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Abstract
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1. Introduction.

Consider the standard simple random sampling model on a sample space X:

X1, ... , Xn i.i.d. according to P E P, a set of probability measures on X dom-
inated by p. Let p denote the density of P and 0: P -4 R be a parameter.

Suppose P is a regular parametric model, that is

1) P = (P( q): 0 eR, e R' where if s(0,'rl)= d the map

(0, 1) -* s(0,Tl) is continuously Frechet differentiable from RW+1 to L2(p), with
derivative s (0, r1) an m + 1 vector of elements of L2 (p.)

2) The Fisher information matrix, I(0, TI) = 4 [Jii (0, T1) j (0, 1)dp.](m+1)x(m+1) where
the s- are the components of s, is nonsingular.

Then it is known, see for example Hajek (1972), that if 0 is identifiable it can be
estimated at rate -%=. In fact there exist On of "maximum likelihood" type which

have the property that, if Ill is the first element of I-1, then

LeX (n (0 - 0)) -e N (0, I1 (H, r))

uniformly on compact subsets of Rm+l and Ill is the smallest asymptotic variance
achievable by uniformly converging estimates.

(1) Research supported by ONR Grant N00014-80-C-0163.
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Levit (1978), Pfanzagl (1982), Begun et al. (1983) have used an idea of Stein
(1956) to extend these lower bounds to P non or seniiparametric, provided that 0 is
pathwise Hellinger differentiable on P.

In this paper we investigate the question: Under the conditions of the above
authors, are the bounds necessarily sharp if we drop the restriction that P is a regular
parametric model?

We begin, in Section 2, by showing in the context of two widely studied examples,
estimation of Jp2, and of the regression coefficient in the Engle et. al. (1986) model
that the answer is, in general, no. In fact, the rate nl'2 is not even achievable point-
wise. Although the arguments are specific they can evidently be generalized to show
similar results for much broader classes of parameters. A general view on these
phenomena is given in Donoho and Liu (1988).

In Section 3 we show that the information bounds are valid for a general class of
semiparametric models. This class includes the regular parametric models and is rich
enough to contain models having essentially any tangent space structure.
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2. The bounds are not sharp.
The first example we consider is:

P (P on [ 0, 1 ]: P absolutely continuous with density p . M)
where M is a finite constant and,

0(p) = p2 (x) dx.

Since the functional 0(p) is differentiable along every Hellinger path in P, the
regularity conditions required for validity of the information bound are satisfied. This
functional appears in the asymptotic variance of the Hodges-Lehmann estimator. Simi-
lar functions (the integral of the square of the derivative of the density) appear in the
theory of optimal density estimation.

It is well known, Pfanzagl (1982), Donoho and Liu (1988), that the information
bound in this case is

(2.1) 4Varp (X) = 4J(p (x) (p))2p (x) dx.

Hasminskii and Ibragimov (1979) following work of Schweder (1975) exhibit an esti-
mate On such that 4ii (0n -0(p))/ 2 [Varp(X)]2 converges in law to N (0,1) uni-
formly on (P with densities p such that IIp II,, + IIP'IL < L}. Yet we can establish
Theorem 1:

For any e > 0, there exists a subset PO c P (compact in the topology induced by
the variational norm and having diameter less than e) such that for every sequence of
estimators on and every X> 0 there exists P e PO such that

(2.2) nPP[In - 0I n-a] > 0.

A consequence of this result is that the rate of convergence on PO, as defined for
example by Stone (1980), is slower than n' for any a > 0. In fact, no sequence of
estimators which is na consistent at each point of PO exists. So the information bound
is totally misleading for P.

To see what goes wrong we consider the behaviour of a plausible type of estima-
tor. It is proved in Pfanzagl (1982) - See also Bickel et al (1989) (which we refer to
in the sequel as BKRW) - that if 0 is efficient, then

Oeff = 0(P) + 2n-1 4nl (p (Xi) - O (p)) + op(n-1/2).
The naive approach to estimating 0 efficiently is to try
O = 0 (Pn) + 2n1 l [ (Xi) - 0 (Pn) I for P an estimator of the density. For simpli-
city suppose P (*) is based on an auxiliary sample. If 0 = 0eff + °p (n-1/2) we would
expect



- 4 -

E (0IIPn) = p2 (x) dx + Op (n-f12).

But,

E(01IPn) -Jp2 (x) dx = 2 (x)p(x) dx - p 2(x) dx - fp2 (x) dx
- -J (Pn (x) - p(X))2dx

By Bretagnolle and Huber (1979) to have this last term be of order n7la2 uniformly for
p E P we need a Holder condition of order at least - on p in P, viz.

2
Ip(x) - p(y)l . c Ix - y11/2. A positive result when p is so restricted has been
obtained by Ibragimov and Hasminskii (1979). This argument cannot be translated
into a proof since we have considered only estimates of a particular type in the discus-
sion of the rate at which p can be estimated. In fact, a cleverer construction - see

Bickel and Ritov (1988) shows that a H6lder condition of order 1 suffices. However,
we hope the point is clear. The calculations leading to the information bound are
local. They are irrelevant to actual perfornance if you can't even get to within
op (n-1/4) of 0 (p).

We begin with a simpler construction which establishes
Theorem 2:

For any sequence of estimates On there exists a compact PO for which the uniform rate
of convergence is slower than an, for any sequence an -* 0, viz.

(2.3) linsupp, P [6IOn0 } an ] > °

Note that (2.3) implies the existence of e > 0 such that

- imsuppoP[IOn - 01 . El > 0

The main idea of the proof is a "Bayesian" construction. We exhibit a sequence
of prior distributions in assigning mass 1 each to finite subsets Hon of2
(P: 0(P) = 1 + 4-an) and Hin Of (P: 0(P) = 1 + 16 whose size k(n) T oo such

that the posterior probabilities of Hin, Hon given Xl,... ,Xn are with probability
tending to 1, still equal to 2 . More explicitly, the members piln, I = 1,... , k (n), of

Hjn j = 0,1 are equally likely a priori and are chosen so that with probability tending
to 1

k(n) n k(n) n n
k1 (n),1i1 Poin(Xi) = k1 (n) 1X1 Plin (Xi) = rIi=lP (Xi)

where p is the uniform distribution on (0, 1) (though this is inessential). Define P0 to
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be this countable collection of Phm's together with their limit, the uniform. An
immediate consequence from which (2.3) follows is that,

1
inf JP [In -e 1 2 an Itn (dP) 2-

and this establishes the theorem. This construction differs from similar constructions
appearing in the density estimation literature where the corresponding Ho, Hin are
simple (consist of one point).

Proof of Theorem 2:

Here is the sequence of priors the union of whose carriers is a set having the uni-
form distribution on (0, 1) as its limit. We prescribe En through some auxiliary vari-
ables

1. Let °bn = cn with probability 2
1

=2cm with probability the sequence cn b 0 is to be chosen later.

2. Let A0,... , m, m = n3, be independent identically distributed random variables

independent of an and equal to ± 1 with probability 2

itn is the distribution of the random density p given by

p((i+y)(m+1f1) = 1 +Ajanh(y), i=O, ...,m 0 < y1
where (say)

h(t) = t, <t<
2

=-1t) 2 stsl5.
2

The support of each Cnn is finite and JIp - 1I . 2 cn with nn probability 1, so the union
of the supports of in is a sequence tending to the uniform. Now, if P corresponds to
the random p

1

0(p) = Jp2 (x)dx = (m+ )-1 a(+4 h (y))2dy
0

n2=1+-.4
12

This construction, since m = n3, has the property that the nn probability that at
i+1most one of the observed XI, ..., Xn will fall into any of the intervals [

M+

)
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is 1 - O(nQf). But 1 observation in a cell gives no new information on whether
° = Cn or 2 cn and so the posterior probability

2 22

Le(2.4) nl2 Te (2.4 imlie ht nj(n-0 anl 1X,***,X e12
or,for any (3 =On (Xl 12X*nI.,( = X+3 AKenhen2 3/2

Let cn. = 3a~~~12- +onl)
Land(2.3afollows.Then (2.4) implies that infPa(n - 0e> a XiflX2i ..a. , Xin)-r 1/29
or,sforany buii(n o(XI h * *

JP2.5)(n . an (I Xn * 1/2.

Then

~Jsupp0P[I0e -01> anI . limfP[l0 -01 an] 7c (dP)

= 1/2

and (2.3) follows. To cheek (2.4) note that if at most one Xi falls in each interval the
posterior distribution of (mcnA +B,Am) is

(2.5) =n(C,AO. ... .AMI X1. . AXC) =

and ~ ~~2(2.4) folos mO .1+A. l

-2-(m+2)f_0 2 faj(Yi) + fJ~(Yi)}8 c(Xi,. ., Xn)
m8

= I-iOf1+A h(i
where

fal(y) - 1 ± ah(y)

Sir= I af there exists For ___i
M+1'" m+1

- 0 otherwise

and Yi is the fr-actional part of (m + l)Xj.. By symmetry, from (2.5)1,

n(a =eCnIXi,... ,XNn) =
n ~~~~~2

and (2.4) follows. C

Theorem 1 again uses a Bayesian construction. For the conclusion we can not reduce
our problem from estimation to testing but have to construct a prior distribution with
infinite support whose Bayes risk for the loss function I (0,0) = 1 (I 0 - 01 . an) is
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bounded away from 0.

Proof of Theorem 1:

We exhibit a PO contained in the e ball around U (0, 1) and no concentrating on PO
such that for all a > 0

(2.6) lim infoJP[I0n-Hl>n]Ir(dP) 1

Then (2.2) follows. Otherwise, we could exhibit a > 0, on such that for all P

P[Jrn - 01e n-a] - 0

which by dominated convergence would imply

fP[I06 - >1> na]c0(dP) - 0

contradicting (2.6). Here is no. Let ak, Ak(O),... Ak(2k - 1), k = 1,2,... be
independent, ak = 0 or 1 with probability 2 ch Ak(i) 1 with probability
each. Define random functions

(2.7) hk(X) = Ak(i), i2 k x< (i+ )k
2

= -Ak(i), (i+ )2-k<x<(i+1)2k.2
Finally, the random density p is given by

00

p (x) = 1 + T' Ckakhk(X)

where the ck are positive Iz Ck < 2i. Note that since hi (x) dx = 0, hihj (x) dx = i

(P) = 1 + i 2c2

=1 + ai?=1 + y ai C2

Let I = (a,... , ak_) and 705 be the conditional distribution of all the a's and A's
given J3. For any bounded loss function L (0, a)

(2.8) inf8 E., L (0, 8) = infs fE., L (0, 8) v (df3)
> infs Eno, L (O8) v(dc3)

where 8 ranges over all estimates of 0 based on XI, . . ., Xn and v is the marginal
distribution of P. Therefore, there exists a value 300 of J such that the Bayes risk of no
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is no smaller than the Bayes risk of iop.nor. Under ior, if m = [3 log2 n ] any inter-
val of the form [i 2-m, (i + 1)2-rm) contains at most one of X1, ... , Xn with probabil-
ity . 1 - (2n)f1. Arguing as before, under 1oo, except on a set of probability O(n1'),
the conditional distribution of A (Ak(i): 1 < i < 2k, k > ml given X1,.l . , Xn is
the same as the marginal distribution. We claim that the same is true of the condi-
tional distribution of a = {ak, . . . , k . m}. Write the joint density of
(a, A,Xl,..., Xn) with respect to the measure g where, under t, the ak's and Ak (i)
have the distribution specified earlier and X1,... , Xn are independent of a, A and
uniform (0, 1) as

co

1 ( 1 + Xb1l Ck ako hk (Xi) + £ Ck ak hk (Xi))k=m

The posterior density, if at most one Xi is in each interval [ -i), k > m, is pro-2k' 2k mipo
portional to

IIj=J (Ai (Xi) + EC--m ck ak £k (Xi) Aki)
where Ai (x) = 1 + Taj' ck ako hk (X), Aki = Ak (j) iff j is such that
Xie [j2k,(j + 1)2k) and

ek(Xi) = +1 if Xi e [j27k +1 2-k)2

= -1 if Xi E [(j + -)2 ,(j + 1)2-k).2

Then the posterior probability that (m+,* , (xm+t) = (4+11 *, 4+t) given
X1= xl, * *, Xn = xn is proportional to

Eg (IHIj (Ai (Xi) + E+t Ck cXk Ck (Xi) Au + l ck ak Ek (Xi) Aki)k=rn+t+l
1 (a+, = 4+, +t = a+)

But the ak and the Aid are independent under Ii. Multiplying out the product and
using the symmetry of the Ald we obtain that the posterior probability is proportional
to Ill Ai (Xi) and our claim follows. To complete the argument note that, under ioo
if Bm = wm (ak -2 1

P[Br > -2C2cl P[acm= 1, £,+ick(a - j) .01

4 by the symmetry and independence of am, and ak - 2 = m +1,...

A similar argument shows
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P[Bm -2Cm] 2 1/4.

Hence, if at most one Xi falls in each interval,

infaP[IO-al . 12c I

> min {P [ Bm 2 clXl,..., Xn], P[Bm c2IXil, ,XnI}2 ~~2m
> Op (n-1)

since except on a set of probability 0 (n-1) the marginal and conditional distributions
of Bm agree. So the Bayes risk of roo for the loss function
Lm(0,a) [10 - al > c2 iS2 4 +[ronC). If cf=9E2[logn 1-1, say, then

(2.6) follows from (2.8). 0

In the Engle et al. model (1986) we observe Xi = (Wi, Zi, Yi), i = 1, ... , n where

(2.9) Y = PW+t(Z)+e
and e - N (0, 02). The joint distribution of (W, Z) and t are unknown. In recent work,
Hung Chen (1988) and Cuzick (1987) have exhibited, under various smoothness res-

trictions on t, estimates f which are asymptotically N (0, -) where
n

(2.10) I = cY-2E(W-E(WIZ))2>0
unless W is a function of Z.
Local calculations yield this as the information bound whenever W e L2. Let

P = (All distributions (V, Z, Y) given by (2.9) such that I > 0 and well defined.}

We show

Theorem 3: a) Even if a = 0 (or equivalently I given by (2.10) equals oc) there exists
a subset PO of P such that for all estimates n

(2.11) SuppoP[jf3n - 013I. > 0 for any e > 0.

b) For a > 0 there exists a compact subset PO of P such that for all estimates on and
all y> O,

jjsuppo[If3 - N . n1Y] > 0.

We argue as for Theorem 2.
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Proof: a) We give the simpler construction for a = 0 and PO non compact and sketch

it for a > 0 and PO compact. Here is the prior ix, Take W = + 1 with probability -2
and 0 . Z . 1.

Let a,A0,. . . ,Am m=n3 be i.i.d. and equal to ±1 with probability 2. If
a =-1 then =0, Z - U(0, 1) independent of W and t(z) - 0. If a' 1, then = c
and the conditional density of Z IW and t () are given by,

(2.12) p(zlw) -lA-w) i(m+l)-1.z<(i+i)/(m+1)
(zw) = 1Ajw1 2

p (z Iw) - l+Aiw (i+ -)(m+ 1)- z<(i+ 1)/(m+ 1).t(z)=-cAi 2

Again with probability 1 - O(n-1) the posterior of A1, . ..., Am is the same as the prior
distribution. Note also by construction that OW + t (Z) _ 0. So, with probability
I - O(n-)

P[a= lWi,Zi,Y, ii=1,..., n] = P[a = 1 Wi,Zj, i = 1,..., n]

is proportional to,

(2.13) E (flnI (1 - AiWi)8i(1 + AW-)W }

where WI,Zl, Wn, Zn are fixed. If Zj falls in [ ji/(m + 1), (i + 1)/(m + 1)), we
define Si = 1 if Zi is in the first half of that interval and 0 if it is in the second. The
expectation in (2.13) is again 1 and we conclude that the posterior distribution of a is
the same as its prior and hence that the Bayes risk of rnn is bounded away from 0.
(2.1 1) follows.

b) If ca = 1 (say) proceed as follows. Let a, A1,... . Am be as above. Suppose
P [W = 0] = P [W = 1 ] = - and that the conditional distribution of Z given W = 0 is2
U (0, 1). Under nn if a = -1,13=O and Z given W = 1 is also U (0, 1). Let

tn(z) = a.n/\i i/(m + l) <5 z < (i + -1 )/(m + l)2

= -anA, (i+ -)/(m+ 1) < z < i/(m + 1).2
If a= 1, =cn and

(2.14) p(zlW = 1) = - bnA, i/(m + 1) z < (i + )/(m+1)2

1b Al- (i+-)/(m+1).z< (i,+1)/(m+12
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With probability 1 - O(n1) there is at most one Zi in each interval
[ i (m + 1)-1, (i + 1) (m + 1)-1). Conditional on that event, being given (Wi, Zi, Yi) is
the same as being given (Wi, Vi, Y) where Vi is the fractional part of (m + 1)4-.
Further, the posterior distribution of ,B is the same as the conditional distribution of 5
given, {(Vi,Yj): Wi = 1). Given Wi = 1, Vi is U(0, 1) by (2.14) since the conditonal
distribution of Aj1 given W1 = 1, where Z7 e (ji/(m + 1), (ji + 1)/(m + 1)) is the same
as its prior.

Finally, the conditional density of Yi given Wi = 1, Vi, =1, is

I
(1 -bn)(Y-Cn - 1an)+ 1 + bn) (y-cn + an)2 2

=~~~~~ nb)+Oc2+a)
If an = c18, bn = c, 6 > 0 the density of Yi given
4(y) (1 + c 2-28h (y) + O(c 3 + ad)) where J (y) h(y) dy = 0.
distribution of ((Vi, Yj): Wi = 1) under a = 1 is contiguous
vided c2j28 = O(n-112). Hence by taking cn = n-1/4+1, e > 0
that f cannot be estimated at a rate better than n-1/4+e. Q

Wi= 1, Vi, ao= 1 is
One can show the joint
to that under a = 0 pro-
arbitrary we can deduce



- 12 -

3. Validity of the bounds for a class of models.

We consider semiparametric models with the following structure:
00

(3.1) P JPm, Pm cPm+l Vm
nm1

and Pm regular parametric. That is, we can write

Pm = (P(,llm):0 E E, Tim = (11,.. *lld-1), with d =d(m)

and nj e Ej, j = 1, d - 1, Ej, e open subsets of R)
i) P< .

ii) The maps (0, im) -+ P(0,1nm) are 1-1 for all m. Further if P e Pm = Pm n Pm,}
ml > m then the first d (m) coordinates of Tjm agree with Tim.

iii) The maps (0, Tjm) > s(0, m) --( d' )1/2 e L2 (p) are continuously Frechet

differentiable with derivative s (0, rim) = (si, . .. , Sd) (0, Tim)s s E L2 (p), j = 1, ... , d.

iv) The information matrix,

I(O, nm) - 4[ |i j(0,Tim)dg]dd = [E(elM)ii 1j(0, llm)Idxd

is nonsingular for all (0,Tilm) where 1 (0,rTm) = 2 - (0, T1m) is the derivative of the log
5

likelihood.

In words, every member of P belongs to a nice parametric model whose dimension
d can however be arbitrarily large. A moment's thought will show that most if not all
semiparametric models proposed in the literature can be thought of as the closures (for
weak convergence) of such P. For example, the symmetric location model (P: P is
absolutely continuous on R, symmetric about some 0 e R} is the closure of P as in
(3.1) where P(0ln, for example, has

log p(9.,l(x) = h (x -0, Tim)

where

h" (x, Tlm) = )t1nk 1 (l XI < bk)
where d = 2m + 1, bkm = mk2-m, k = 1, . . . , d-1. That is we assume that the log
density of X - 0 is a symmetric quadratic spline with knots at ±bkm which is constant
for I x > m. Such models have been considered by Faraway (1987) and Stone (1986)
among others. It is well known, see Le Cam (1956), Bickel (1982), that there exist
estimates 0~mnJ. which are efficient on Pm. In particular,

(3.2) e - 00 = n 1 o( + o (n1-2)
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where

s-i Si
Om 2 1<112

and

Sl S1 l(Sl01 *2*, id]
LI (h IL) denotes the projection of h E L2 ()) on the closed linear subspace L in the
L2 (t) norm, 11.11, and [ i2.. . , s] is the linear span of (2' . . . ,s}. - lo has
a similar expansion but we only note that

(3.3) imn - Tlo = Opo (n-1/2).
These relations hold for each m fixed, all PO e Pm' as n -+ oo. Frequently, we achieve
(3.2), (3.3) using the maximum likelihood estimates of 0, rlm under Pm. For any
P e P let 1l = (TlI, .*.* d(P)) where d(P) is the smallest m such that P e Pm. For the
model P, the information bound in estimating 0 at PO =P(o XL0) is given by:

Ir1 (PO; 0) = II sl-fl(ll 2(0o,o)I12

where

42 (00o,%) = closure of the linear span of (s (0s,r10), . . . , sj (O,'lo)'...).
Here, for m > m (PO) we consider PO as a member of Pm i.e. corresponding to (00, i m)
such that Po = P(0, )

Suppose I (PO; 0) > 0 for all PO e P. Let

(3.4) 1 (O1,TI1) = 2 S-1 (00,T) (S1 (0(? lo) - 1I1 6 (0O, Tio) I 42 (0O, 11)) / I (PO; 0)

be the efficient influence function for estimating 0 in P at PO. t depends on (0o,rio).
Theorem 4: Suppose that if P(ek,) i Pm' Ok -* 00, r1 m m then

(3.5) -I (V | 42 (Ok )) - II (V I 42 (0o, T1))
for all v e L2 (t) and

(3.6) 1Mk 11 (Ok, rlkm)1 < °°

where 11 -IL is the sup norm.

Then there exists on such that,

n= 0 + I-1£i O (Xi) + opo (n-f12)
where I = I (0o, Tlo).
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Moreover, the On are at least locally regular. That is, for all PO e P, (Pt: 11rI < 1)
is a regular parametric submodel of P, Tn = 0 (n-l2) we have L,,(n"12(0n e (n)))
tending to a limit law independent of (P,n).

The construction is essentially to pick the lowest dimensional submodel Pf which
is close enough to the empirical distribution, then treat i as fixed, compute the
efficient estimate %,n of il in that model and then "solve the equation".

(3.7) i 1(0,m) = 0.
The resulting estimate is well behaved if P E P. However, if P e P - P, we neces-
sarily have nln cc and no guarantee that the solution of (3.7) is even consistent,
much less efficient. In fact, the examples of the previous section make it clear that
there is no hope for such a general consistency theorem. The question remains
whether one can formulate reasonable conditions on the structure of I and the
behaviour of the distance in suitable metrics between Pm and members of P - P as a
function of m which will yield the validity of the information bounds for members of
P. An attempt in this direction is the work of Severini and Wong (1987). However,
we do not pursue this, in part, because we believe that the checking of any such condi-
tions in models of interest will be at least as difficult as the construction of efficient
estimates by one of a number of heuristic methods which have been developed- see
BKRW, Ch. 7 for a discussion.
Proof: Let dK be the Kolmogorov distance between distributions. Let Omn, f1. be as
in (3.2), (3.3) and

Pm be the corresponding member of Pm.

Let mn be the first m such that dK(Pm,Pr) .enwhere 0, n112tC -o P is the
empirical distribution. Evidently, if mo = m (P(ob, ro)),

Po0[X =Iin] - 1.

Moreover, P x- (O,nfTh) = (0oXio) + Op.(n1l2). Therefore, by (3.5)

(3.8) J(i (On ,flnlmn) - l (0nv 7n))2s2(0nT1n) dpl = op (1)

for all sequences P(O0Ta) e Pno with IOn - ooI = O(n012), Illn - ToI = O(n-12)-
Moreover, using (3.6), we see that,

(3.9) J1(0~nmun)s2(0nTnln) dg = 2 (OngImon)-(sI n 'In)-S((n7 Imon))
S (O niofn) dg + Opo (IIs(0ng,n) - (0S(On ) 112)

= 2 t (On), flmon) (i2 (0 ,lmodl, m ((mnImon)) (Tln -11mod's (w,emn) dg
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+ o° (Iln -
mo 1) + OpoSIS(w, 'In)-S- n(0 Imon) 112)

The first term on the right in (3.9) is 0 by (3.4). The last two terms are opo(n-1/2) by
(3.2), (3.3) so

(3.10) fi (0on,1' n) S2(On,'ln)du = opo(n-l/2).
Together (3.8) and (3.10) yield the existence of On -see Klaassen (1986) for exam-
ple. 5

Thus the On are at least locally regular and n112 (on - 0o) is asymptotically normal
(0, I-' (PO; 0)) i.e. achieves the information bound.

Note: 1) Conditions (3.5) and (3.6) are trivially satisfied by the symmetric location
example. Condition (3.6) can be interpreted as a robustness condition for efficient esti-
mates in Pm. That is, on the model Pm} efficient influence functions are bounded and
bounded uniformly in small Hellinger neighbourhoods of any P.

2) It is easy to check that if in the Engle et al. model we, for instance, let Pm be
such that t (Z) and log P (W = 1 IZ) are representable as splines with d (m) knots, con-
dition (3.5) is satisfied. Although condition (3.6) fails for e Gaussian, I is of the form
e times functions which are uniformly 11 -I,,, bounded and (3.7) continues to hold.

3) A further peculiarity of these models is that, if we only consider the asymptotic
behaviour of on at fixed (0, re), it is asymptotically inadmissible. However, when we
consider its behaviour over "contiguous" neighbourhoods in P it is uniquely asymp-
totically minimax. More precisely let (Pt, It < 1) be a regular parametric submodel
of P passing through P0 = P01o 0). Corresponding to this model is its score function at
(00, T0) given by (say) sj5l v where v E ;2 (00 To0). Consider 0 - By LeCam's
third lemma, if on on (t) = 0 (Ptnm-2), TlnTnn (t) . 11 (Pm-ia) then

(3.11) L(enln)n(0 - on) ->N(2tfvsl dg 4i1s1 V2

On the other hand, by the same argument,

L (On, lln) X ("3 - on) N (0, I-1 (PO; 0)).
Now,

I (Po; 0) = +Il- (il 1 2(0o, 110)) 112

11<112
4.
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So at (0o lio)q i.e. t =0, both 'hF (0 - 00) and hi (0 - 00) are asymptotically normal
with mean 0 and the asymptotic variance of 'Ih60 is smaller than that of 0. However,
evidently, on each parametric submodel, for any bounded bowl shaped loss function 1,

L0 (en.(t)lln(t))l (n112(0 - on): Iti 5 Mn1/2) = SUPd I (d)

higher than the comparable asymptotic minimax risk for 0.

This is a superefficiency phenomenon. The estimator 0 is, in view of (3.11), not
locally regular i.e. the limit of L(0 -j (4n (0 - on)) is not independent of t.
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