 6 at Py = Pg, no) 1S given by:

_ Ly gt
I (Py; 8) = ISy~ G118, M) I
where

éz (69,Mp) = closure of the linear span of {s,(8g,Mg), - - - » §; (Bg,Ng)s---}-

Here, for m > m (Pg) we consider Py as a member of P, i.e. corresponding to (85, g™
SUCh [hat Po = P(eo‘n(r)n .

Suppose I(Py; 8) > O for all Py e P. Let
(3.4) 1(80,m9) = 257 (B0, o) (51 (8, M) — TLG; (B, M) 1 L2 (B0 o)) / L (o5 6)
be the efficient influence function for estimating 8 in P at P,. I depends on (8, M)
Theorem 4: Suppose that if Pg_,a € Py, 6, = 6, N — ng" then
(3.5) (V18 (B, ™) > TL(vIE; 86, n0)
for all v e L, (1) and
(3.6) Gy 17 B ) s < o0
where ||+ ||, is the sup norm.

Then there exists én such that,

8, = 6p+n I 75(Xp + op, (0712

where I =1 (69, No)-
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Moreover, the én are at least locally regular. That is, for all Py € P, {P,: |t| < 1}
is a regular parametric submodel of P, T, = 0 (@2 we have L, (n'?(8, - 6 (P,)))
tending to a limit law independent of { Pn}'

The construction is essentially to pick the lowest dimensional submodel Pﬁ,‘ which

is close enough to the empirical distribution, then treat th, as fixed, compute the
efficient estimate i inn Of Nz, in that model and then ‘‘solve the equation’’.

3.7 0100y, = 0.

The resulting estimate is well behaved if P € P. However, if P € P — P, we neces-
sarily have h, — e and no guarantee that the solution of (3.7) is even consistent,
much less efficient. In fact, the examples of the previous section make it clear that
there is no hope for such a general consistency theorem. The question remains
whether one can formulate reasonable conditions on the structure of / and the
behaviour of the distance in suitable metrics between P, and members of P — P as a
function of m which will yield the validity of the information bounds for members of
P. An attempt in this direction is the work of Severini and Wong (1987). However,
we do not pursue this, in part, because we believe that the checking of any such condi-
tions in models of interest will be at least as difficult as the construction of efficient
estimates by one of a number of heuristic methods which have been developed — see
BKRW, Ch. 7 for a discussion.

Proof: Let dg be the Kolmogorov distance between distributions. Let ém, Amn be as
in (3.2), (3.3) and

f’m be the corresponding member of P,

Let m, be the first m such that dx(ﬁm,P,,) < €, where g, - 0, nmt-:n — oo, P is the
empirical distribution. Evidently, if my = m (P, N

Polh, =my] = 1.
Moreover, f’,;,- — (é,;,-n, i) = ©or ﬁo) + O, (n™Y2). Therefore, by (3.5)
(3.8) JA @ N ) =T 01 )22 (@) dp = o, (1)

for all sequences Pig_n, € Py, with |6, — B3] = O(n712), |n, — no| = O (0~ 13).

Moreover, using (3.6), we see that,
3.9) [T 6Ny )% G Al = 2T (B M) (5 B M) = 5 (B A )
$ B> Nimgr) A1t + O (11 (0, M) = 5.8y Ay ) P
= 2T B Nmgr) 52 Ons Nngn)s - - - » $1my O Aeng)) My = Ao )”'s By A it
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+ 0p, (Mg = Aggn D + Op, (s B My) = 5O, A ) 1P

The first term on the right in (3.9) is 0 by (3.4). The last two terms are op (n~"?) by
(3.2), (3.3) so

(3.10) [1®,10,; )s?@,,n)du = o, (0712

Together (3.8) and (3.10) yield the existence of én — see Klaassen (1986) for exam-
ple. O

Thus the é,, are at least locally regular and n!”2 (én — 6p) is asymptotically normal
0,11 (Py; 0)) i.e. achieves the information bound.

Note: 1) Conditions (3.5) and (3.6) are trivially satisfied by the symmetric location
example. Condition (3.6) can be interpreted as a robustness condition for efficient esti-
mates in P, That is, on the model P, efficient influence functions are bounded and
bounded uniformly in small Hellinger neighbourhoods of any P. ‘

2) It is easy to check that if in the Engle et al. model we, for instance, let P, be
such that t(Z) and logP (W = 1|Z) are representable as splines with d (m) knots, con-
dition (3.5) is satisfied. ‘Although condition (3.6) fails for € Gaussian, ! is of the form
€ times functions which are uniformly || - ||., bounded and (3.7) continues to hold.

3) A further peculiarity of these models is that, if we only consider the asymptotic
behaviour of én at fixed (8,m), it is asymptotically inadmissible. However, when we
consider its behaviour over ‘‘contiguous’’ neighbourhoods in P it is uniquely asymp-
totically minimax. More precisely let {P, |t|] <1} be a regular parametric submodel
of P passing through P, = P(g,n, Corresponding to this model is its score function at
(80,Mo) given by (say) sg'v where v € §,(8,,mg). Consider 8 = éﬁ,nn. By LeCam’s
third lemma, if 6, = 6, (t) = 8 (Py-12), NNy, (1) =1 (Py-1n), then

(3.11) L, nyVn® -6, -N@tfvs dy, % sy IF2).

On the other hand, by the same argument,
L, n,Vn® -6, — N(©O,I"! (Py; 6)).

Now,

1(Py; 6)

%u §1 = TIG, 1, B o) I

*®
sy I
4
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So at (8g,Mg), i.e. t=0, both vn(® — 6y and vn (é - 0y) are asymptotically normal
with mean O and the asymptotic variance of Vn® is smaller than that of . However,
evidently, on each parametric submodel, for any bounded bowl shaped loss function /,

limy imy, sup (Eg_o, . ! 720 = 6,): t] s Mn~Y2} = supy! (d)

higher than the comparable asymptotic minimax risk for 6.

This is a superefficiency phenomenon. The estimator ] is, in view of (3.11), not
locally regular i.e. the limit of Lg_p (Yn(8 - 8,)) is not independent of t.
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