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ABSTRACT

We define a natural product on integer programming problems with nonnegative coeffi-
cients. Hypergraph covering problems are a special case of such integer programs, and
the product we define is a generalization of the usual hypergraph product. The main
theorem of this paper is that the solution to the nth power of an integer program is
asymptotically as good as the solution to the same nth power when the variables are not
necessarily integral but may be arbitrary nonnegative real numbers.
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1 Definitions and Notations

The minimization problems we consider here are of the form “Minimize the quantity

1Ty + CT2 + ... + C4Ty

subject to the constraints

\%
o

a)Ty + a2 + ... + @144

anTy + axez; + ...+ aqzqs > b

Am1T1 + Gm2T2 + ... + Amd T4

\Y
o
3

where a;;, b;, and c; are fixed nonnegative real numbers and z; are unknown nonnegative
integers.” We would lose no generality by throwing out those variables z; for which ¢; = 0
and those constraints for which b, = 0, thus making all the b; and c; positive. Indeed,
if we divide the :th constraint by b; we also see that no generality is lost by assuming

b; = 1 for all :. For the time being, however, we prefer to keep our notation general.

We may write our integer program more compactly as “Minimize c¢T

z subject to
Az > bwith £ > 0,” where A is a nonnegative m-by-d matrix, b is a nonnegative column
vector of length m, c is a nonnegative column vector of length d, and z ranges over the
set of nonnegative integer column vectors of length d. We denote this integer program
by the triple P = (A, b,c). Our positivity assumptions on A, b and ¢ imply that feasible
solution vectors z exist; the minimum possible value of ¢z as z ranges over all solution

vectors is called the value of P, denoted v(P).

Associated with the integer program P is its linear relazation, obtained by dropping

the requirement that the entries in the solution vector be integers. We let v*(P) (the



fractional value of P) signify the optimum of this relaxed linear program. (Sometimes we
will call v(P) the integer value of P, to emphasize the distinction between it and v*(P).)
Note that v*(P) is a real number between 0 and v(P).

Also associated with the minimization program P is the program P+, “Maximize bTy
subject to ATy < ¢, with y > 0.” The program P+ is called the dual of P. The duality
theorem asserts that the optimmum values to the respective linear relaxations of P and
P+ are equal; that is, if we extend our definitions of v and v* to cover maximization
programs in the natural way, we have v*(P*) = v*(P). However, it is by no means true
that v(P+) = v(P); for in general we have

0 < v(P*) < v*(Pt) =v*(P) < v(P),

so that if v*(P) is not an integer there is no chance of the integers v(P*) and v(P) being

equal.

Given two minimization programs P and P’, there is natural way to define two other
programs called their sum and tensor product. (For wholly analogous constructions in
information theory, see pages 65-66 of [6].) Suppose P = (A, b,c), P' = (A’,¥,c’), where
A is m-by-d and A’ is m/-by-d’. We define A @ A’ as the (m + m')-by-(d + d') matrix

A 0
0 A )’

b@ b’ as the vector of length m + m’ obtained by concatening the vectors b and b’, and
c ® ¢ as a similar concatenation; we then define the sum P @ P’ of the programs P and
P’ to be the program (A ® 4,6 b',c ® ¢’). To define multiplication of programs, it is
notationally convenient to allow indices for vectors and matrices to be not just natural
numbers but pairs of natural numbers; then the tensor product of A and A’ may be
defined as the matrix whose ((z, ), (k,!))th entry is aia);. (If, as is often done, we re-

index the product so that the indices are natural numbers, then the matrix A® A’ may



be depicted as

al,lA' a]'zA' al',,A’

az; A’ agyzA, ag',,A’ .
’

am,1 A dm,gA, a,,.,,,A’

however, this representation is not necessary for our purposes.) We define b ® ¥’ as the
column vector of length mm’ whose (3, j)th entry is b;b}, and ¢ ® ¢’ as the column vector
of length nn’ whose (k,!)th entry is ckc]. We conclude by defining the product P @ P’ of
the programs P and P’ to be the program (A® A’,bQ V',c® c').

We leave it to the reader to verify that @ and ® satisfy the natural commutativ-
ity, associa,tivity, and distributivity properties; furthermore, we can define the “empty
program” (no variables, no constraints) and the “identity program” (with A the 1-by-1
identity matrix) to serve as identity elements for ® and ® respectively. We further re-
mark that if one defines @ and ® for maximization programs in the obvious way, then
(P® P')t = PL@ P* and (P ® P')* = PL ® P'*. Lastly, we point out that if P is a
minimization program in which some of the entries of the b-vector or c-vector equal 0,
there is a canonical program P’ obtained by throwing out the corresponding variables
and constraints; moreover, the mapping P — P’ preserves v and v* and commutes with
the operations @, ®, and *; hence, in the sequel we may without loss of generality assume
that b; and c; are positive for all 7,5, and that v(P) > 0.

An easy fact from the next section is that v*(P ® P') = v*(P)v*(P’); however, an
example will show that it is not true in general that v(P ® P’) = v(P)v(P’), and that we
must content ourselves with the weaker statement v(P ® P’') < v(P)v(P’). If we define
P® as P® P ®...® P then this implies that v(P®*7) < v(P®)v(P®) for all i, j; by
Fekete’s lemma (1], we conclude that as n gets large the quantity

/v(P®en)

approaches its infimum, which we call the asymptotic optimum value of P.
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Theorem 1: Let P be a program for which all b; and c; are equal to 1. If a;; <1 for

v(P®"r) — v*(P).

all 1,7, then

Remark: This theorem cannot be dualized. In other words, (v((P+)®"))"/* does not
approach v"(P1) = v*(P); see the comment on Shannon capacities at the end of the next

section.

The next part of the paper (Section 2) outlines the relationship between integer
programming and hypergraph theory and gives the basic results. Sections 3 and 4 contain
two quite different proofs of Theorem 1. The first proof is probabilis.t.ic and yields the
result under a condition slightly weaker than a;; < 1. The second proof is constructive

and employs a greedy algorithm.

2 Background and Preliminary Results

First we briefly recapitulate the discussion of hypergraphs and integer programs contained
in [2). A hypergraphH = (V, E) is a finite vertex set V together with a collection E C 2V
of subsets of V', called (hyper)edges. A cover of H is a set of vertices C that intersects
every edge of H; that is, for all e € E, CNe # ¢. The covering number 7(H) is the
smallest possible cardinality of a cover of H. Suppose H has d vertices and m edges; then
the incidence matriz of H is the m-by-d matrix A with (¢, j)th entry equal to 1 if the :th
edge contains the jth vertex, and equal to 0 otherwise. If we further let b and ¢ be vectors
of length m and d respectively consisting entirely of 1’s, and associate with each cover

C of H a d-vector z whose jth entry is 1 or 0 according to whether or not C contains



the jth vertex of H, then 7(H) is seen to equal the value of the integer minimization
program (A, b,c). This integer programming viewpoint naturally leads one to consider
the relaxed version of the program in which the integrality constraint has been dropped,;
the value of the relaxed program is called the fractional covering number 7*(H) of H.

The definitions that appear in part 1 of this paper all correspond to notions that have
already been used in the theory of hypergraphs; for example, if P; is the program that
corresponds to the problem of determining 7(H;) (¢ = 1,2), then P, ® P; corresponds to
the problem of determining 7(H; x H,), where ' '

V(Hi xH) = V(Hy) x V(Hz),
E(H] X Hg) = {el X ey : e € E(Hl);ez € E(Hz)} .

In (7], McEliece and Posner prove (in different notation) a special case of Theorem 1,
namely
lim {/7(H") =7"(H) .

n— oo
This amounts to our theorem 1 in the special case that the matrix A consists entirely of

0’s and 1’s. This analogy suggests the following

Definition : A program P is a “fuzzy hypergraph covering” (FHC) program if all b;
and c; are equal to 1 and 0 < @;; < 1 for all 1,j. (The terminology arises by analogy

with fuzzy sets.)
This paper extends McEliece and Posner’s result to general FHC programs.

Remark: Having already assumed a;;,b;,¢c; > 0, no significant generality is lost in
restricting attention to FHC programs. For, it has already been mentioned that we may
assume that our program P satisfies & = 1 for all ¢ and ¢; > 0 for all j; it is obvious that
the normalizations that achieve this do not affect the integral or fractional value of P,
and only slightly less obvious that these normalizations commute with @ and ® in such

a way as to preserve the asymptotic optimum of P. It is not immediately clear that the
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condition ¢; = 1 for all j is inessential, but such is the case; in proving Theorem 1 in the
next section, we first give the argument in the case of FHC programs, and then explain

in the last paragraph how to handle the case where the c vector is not all ones.

EXAMPLE
A typical FHC program is the following: “Minimize z, + =, subject to

1
1

11.2

8
+
Y
v v

1
371 + T2

with z1,z2 > 0.” This program P is associated with the matrix

().

Clearly v(P) = 2, with optimal solution vectors z = (1,1) and (0,2). To determine
v*(P), note that the feasibility of z = (3/5,4/5) implies that v*(P) < 7/5, while the
feasibility of y = (4/5,3/5) for the dual program P! implies that v*(P) = v*(P+) > 7/5.

Wi -
(S

The tensor square of this program, P®?, has coefficient matrix

1 1 1
1 2 2 1
141 11

A®2 - 3 6 2
1 1 1
3 6 1 2
1 1 1
9 3 3 1

and we readily see that z = (0,1,1,1) is a solution vector, so that v(P®?) < 3. This
illustrates that v(P®?) may be strictly less than v(P)?2. Here v(P®?2)!/? = /3 and in fact
by Theorem 1, v(P®")'/" | 7/5.

The following proposition does not make use of the FHC property, but the fuzzy
hypergraph point of view may still be helpful to the reader in interpreting the statements

and their proofs:



Proposition 1
(z) v (P& P')=v(P)+v(P);
(#) v(P @ P') =v(P)+v(P');
(117) v*(P® P') = v*(P)v*(P');
(iv) v(P ® P') < v(P)v(P').
PROOF: To prove (z) and (¢z) note that if z and z’ are solution vectors for P and P’ )
then their concatenation is a solution vector for P @ P’; and conversely, every solution

vector for P @ P’ yields solution vectors to P and P’. To prove (ii:) suppose z and &’

are optimal solution vectors to the respective linear programs P and P’. Then since
(AR ANz ®z') = (A7) ® (A'2) > bV

(note the use of nonnegativity), z®z’ is a feasible vector for the product program P® P/,
with
(c®@N(z®z) = (Tz)(c Tz
= v"(P)v'(P') )
so that v*(P ® P’) < v*(P)v*(P’). On the other hand, suppose y and y’ are optimal
solution vectors to the dual programs P+ and P’*; then y ® y’ is a feasible vector for
the program P+ ® P’ = (P ® P')* with
(bbb (yey) = Ty Ty
= v (P (P),
so that v*(P ® P’) > v*(P)v*(P’). (Note that we have applied the duality theorem three
times: to P, to P’, and to P ® P'.) We conclude that v*(P ® P') = v*(P)v*(P’). The
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proof of (iv) is the same as the first half of the proof of (iii). (We no longer have a
duality principle to provide us with the reverse inequality.) a

The preceding proposition gives us an upper bound on v(P ® P’). The following less

obvious result gives us a lower bound:
Proposition 2 v(P ® P’) > max{v*(P)v(P’),v(P)v*(P')}.

PROOF: Put P = (A,b,c), P’ = (A,¥,). By symmetry, it is enough to show that

. v(P® P')
v(P)SW)—

Given an optimal solution vector z to P ® P’, indexed by pairs (k,!) where k < d and
I1<d, deﬁng

| 1 )
T = WZI:C,Z([:J) .

We wish to show that z is a feasible solution to P. Fix : and note that

S aure = ¥ oy P, > din = ’;,,) ) Ly
Setting
wn= zk: ab—ifz(kl) )
we get "
; ikTk W};—,);nyt

However, since

—

)

1 /
;a},yl b—za‘ka 12k D) = 5 (A® A')(2)); 2 b (b® b)) = b5
for all 7, y is a feasible solution to P’ and hence satisfies

>y > v(P) .
]



Hence

b
aikzr > ——v(P) = b; ,
2ok 2 Sy (F)

establishing that z is indeed a feasible solution to P. We conclude that

1 1 v(P® P')
= P < —_ — / T e—— / p—v
v ( ) < Ek CkTk _;_k ckv(P') XI:CIZ(I:,I) v(P’) %I:Ckclz(k,l) v(P’) ’

which was to be shown. a

The preceding propositions imply that that {/W > {Jv*(P®) = v*(P). Our
main theorem says that if P is an FHC program, then in fact {/v(P®") — v*(P) as
n — o00. Our first proof of this fact relies heavily on the ideas of McEliece and Posner,
and in particular uses the same sort of probabilistic construction as they did; however, our
argument is necessarily more complicated, since optimal solution vectors z will typically
need to have entries much larger than 1 in order to satisfy the constraints. In our second
proof, we use a greedy construction as in Lovasz’s proof of the McEliece and Posner
theorem [5].

It should be mentioned that the convergence {/v(P®") — v*(P) does not hold for
integer minimization programs in general. As an illustration of this, consider the program
“Minimize r+y+z subject to 2z > 1,2y > 1,2z > 1 withz,y,z > 0.” Then v(P®") = 3"
for all n, whereas v*(P) = 3. Hence we see that in order for convergence to v*(P) to

hold, something like the FHC property is required.

It should also be mentioned that the convergence {/v(P®") — v*(P) typically does
not hold for integer maximization programs, even when all of the a;; are 0’s and 1’s. For
example, consider the problem P of maximizing r, + z2 + =3 + =4 + z5 subject to the
constraints that =, + z,, =2 + 73, T3+ 74, T4+ T5, and z5+ 7, all be at most 1. Viewed as
an integer program, this is equivalent to finding the largest independent set of vertices in
the pentagon graph Cs. More generally, the nth power of P is equivalent to finding the

largest independent set of vertices in the nth strong power of Cs (see [3] for graph-product
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and graph-power terminology). The limit {'/v(P) is known as the Shannon capacity of
the graph Cs [8]. It has been shown [4] that the Shannon capacity of the graph Cs is
V/5; on the other hand, v*(P) is 5/2, since (1/2,1/2,1/2,1/2,1/2) is a solution to both
P and Pt. This example shows that Theorem 1 does not dualize to a theorem about

maximization programs.

3 First Proof of the Main Theorem

The first proof of the theorem requires some notation from the theory of two-player zero-
sum games. Treat the matrix A as the payoff matrix in a two-player zero-sum game
between Alpha, who names a variable (column of A), and Beta, who names a constraint
(row of A), where Alpha tries to maximize the payoff and Beta tries to minimize the
payoff; the payoff is a;; when constraint j and variable i are chosen. (To prepare for
the multi-indices that are to follow, write a;; as a(z,7).) Alpha has an optimal mixed
strategy which chooses each variable z(j) with some probability u(j). The expected
value of the payoff under this strategy is called the value of the game and is denoted S
(see [9]). There is a very simple relation between this game and the linear programming
problem, namely that if (a(1), ..., a(d)) is a feasible solution for the linear program then
u(j) = a(j)/ X, a(j) gives a strategy for Alpha with a guaranteed payoff of at least
1/ ¥;a(y). Moreover, the value v*(P) of the linear program P is equal to 1/S.

To illustrate this, consider the previous example of minimizing z; + z, subject to the

constraints z; + (1/2)z; > 1 and (1/3)z; + z2 > 1; z; + =2 is minimized by choosing

r1 = 3/5 and z; = 4/5, and v*(P) = 7/5. The best strategy for Alpha in the game with

payoff matrix
' 1 1/2
a =
1/3 1

10



is to choose u(1) = (3/5)/(7/5) = 3/7 and u(2) = 4/7. Then S = 5/7, which is clear
from the fact that the expected payoff against this strategy is 5/7, whether Beta chooses
constraint 1 or constraint 2 or on any probabilistic combination of the two. In other
words, Y-, a(z, j)u(j) = 5/7 for : = 1,2.

Remark: For ease of exposition, we will assume throughout that this is always true,
i.e. assume that all of Beta’s strategies are equivalent against Alpha’s chosen optimal
strategy. There is no loss of generality in doing so, since if this is not the case, there is
always a way to make it be true by diminishing some of the a(z, j) without changing the
value of the game (in other words, without making the linear programming problem any
easier). Informally, this amounts to reigning in the slack in all the constraints where the

inequality is strict for the optimal solution vector.

The following condition on the matrix A is certainly satisfied when.a(i, 7) € [0,1] for
all 7, 5: '

- v\ ) |
II (a(:])) < 1 for some optimal strategy u and all :. (1)

J i

Theorem 1’: Suppose P = (A,b,c) is an integer minimization program in which b;
and c; are strictly positive for all i and j. If the matriz A satisfies condition (1) , then
lim,—o v(P%") = v*(P).

The proof requires a probabilistic construction. For ease of exposition, first assume
that the b and c vectors are all 1’s; the last paragraph of the proof handles the case
of general positive b and c¢ vectors. Let vy be any constant greater than v*(P) and let
V = [vg] for n large (just how large, we will decide later). To determine a set of values
for the d" variables in the n-fold tensor product of P such that the sum of the variables

is V, begin with all the variables equal to zero and then select one of them according to
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a certain probability distribution and increment it. Repeat this V times with the choices
being independent and identically distributed. It will be shown that for the correct choice
of probability distribution, this procedure has a positive probability (in fact a probability
close to 1) of producing a feasible integer vector. The probability distribution is exactly
the same as the probability distribution used by McEliece and Posner [7]. That is to say,
the probability of choosing the variable z(ji,js,...,Jn) is given by u(1)u(s2) -+ - u(jn)
where u is the optimal strategy for Alpha. The proof that this construction works is,

however, more involved than in the paper of McEliece and Posner.:

PROOF OF THEOREM 1’: Choose a vector at random according to the scheme described
in the previous paragraph. The random vector will be feasible if for every constraint
C(%1,...,tn) the sum of the coefficients of the vo™ randomly chosen variables in that
constraint is at least 1. For each variable z = z(j,,...,J,), the coefficient in the constraint
C = C(t1,---,t5) is just the product

n

IT a(x, 5)-

k=1
Notice that the value of this product depends only on the number of times each pair
(,7) occurs in the list of (¢, ) and with that in mind, define the type of the variable-
and-constraint pair (z,C) to be the matrix Z where Z(7,7) is 1/n times the number of

times the pair (7, ) occurs in the list of (ix, ji). Also define
(2) = [ aG, )7
1J

so that the coefficient of z in C is just r(Z)". Note that r(Z) is a weighted geometric

mean of the entries of A.

The proof will proceed by finding for each constraint C a matrix Z for which with high
probability at least r(Z)~" variables z are chosen such that (z,C) is of type Z. In other
words, the sum of the coefficients in C of the randomly chosen variables sum to at least 1

even if you ignore all but those variables z for which (z, C) is of one particular type. (This

12



is less surprising than it might at first seem, since the number of types is polynomial in
n, whereas all other quantities are growing exponentially; hence, in restricting to those
z for which (z,C) is of a certain type, we aren’t losing an exponentially significant

contribution.)

Fix a particular constraint C = C(¢y,...,%,) and define its type 3 to be the vector of
length m such that n3(:) is equal to the number of times : appears in the list of the 4.
Define the m-by-d matrix

Z(i,5) = a(1,5)B()u(j)/S.
Note that

J J

P(2) 2 Qn)S /" RC)

by the remarks made in the first paragraph of this section. Now define an approxi-
mation Z to Z that satisfies

(i) 2Z(i,j) = 0 implies Z(i, j) = 0;
(43)  nZ(s,7) is an integer;
(i33)  |1Z2(,5) — 2(i,5)| < 1/m; and
(iv) ;Z(i,j) = ;Z(i,j) = B(i).

Define

13



The reason for conditions (i) and (477) is so that calculations involving Z can be approx-
imated by calculations involving Z. The reason for conditions (ii) and (iv) is so that Z

will actually be the type of a variable pair (z,C) for some z.

The immediate object is to estimate the number of variables z of the V that are
chosen (with repetition) for which the pair (z,C) is of the type Z, and show that this
number is very likely to be at least #~". Each time a variable r = z(j;,...,J.) is chosen,
the chance that (z,C) is of the type Z is just the chance that for each i, the values of
the ji for which ix = i form the multiset that has nZ(i,1) ones, nZ(i,2) twos, and 50
on. Denote this probability by P(Z ). Then '

P(Z) =[] |multi (nﬂ(z‘);nZ(i,1),...,nz(,-’,m))Hu(j)nzu.j) ,

where multi(z;y;,y2,...) denotes the multinomial coefficient with z on top and y1,y2, ...

on the bottom. Evaluate these multinomial coefficients by using the approximation
z! & z%e~ where 0°%/1.

Since Stirling’s formula is only off by a constant factor, this cruder approximation is off
by at most a factor of const z'/? and is exact for z = 0. (Here and throughout, const
denotes a constant, possibly different each time.) Since all the arguments are integers
from 0 to n, with no error for the 0 values, the total error in estimating P(Z) will be a
factor of at most a constant times n™(9+1)/2; and hence, at most a constant times n™d.
Thus, after all the e* and n” factors cancel, we obtain

n

P(Z) 2 const n=™ | T] 8P O T] 2i, )~ 2D [T u(i)?™)] . (4)
i ij ij
Note that if we replace Z by Z everywhere in the bracketed expression, it becomes
1860 T 26, 5)~ 0P TL w(i)**
i WJ Y]

14



= [T (u()B6)/2(i, )"
= 1(8/a(i,5)7"

4J
= ST a(i,j)~%6
¥

= S/r
where the first equality follows from (2); we proceed to rewrite (4) in terms of S/r.
Specifically, we will approximate (4) by a version with Z replacing Z, thereby introducing
an additional error factor of the form const (1 — §(n))” with §(n) — 0 as n — co. By
property (iii) in the definition of Z,

Z ', y Z('v]) x .

ZLI s e T g

Z(1,5)%0) T fe-yl<1/n y¥

since the function zln(z) (with 01n0 f 0) is uniformly continuous on [0,1], 8(n) — 0 as

12, 5)%69

n — 0o. Thus

i defi md
W >1-6(n)=(1-6(n)™ .
iJ

Also note that )

y 3, .. ..
u(]) _ u(j)Z(t.J)—Z('vJ)

_ u(j)%6) -
which is > u(j)!/™ when u(j) > 0 and is = 1 when u(j) = 0; either way, the fraction is
at least umin!/™, where up, is the minimum of the positive entries of u. Thus

I =G )2(.4)
i,J
g7 2 (e
1J
which, when raised to the nth power, gets absorbed into the constant factor. We conclude
that

l/n)'"d

P(Z) > const n~™4(1 — §(n))" Hﬂ(i)"(‘)H Z(i,)~269) Hu(j)Z(i,J‘)

15



= const n"™4(1 = §(n))"(S/r)" . - (5)

The other estimate of this sort that we will need is a bound on 7 in terms of r. Take
n > 0 with g < a(¢,5) and n < 1/a(s, ) for all a(z,j) # 0. Then

;1) 26.9)
a(,j) — (s V2.5)-2(i.) 1/n
ati g7 = T 2

for all ¢, ), and
P o= Tlatig)2)
i
> [In*" ] a(s, 7))
4J 4
= const'™ r .
Then from equation 5 it follows that
P(2) 2 Q(n)(S/7)" (6)

where Q(n) = const (1 — §(n))"n~™4. (What will end up being important about Q(n)
is that {/Q(n) — 1.) That is, if one chooses a variable z = z(j1,...j») at random with
probability u(j;) - - - u(jn), the probability that (z,C) is of type Z is at least Q(n)(S/7)".
Also, recall that if (z,C) is of type Z then the coefficient of z in C is .

The last step in the proof of Theorem 1 is an application of the following lemma.

Lemma 3 Let a,b,c, € be positive real numbers with ab/(1 +€) > ¢ > 1> b. Consider a
family {X;} of at least a™ i.i.d. Bernoulli random variables with P(X; = 1) > b". Then
there is some positive constant 6 and some positive integer N for which P(¥ X; < c") <

e=*"" whenever n > N. Furthermore, N and & can be chosen to depend only on e.

Assuming the lemma for the moment, the rest of the proof of Theorem 1 is as follows.

We have selected V' = [vo"] variables for some vo > v*(P) = 1/S. Then for any fixed
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constraint, we have chosen a matrix Z and its associated value 7 so that each variable
chosen by our random scheme has coefficient at least 7" with probability at least P(Z).
Let a = v, b = P(Z)l/" and ¢ = 1/7. Let X; be the Bernoulli random variable that
equals 1 if the ¢th variable chosen has the property that (z,C) is of type Z and equals
0 otherwise. Then equation (6) implies that the first inequality in the hypothesis of
Lemma 3 is satisfied with any € < voS — 1 for sufficiently large n. The second inequality
is guaranteed by the hypothesis on a(7,5) and u in Theorem 1 and the last is always
true. The conclusion of the lemma is that the probability of there being enough variables
of type Z to satisfy the constraint (namely 7" of them) is at least 1 — e™*". This is
true uniformly over all constraint types for sufficiently large n, and since there are only
exponentially many constraints C, the sum of the failure probabilities over all constraints
goes to zero as n goes to infinity. In particular, the constraints are all satisfied with

nonzero probability for n sufficiently large, and that proves the theorem.

THE CASE WHERE THE b OR ¢ VECTORS ARE NOT ALL ONES: Recall that by changing
aij to a;;/bi, the b vector may be assumed to be all ones. So assume the ¢ vector is not
all ones. Suppose (a(1),...,a(d)) is an optimal solution to the program. Then letting
u(j) = a(j)/ X, a; gives a strategy with a cost cTu that achieves a payoff of 1/ T ; ;.
Ignore the cost for the moment and use the same randomized algorithm as before to
choose (€ + 3, ;)" variables to increment, where € is a new, arbitrarily small, positive
number. With high probability, the constraints are now satisfied. The expected total
cost of the variables chosen is (e + ¥ @;)"(cTu)", so the probability that the cost exceeds
(2e+ 3, a;)"(cTu)"™ goes to zero as n goes to infinity and is therefore eventually less than
one. But ¢cTu = cTa/ ¥, aj, so for large enough n there are feasible integer vectors with

cost at most (e + cTa)® for arbitrarily small € and that proves the theorem. o

PROOF OF LEMMA 3: This is a standard large deviation estimate, but in order to

get 6 depending only on ¢ the usual moment estimate will be redone from scratch. The
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following fact can easily be seen by looking at chords of the graph of In(1 —z) near ¢ = 0.

In(1 — zu)

T(i—w) — 1 uniformly over z € [0,1] as u | 0. (7)

(The expression is taken to be 1 when z or u is 0.) Letting ¢ be a free parameter, the

moment calculation is
P(Y Xi<c") = P(eX—Xis ")
< Eet-XX%) / et"
< (Bem®) /et
< (L=t (1)) /e

Using equation (7) with z = " and u = 1 —e~* it is apparent that for any v € (0,1), it is
possible to pick ¢, hence u, sufficiently small and positive, so that the following inequality
holds for any b:

1-b0"(1-e) < (1= (1—e)") = e

Then
P(z Xi < cn) S e—t(ya"bﬂ_cn). . (8)

Fix any v such that yab > c. The right hand side of equation (8) increases when b and ¢
are decreased by the same factor, and also when b is decreased, so assume without loss
of generality that ab/(1 + €) = ¢ = 1. Then the exponent in the right hand side grows
like (1 + €)", so for any 6 € (0,In(1 + €)), there is an N for which the left hand side of
equation (8) is bounded by e=*" whenevern > N. It is clear that § and N can be chosen

to depend only on e.
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4 Second Proof of the Main Theorem

Our first proof of the main theorem made delicate use of the structure of the nth power
of an integer program. In contrast, the proof presented in this section is based on very
general lemmas about FHC programs, and only at the very end does the notion of a
product of integer programs make an appearance. Even then, we appeal only to the
most basic facts about P®" — namely, that v(P®") = v(P)", and that the number of

constraints in P®" can be bounded by an exponential function.

Say that an integer program P = (A, b, c) is of semi-FHC type if all of the entries of
A are in [0,1] and all of the entries of c are 1’s (the entries of b may be arbitrary real
numbers). Given an integer program P = (A, b,c) of semi-FHC type, let S(P) denote
the sum of the entries of b and D(P) denote the maximum column-sum of A. When P
is of FHC type, S(P) is the number of constraints of P, which we also denote by m.
(The notation “D(P)” originates from the fact that in the case that P is a hypergraph-
covering program, D(P) coincides with the maximum degree of the hypergraph, i.e., the

maximum number of edges sharing a vertex.)

Our argument begins with the observation that v*(P) > S(P)/D(P) for any semi-
FHC program P. To see this, let y be the vector of length m all of whose components
equal 1/D(P). Since every row-sum of A7 is at most D(P), all components of the vector

ATy are less than or equal to 1. Hence y is a feasible solution to the dual program P+,
whence v*(P) = v*(P*) > b7y = S(P)/D(P).

In particular, suppose P is an FHC program and Q is a semi-FHC program such that

every feasible solution to P is also feasible for Q. Then S(Q)/D(Q) < v*(Q) £ v*(P).
This upper bound on the ratio S(Q)/D(Q) is the key ingredient in the proof of the

following fact.

Lemma 4 IfP = (A,b,c) is an FHC program with m constraints and d unknowns, then
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there ezists a d-component nonnegative integer vector 2* such that the sum of the entries
of z* is at most 2[v*(P)In10] and at least i— of the entries of the column vector Az*

ezceed 1.

PROOF: Let N = [v*(P)In 10]; we define a sequence of semi-FHC programs P = P,
P, P@, .., PN) and d-component vectors u(® = 0, u®, u®, ..., u™ in the following
iterative way. We assume that P(¥) has already been defined, and wish to define P(+1),
Take j (more properly speaking, ji) such that the jth column-sum of A*) is as large
as possible (i.e., is equal to D(P®)), and let u(¥+1) be the vector obtained from u® by
incrementing the jth component by 1. Let b(*+1) equal (*) minus the jth column of A®).
Let c**) = ¢ = the all-1’s vector. Lastly, to define A*+1), call a row of A% satisfied
if the corresponding entry of b(**1) is negative; replace all the entries in all the satisfied
rows of A(F) by 0’s and call the resulting matrix A(k+1), .

Note that under this scheme, if we fix : between 1 and m and look at the ith entries of
the successive vectors b(?), b(1) b2 . b(N) we see a sequence of numbers that decreases
by at most 1 at each stage until a negative term appears, at which point the sequence is
constant (since the corresponding row of A gets “zeroed out”). Hence all the entries of
all the b-vectors lie in the interval [—1,1].

Also note that a feasible solution for P(*) remains feasible for P(*+1), since the only
change made in passing from the former to the latter is that certain constraints have
been relaxed (some of the entries in the b-vector have decreased) while other constraints
have been effectively dropped (some of the rows of the A-matrix have been zeroed
out). Therefore any feasible solution for P(® = P is feasible for each P*)| so that
S(P®)/D(P®) < v*(P). Hence
S(PW) — D(PW)

S(Pk)

D(P®)

~ S(PW)

5(p(k+1))/5(p(k)) —
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< 1_ 1
for all k¥ between 0 and N — 1. Multiplying these N inequalities together, we obtain

S(P™)/$(P) < (1- L )N

=(P)
1 \V(Pato0
< -
s (1 v~<P))
In10
< ()
[
_ 1
- L

We have shown that the sum of the entries of (") (all of which lie between —1 and
1) is at most 1/10 the sum of the entries of b® = b = the all-1’s vector. This means that
at least a quarter of its entries are less than 1/2 (since otherwise the sum of the entries
of bN) would be at least 2 (%) +1(-1) =1 > L, a contradiction). On the other hand,
all of the entries of 5(®) were 1’s, so at least a quarter of the entries of b(® — b(N) exceed
1/2; since ) > b©@ — Au(V)| we have Aul™) > b0 — p(N) 5o that at least a quarter of
the entries of AulM) exceed 1/2. Setting z* = 2uN), we obtain a vector whose entries

sum to 2V, with the property that at least a quarter of the entries of Az* exceed 1. O

Lemma 5 If P is an FHC program with S(P) > 1 constraints, then

v(P) €100 v*(P)In S(P) .

PROOF: Let z* be the vector of Lemma 4 with entries summing to 2[v*(P)1n 10] and
with the property that at least 1 of the entries £} of z* exceed 1. Let P’ be the integer
program obtained from P by dropping all the constraints that correspond to these values
of 5. Note that any feasible solution to P’, if added to z*, yields a feasible solution to P;
hence

v(P) < v(P') +2[v*(P)In10] .

21



Note that P’ has at most % as many constraints as P. Hence, iterating this reduction

process K times, where

K = [logy3 S(P)] > log,/; S(P) ,
we obtain a program @ such that

v(P) < v(Q)+2K[v*(P)In10] .

But the number of constraints in Q is at most

(5 00 < (s =

that is, Q is the empty program, with no constraints and with value 0. Hence
v(P) £ 2K[v*(P)In10]

InS(P)] . .

< 100v*(P)In S(P),
as claimed. A a

COROLLARY (Theorem 1): If P is an FHC program, then {/v(P®") — v*(P).

PROOF: Let m be the number of constraints of P; we may suppose m > 1 (since the

result is trivial for m = 1). Since P®" has only m" constraints, by Lemma 5 we have

v(P®) < 100 v*(P®")lnm"
= 100 nlnm (v*(P))" .

Since /100 nlnm — 1 as n — oo, the theorem follows. o
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