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1. Introduction

This paper establishes a probabilistic result which has implications for the numeri-
cal implementation of certain non-parametric statistical procedures. To describe the
probabilistic result, let A, n > 1 be an increasing sequence of integers, totally arbitrary
except for the condition that A, T oo. Let Y;,Y,,... be iid. random variables with
values in an infinite dimensional Banach space B, and whose common distribution p
has as its support the unit ball of B. Then no matter what € > 0 is selected, and no
matter which 6 in the unit ball of B is chosen, and no matter what the rate at which
A, T oo, one clearly has

(1.1) lim P{|Y; - 6p|l <€ for some i <A,} = 1
n—o0

Indeed, if & =P{]Y; —6p]l <€), then the probability in (1.1) is equal to
1-[1-9; 1™, which converges to 1 as A, T oo, since §; > 0.

On the other hand, we show below that if € in (1.1) is allowed to shrink with n, as
n — oo, a result such as (1.1) cannot possibly hold, no matter how slowly € shrinks
with n. More precisely, pick y> 0. Then no matter how small ¥ is, and no matter
how fast A, T oo, there will exist an infinite number of points 8, within the unit ball
such that

(1.2) lim P{|Y; - 69| < n™ for some i<A,} = 0.
n—oeo

The actual result proved below is a stronger almost sure version of (1.2). Statement
(1.2) and its stronger version (Theorem 1, section 3) should be compared with (1.1)
and its stronger version: for almost every w, the sequence Y; (W), Y, (W),... is dense in
the unit ball of B.

There can be no uniform distribution on the unit ball of an infinite dimensional
Banach space; the main result therefore quantifies how this fact is reflected in an i.i.d.
sequence. The n-independent neighborhoods of 6, involved in (1.2) are given a formal
description as ‘“y-funnels’’, in section 2, where they have a natural statistical interpre-
tation.

If B is assumed finite dimensional, then results like (1.2) are often false, depending
on . See Remark (3.1b) for elaboration.

The result (1.2) was motivated by considerations involving stochastic search for
extrema as a means of calculating, approximately, non-parametric goodness of fit tests
and maximum likelihood estimators for an infinite dimensional parameter. Such
motivations are discussed in section 2; the main theorem is stated and proved in sec-
tion 3. These two sections can be read independently of each other; section 2 is
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statistical, while section 3 is totally probabilistic.

2. Gamma funnels and some statistical motivations

Probabilities on infinite dimensional Banach spaces B arise as natural tools for
numerical implementation of several non-parametric statistical procedures. An impor-
tant example is the computation of extrema by Monte Carlo methods. For example, let
© be a parameter set (in the usual sense of statistics) which is a subset of a Banach
space B. For n=1,2,.. and for each 8 € © let D, () be a real random variable.
Nonparametric goodness of fit statistics, minimum distance estimators, and maximum
likelihood estimates involve computation of quantities like

2.1 inf D, (0
2.D inf D, (6)
Example 2.1. Let x,, ..., X, be iid random variables with values in the Euclidean

space R, Let 13,, be the empirical measure associated with this sample. Let © be the
collection of all elliptically symmetric distributions on RY. Then © can be identified as
a subset of the unit ball of some Banach space in many ways. For example, if H is
the collection of half-spaces on RY, and if 8 € ©, one may regard  as an element of
L. (H) by identifying 6 with the mapping H — 6 (H), H ¢ H. A plausible goodness
of fit statistic for assessing the hypothesis that the data came from some elliptically
symmetric distribution is

2.2 inf 121p - .
22) inf sup n™| P, (F) - 6 (HD)|

This is obviously of the form (2.1), and the set © is clearly infinite dimensional. See
Beran and Millar, 1988, for more information in this particular problem.

Actual computation of inf in (2.1) in non-parametric situations, is usually impossi-
e

ble, as a glance at Example 2.1 makes clear. Standard methods of numerical analysis
involving ‘‘derivatives’’ will fail, because 6 — ﬁn (0) is often not even differentiable;
in any case © is infinite dimensional so finding paths of ‘‘quickest descent’’ involves
looking in an infinite number of directions (a hard thing to do!). Asymptotic methods,

wherein one computes lim 3n‘§ 15“ (0) instead of (2.1), fail because of the intractability
Nn—o0 Pe

of the limit distribution, and because ® is still infinite dimensional. Since, in a
number of applications, ® is not compact, one cannot attempt to evaluate (2.1) by tak-
ing an €-grid over ©.

Given this difficult situation, one is tempted to try a simple Monte Carlo technique.
To describe this, let B be a probability on © < B, and let Y,, ..., Y, be a sequence
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of ii.d. ®-valued random variables, with distribution y; here, as in section 1, {A,} is a
sequence of integers increasing to infinity. One then replaces the computationally
infeasible (2.1) by

2.3 in D_ (Y)).
(2.3) [ L (YD)

This is a possible improvement since the minimum over a finite set replaces an
infimum over an infinite dimensional one. If p has full support on ®, and if 6 is the
actual minimizing point for (2.3), then the sequence Yj, . . ., Y, will eventually come
within € of 0, for any € > 0. (cf. section 1, display (1.1).) Assuming reasonable con-
tinuity of 0 — ﬁn (), one could then surmise that, by taking A, T = at a fast rate,
then (2.3) would be an effective substitute for (2.1).

Unfortunately, this sanguine view ignores the facts that (a) f)n changes with n and
(b) typically the size of the set about 8 which determines the infimum gets rapidly
smaller with n.

To describe this phenomenon more precisely, define for ¢ > 0, 65 € B, n = 1,2,...
2.4) Vo) = V,(c,8p) = {ye B:|y—6y| < cn™})

where Y is a fixed positive number (in most applications, 0 <y < 1/2, with y=1/2
being the most common). The collection {V,(c,0p): n > 1} is called a I'-funnel at 6,
of width c. For many applications, the infimum of ﬁn (9) is achieved within an y-
funnel in the sense that for some fixed ¥; and unknown 6:

2.5) @) if 6, ¢V,(c,0p) Vlarge n and every c then ﬁn ©,) — oo
(ii) if 6, € V,(c,0p) Vlarge n and c fixed then f)n (6,) remains bounded.

Thus, in order that the search set Y;, ..., Y, be effective for all large n it must not
only hit the set {y: |y — 6g] < €} repeatedly, (as mentioned above) but it must visit the
Y-funnel repeatedly: at least one Yy, . .., Y;_should land in V, (c, 6y) with probability
1, as n — c. That is, an effective search Yy, . . ., Y; needs to satisfy

(2.6) LmP({]Y; — 6] < cn¥foratleastonei <A} = 1.

The main result of this paper asserts that one cannot expect results like (2.6), no
matter how fast one lets A, T o0, and no matter how you choose ¢ or y. This result
thus gives a negative view on certain simple Monte Carlo techniques.

On the other hand, in certain special problems, Monte Carlo searches of an infinite
dimensional set ® can be effective. In such cases, one again replaces (2.1) by an
cxpression of the form (2.3), but the random sequence Y;,Y,,... is not ii.d. Two
examples of such a method are Beran and Millar 1988a, 1988b; in these papers the
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Y;’s are constructed by a bootstrap method. (cf. Efron, 1979). In other special infinite
dimensional problems, grid-type searches (called ‘‘sieve methods’’) are possible; see,
e.g., Geman and Huang 1982. General background on Monte Carlo techniques can be
found in Rubenstein (1981).

3. Covering a set by a random sample

Let B be a separable Banach space, and let p be a probability on the Borel sets of
B. Let Y;,..., Yy beiid. B-valued random variables, with common distribution u.

Here A, is an arbitrary sequence of positive integers subject only to the condition
A <Ay<:--, A, Teo Fixy>0. The following theorem in the main result of this

paper.

Theorem 1. There exists a countably infinite collection of points {6;j = 1},
18451 < 1, 85 € B, such that

limminmin|Y; - Oojln"f >1 ae. (W.

T j isAy
Proof. Let z € B, r > 0 and define the ball of radius r centred at z by
2.1) Sz = {yeB:ly-z|<r}

Lemma 3.1. There exists an infinite collection of distinct points z,,2,, . . . , and balls
{S(z;, 1/4),i = 1} such that S (z;, 1/4) < S (0, 1) and the S (z;, 1/4) are all disjoint.

This lemma is immediate if B is a Hilbert space; see Kuo, 1975, p.5. It may also
be known in the generality given here, but I could not find a reference. In any case, a
simple proof is provided at the end of this section.

Corollary 3.1. Let m be a positive integer, and z an arbitrary point of B. Then
within S (z,2™™) are a countably infinite number of disjoint balls of radius 22,

The proof of theorem 1 will now be completed several steps. First let
(3.1) a>a> -

be a sequence of real numbers such that X a; < . Define the number c and the func-
tions & (x), ¥ (x), x 2 0, by ¢ = y/log4

E(x) = exp{—exp(c™ (x + 2))}
y(x). = exp{c(x +2))



Step 1: construction of 6.

By lemma 3.1, and the assumption that p is a probability there exist z;, |z;| < 1
such that

TS @2 < L

in fact the z; can be chosen so that |z;| = 1/2. Pick Zl* e {z)} such that
B(S(2,27) < a &)/A(y (1)

where we have written A, = A (n) for typographical convenience.

Within the ball S (zl* ,272) there are, by Corollary 3.1, disjoint balls S (zy;, 27%), cen-
tred at a countable number of points {z,;} (satisfying |z, — z{" | = 273.) Therefore,
again T (S (25, 27) < 1. Pick z, € {zy,i 2 1} such that

RS (527 < 8, EQ)/AWQ).
Within S (z2* ,2™*) one may again pick disjoint balls of radius 275, leading as above to
a z; inside S (zy,27%) with

LS (@z,2%) < 8, EB)/AWO)).
Continuing through i steps of this instruction we obtain a sequence zi*, i > 1, such that
32) RS @ 2H) < a E@)/A W)
(33) lzg -2 | < 2-27,

implying that, for m > n

*__x 3 =20
(3.4 lzm -2z, | < 22274

i=n

Thus we may define 6y; by

(3.5) 0 = limz)
n—se

and by (3.4) we see that

(3.6) 1801 =z | < 272D,

Step 2: the chance of hitting a y-funnel at 6.
The calculations of step 1 imply that

P(IYy = 0011 < 2729} = pu{S(8g;; 27202}
L(s(z"; 27%)
a; & Q) /A (y ().

3.7

IA

IA



Leti, = clogn — 2. Then, from (3.7),

P{]Y; —0g;] < n™ for somei < A}

< AMP{Y; -6g] < n™}

= MP(IY; - 0| < 2702
< Mg § @) /A (W (Ey)

= aje.

Step 3: construction for 6,, 8g3,...

Next, working with a, in steps 1,2 instead of a;, pick a yl* € S,1), yl* e {z},
yf‘ # zl* and such that

BEGT2D) < a8 M)/A WD)
Continuing in the manner used to produce 8,, produce 6, with
P{lY; - 6p,] < n¥forsomei< A} < ae™

Similarly produce 0, where
(3.8) P{lY; - 0| < n¥forsomei< A} < age™
Let A, be the event that EinEIYi -0 InY < 1. By (3.8) and the Borel Cantelli

lemma, the prohability that A, occurs for infinitely many n, k is 0. This completes
the proof.

Proof of lemma 3.1. Let B, be a finite dimensional subspace of B, having dimension
d. Let us first show that B; N S(0, 1) contains d disjoint balls of radius 1/4 centred at
some zj, ...,z with |z]|=1/2. Let by, ..., by be a linearly independent subset
from B;, and let e, . . . , €4 be the usual basis for R%. The mapping of B, to RY given
by b; — e; gives an isometric isomorphism of B! and RY, when the norm on RY is the
one inherited from B;. Thus to establish the first claim it suffices to work on RY, with
arbitrary norm |-| there. If x, he R%* x=2Xxe;, h=Zhe;, write < x,h> for
Zhx, Let | |« denote the norm on the dual space. Then for x e RY,
x| = IhSIl‘11=)1|< x,h>|, h=Zhe; ¢ RY* Let x have the form x = ?Ellaiei, y = agey.
Then

- = 3 <x-vy,h>
[x -yl lhll.lgll y |
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> su <x-y,h>|v su <x-y,h>
h:lhl.gl I y I hzlhlgl l y |
he=0 hi= -+ =ha =0

= |x|v]yl

Take x, y further restricted to | x| = |y| = 1/2, so that for such x, y

Ix-y| 2 172
d-1
Let D91 = {xe Bl=Rd: x = % a;e;, |x|=1/2}. Then by the above inequality the
distance between 1/2e4 and D! is at least 1/2. Thus the ball S (1/2¢e4, 1/4) is con-
tained in the unit ball of B; = RY, and its distance from D%! is at least 1/4. In partic-
ular, it will not intersect a ball of radius 1/4 centred at any x € D!, An inductive
argument completes the proof of our first claim.

As a consequence, we see that S (0, 1) contains, for any d, at least d disjoint balls
{S(z;,1/4): 1 < i < d} where |z]|= 1/2. Let P denote the set whose points are given
K
by U S(z,1/4), where S(z,1/4) 1 <i<K are disjoint balls centred at z with
i=1
|z;| = 1/2; the z; and K are allowed to vary here. Then P is partially ordered (by set
inclusion) and each chain in P has an upper bound (given by the set theoretic union of
all the sets in the chain). By Zorn’s lemma, there is a maximal element, and this com-
pletes the proof of lemma 2.1, since said maximal element would necessarily have to
involve more than d disjoint balls, for any finite d.

Remarks 3.1. (a) The hypothesis that B be separable was adopted only for conveni-
ence of exposition If B were not separable, and if | were a Borel measure, then its
support must be a separable subspace B; of B. Hence the arguments above can be
carried through on B, instead of B, establishing theorem 3.1 in this context. If p were
not Borel measurable on B, but measurable with respect to the sigma field generated
by, say, the open balls of B, as specified in some of the recent literature on empirical
processes (cf., Gaenssler, 1983), then the main theorem continues to hold, by exactly
the same argument.

(b) If B is assumed finite dimensional, then results like that of theorem 3.1 are
false, in general, depending on p. For example, let i be a probability supported by the
unit ball S¢ of the Euclidean space RY, such that p has a continuous density bounded
away from zero on S Then no matter how y> 0 is chosen, there always exists a
sequence A, such that for each 6:

lim P{]Y; - 0| < nforsomei<d)} =1
Nn—oe
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where here Y,,...,Y, are iid u. Indeed it suffices to take A, subject only to

lim )\.nn‘dY = +oo, See Beran and Millar, 1986, section 5, where such a result was
n—oe

indicated for y = 1/2.

(c) The concept of y-funnel was introduced to ease the exposition and also
because such a rate appears in many statistical applications. In theorem 3.1, one can
easily replace the rate n”Y by slower rates, such as [loglogn]™, and the conclusion
will still remain.
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