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Consider a _%-valued response variable having a density function f(- |x) that depends
on an Z-valued input variable x. It is assumed that % and % are compact intervals and
that f(- |-) is continuous and positive on & x %. Let F(-|x) denote the distribution
function of f(- |x) and let Q(-|x) denote its quantile function. A finite-parameter
exponential family model based on tensor-product B-splines is constructed. Maximum-
likelihood estimation of the parameters of the model based on independent observations
of the response variable at fixed settings of the input variable yields estimates of f(- | ),
F(-|-)and Q(- | ). Under mild conditions, if the number of parameters suitably tends to
infinity as n - », these estimates have optimal rates of convergence. The asymptotic

behavior of the corresponding confidence bounds is also investigated.
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1. Discussion of results. Consider a %-valued random response variable ¥ having an
unknown density function f(-|x) that depends on an Z-valued input variable x; here %
and ¥ are intervals in R having positive length. It is assumed that f(- | -) is continuous
and positive on & x ¥%. Let F(-|x) and Q(- |x) denote the distribution function and
quantile function, respectively, corresponding to f(- |x). Let fixed inputs (design points)
Xpst Xy, € % be given and let Y1 R ,Yn be independent random variables such that
Yi has density function f{- |xl.) for 1 <i< n; here Y1 ,r e ’Yn are the response variables
corresponding to the settings Xpst X, respectively, of the input variable. Observations
on these response variables can be used for inference conceming f(- |-), F(-|-) and
o | ).

The classical approach is to assume a fixed parametric model f(- |(91 AN OK) for
the density function of Y and consider fixed parametric forms 6k= hk(x;Bk) for the
dependence of 91 e ,OK on x. Normal linear models and generalized linear models in
which Y has a gamma distribution with known shape parameter are of this form (see
McCullagh and Nelder, 1983).

A refinement of the classical approach is to assume that Gk = hk(x) for1 <k <K,
where hl R ’hK are unknown continuous functions on %, approximate these functions
by members of some flexible J-dimensional linear space & such as a space of polynomi-
als, trigonometric series or polynomial splines, and let J - @ as 1 -,

A further refinement is to choose a flexible K-dimensional linear space ¥ and a
basis Bl’ . -BK of #, approximate log f(- |x) by 6131 + -0 4+ eKBK_C(el’ e ,GK),
where C(91 X ,6K) is the normalizing constant, approximate the dependence of
61 L ’GK on x by members of some flexible J-dimensional linear space 7, and let
J,K - = as n -+« This doubly-flexible approach will be pursued in the present paper, with
& and # being spaces of polynomial splines.

The general field of statistics constaining the classical approach is referred to as
parametric inference, while that containing the indicated refinements is referred to as

functional inference (see Stone, 1990).
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For theoretical purposes, % and ¥ are required to be compact subintervals of R. Let
& be a standard linear space of spline functions of a given order ¢ 2 1 on % having
dimension K 2 2. (The functions in # are piecewise polynomials of degree g — 1 or less.
If ¢ = 1, we choose them to be right-continuous on % and continuous at the right end
point of % if g22, they are (q-2)times continuously differentiable on %) Let
B1 , ’BK be a basis of ¥ consisting of B-splines (see de Boor, 1978). Then B1 yoe ’BK
are nonnegative and sum to one on ¥.

Given 0=(91,---,9K)I € O, set s(y;0) = OlBl(y) + -+ GKBK(y) forye %
C(6) =log | exp(s(y; 0))dy, and f(y; 60) = exp(s(y; 6) — C(0)) for y € 7. Also, set

©={0=(6,, .6 cR:6 + - +0,=0).
Then f(-;0), @ ¢ ©, defines an identifiable exponential family; it is referred to as a
logspline model since log f(- ; 6) € &. The theory of such models was developed in Stone
(1990), which is a precursor to the present paper. Barron and Sheu (1991) independently
obtained results for logspline models as well as for similar models involving polynomials
and trigonometric series.

Let & be a standard linear space of spline functions of a given order (which is not
necessarily the same as that of &) having dimension J 2 1 and let H 1 JH 7 be a basis
of /% consisting of B-splines. Let @ denote the collection of J X K matrices = (ﬁjk) of
real numbers ﬂjk’ 1<j<Jand 1<k <K, such that Zkﬁjk =0 for 1<, <J, which can be
regarded as a [J(K — 1)]-dimensional subspace of IR’IK. Let Be B. For 1 <k<K, let
(s P) be the real-valued function on % defined by hy(x; P = Ejﬁijj(x) for x € &. Set
h(x; B) = (hl(x;ﬁ), . ,hK(x;ﬂ))t for x € & and observe that h(-;f) is a ®-valued
function on &. Also, set f{y|x;PB) = f(y;h(x;B)) = exp(s(y; h(x; B)) - C(h(x;B))) for
Be B,xeZFand ye % Then f(- |x;p) is a positive density function on % for Be 2 and
xeZ. Wereferto f(- |x;PB), x e % and Be B, as a logspline response model.

The loglikelihood function /(B), B € 2, is defined by

IB) = % log f(Y;|x;; B) = % [s(Y;;h(x;: B) — Ch(x;; B))), PBe 2.

Set c(ﬁ)=ZiC(h(xi;ﬂ)) for Be B. Then l(ﬁ)=le(Yi;h(xi;[5))—c(ﬁ) for Be B. The
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expected loglikelihood function A(f), Be B, is given by
MB) = EIB) =3, [s:hx;s B S [x)dy - c(B). Be 3.
i

The functions I(-), ¢(-), and A(-) can also be viewed as functions on lR’]K. For Be 2, let
I(B) denote the corresponding information matrix, which equals the Hessian matrix of
c(-) at B and is a positive semidefinite symmetric JK x JK matrix. Thus c(-) is a convex
function on 2, and I(-) and A(-) are concave functions on 2.

It is assumed that & is nonsingular relative to the design set: if he & and
h(xl) =... = h(xn) =0, then A=0o0n.%. Then t’I(B)'r>0 for Be 2 and 7€ B with 7#0.
Thus ¢(-) is strictly convex and /(- ) and A(-) are strictly concave on 3.

Let B denote the maximum-likelihood estimate of B; that is, the value of B¢ @ that
maximizes the loglikelihood function. Then B may or may not exist. Under the
nonsingularity assumption on &%, if [3 exists, then it is unique. Given x € &, consider the
maximum-likelihood estimate f(- |x) = f(- |x;B) of f(- |x) and let F(- |x) and O(- | x)
denote the corresponding maximum-likelihood estimates of F(- |x) and Q(- |x).

Similarly, A(-) has at most one maximum on 2. It is easily seen that A(-) does have
a maximum on @ and hence a unique maximum B* on . Consider the function f*(-|-)
on % x ¥ defined by f*(y|x) = f(y|x;B") for xe % and y e % Let F*(- |x) and Q*(- |x)
denote the distribution function and quantile function, respectively, corresponding to
FC 1.

The knot sequences defining ¥ and # are allowed depend on n, but it is assumed
that they are are o-quasi-uniform in the sense of Page 216 of Schumaker (1981): the
ratios of the differences between consecutive knots are bounded away from zero and
infinity uniformly in n. We make the mild assumption on the design points that there is
anM >0 (ihdependcnt of n) such that, for n sufficiently large (n » 1),

(1) MW <31 0) < M WP, he .
l

(The nonsingularity assumption on & is an immediate consequence of (1).)
Given a subinterval / of %, let |/| denote the length of / and set N(/) = #{i: x; € I}.

Under (7) below, in light of the o-quasi-uniformity of the knot sequence defining /%, a
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sufficient condition for (1) is that for every é > O there is an M > 0 such that, forn » 1,
) M_ln|1| SN()<Mn|I| for every subinterval / of % such that |/| 2 o1,

Let 9 = & @ & denote the tensor product of # and #; that is, the linear space of
real-valued functions on % x % spanned by functions of the form 4 @ s as 4 and s range
over & and & respectively; here (h ® 5)(x,y) = h(x)s(y) for x € & and y € %. Then J has
dimension JK and the functions Hj ®B ¥ 1<j<Jand 1<k<K, form a basis of .

Given a real-valued function g(- | -) on.% x Y, set
ll8C- | ), = sup sup g(y|x).
xXeZ xe Y

Also, set &g = inf,_f|log f{ | -) - 7|| .. Under the c-quasi-uniform condition on the knot
sequences, Eya 0 as J,K -+ ». See Theorem 12.8 of Schumaker (1981) for this result and
for an upper bound to Sy in terms of the smoothness of log f(- | -).

Since f(- |-) is continuous and positive on the compact set & x ¥ log f(- | -) is
bounded and continuous on this set. Under (1) and the o-quasi-uniform condition on the

knot sequences, it was shown in Stone (1989) that

3) [log f(- | -) = log (- | )|, = O(8)-
It follows from (3) that

4) llf('|')-f('f')’|w=0(5y,
&) IFC )= F*C )], = 08,
and

(6) loC )= 2*C 1 )ll,, = O(35).

(In (6) the supremum is over p and x withO<p <1 and x € %.)
From now on, it is assumed that
) JK =o(nd™8) for some g€ (0, 1).
This is slightly stronger than the assumption JK = o(y/n), which arises in Portnoy (1986,
1988).
In Section 2 it will be shown that f3 exists except on an event whose probability

tends to zero with n. There the asymptotic behavior of ﬁ will also be determined.
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In Section 3, it will be shown that

8) fO1x) - £O|x = Op(JKTm),

©) [o10- £l = 0purim,
(10) max |70x) - f'@|%)| = Op(,IKTog JK V/n),
(11) - max |F(y|x) - F*(|x)| = Op(\ITn),

and ’

(12) mx |0 |x) - Q*®|x)| = Op(ITh).

In (8), x € & and y € ¥ are fixed, while in (9), (11) and (12), x € % is fixed. The order of
magnitude JK in (8) is plausible: there are about n/(JK) trials per unknown parameter
Bjk’ so the asymptotic standard deviation of the Bjk's should be proportional to JK/n. In
light of the local support of the B-splines, the asymptotic standard deviation of f(y|x)

should have the same order of magnitude as that of the Bjk's.

Suppose that 5= O P1 + KP2), where Py >} and Py > %. Set

2 Y= P = ) and 7, = —mB o= P '
pilepyl L PGP +2) pidpa+ipip; 2 p2p+2) p1+p2+2pip2
Let a, -~ bn mean that an/bn is bounded away from zero and infinity as n - .

p:

Suppose that p > 1. Choose J and K such that J ~ n" and K ~ n"2. Then 63, =
o PI@P+2y Also Jk ~ n/P*D 5o (7) holds. By (4) and (8),

13 Fol0 - fo|0 = OP(n—p/(2p+2));
by (4) and (9),

Choose J and K such that J ~ (n/log n)"! and K ~ (n/log n)*2. Then
6y= O((nflog n)P /(2p+2) ).
Also JK ~ (nflog n) /@D, 56 (7) again holds. By (4) and (10),

(15) max | f(y|x) = f|%)| = Op((n/log ny PP+
X,y
Suppose p; >4 and p, >2p,/(2p, — 1) and seta = p,/[p5(2p{ + 1)]. Choose J and K

such that J ~ n/@P1*D, k=1 = 0(:™®), and (7) holds. Then &= O(z P/ @2p1+1)) gy
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(5) and (11),

(16) max |F(y|x) - F(y|x)| = OP(n-Pl/(2P1+1));
y

by (6) and (12),

17 max |Q(@|x) - Q(|%)| = OP(n"pl/(sz‘l)).
p

Under reasonable further specifications, the rates of convergence in (13)—(17) are
optimal (see Stone, 1980 and 1982, and Hasminskii and Ibragimov, 1990). For fixed
y € ¥, the rate of convergence F O|x)-F@|x) = OP(n—p 1/(2p 1+1)) can be achieved by
using a different estimate under the corresponding smoothness assumption on F(y|x) as a
function of x without having to make any smoothness assumption on F(y|x) as a function
of y. (Observe that F(y|x) = E(ind(Y<y)|X = x) and see Stone, 1980.)

Let J,K - = as n - «; let T* be defined as f*(y|x), F*(y|x) with y in the interior of ¥,
or 0*(p|x) with 0 <p < 1; and let 7 be defined as the corresponding maximum-likelihood
estimate f(y|x), F(y|x) or Q(y|x). Let ASD(%) and SE(%) denote the asymptotic standard
deviation and standard error, respectively, of 7, as usually defined in terms of the
information matrix in large-sample parametric inference. Then, uniformly for x € %,
SE(7)/ASD(%) =1 +0p(1) and the distributions of (T- t")/ASD(?) and (% - 7")/SE(%)
converge to the standard normal distribution as n - ». These results will be verified in
Section 4, where explicit formulas for the various asymptotic standard deviations and
standard errors will be given.

According to the last result, for 0 < x < 1, 7 £ zy_ alst(i') is an asymptotic
100(1 - @)% confidence interval for 7*; here 21_ap is the (1 — a/2)th quantile of the
standard normal distribution. Such confidence intervals are useful in practice, but they
must be interpreted with care. Under the additional, but dubious, assumption that
(T- 7")/ASD(%) = o(1), the confidence intervals for T* can be interpreted as confidence
intervals for 7 itself.

The arguments used in Sections 2—4, which are natural outgrowths of those devel-
oped in Stone (1985, 1986 and 1990), also apply when the fixed design is replaced by a

random sample from the distribution of a random variable X having a density function
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that is bounded away from zero and infinity on & (in which case, a suitable probabilistic
version of (2) is easily verified). Alternatively, the joint density function f(-,-) can be
estimated by f(x,y) = f0x,; B)) = expl3% By, H (0B, 5) ~ c(B))], where By = (B, ;)
is the maximum-likelihood estimate and c(ﬁl) is the normalizing constant. The asymptot-
ic behavior of this estimate follows from results in Barron and Sheu (1991) or from the
extension of results in Stone (1990) given in Koo (1988). The corresponding estimate of
the marginal density function of X is given by f(x; Bl) = [fx,y; Bl )dy. This leads to the
alternative conditional density function estimate f l(y |x) = flx,y; [31 MWf(x; Bl), which has
the same form as the estimate f(y |x) defined above, but with an estimate Bl that differs
somewhat from ﬁ The alternative conditional density estimate inherits the accuracy of
the corresponding estimate of the joint density function. (The preceeding remarks in this
paragraph were suggested by a reviewer. It should be pointed out that the alternative
estimate of the conditional density function achieves the rates of convergence obtained in
the present paper only under an auxiliary smoothness assumption on the marginal density
function of X. In the related context of nonparametric regression, Fan (1990) refers to
estimates of the regression function that require such an auxiliarly assumption as being
inadmissible: they are dominated by estimates that achieve the optimal rate of conver-
gence without requiring the auxiliary smoothness assumption on the marginal density
function of X.)

The numerical and practical aspects of logspline modelling were treated in Stone
and Koo (1986) and Kooperberg and Stone (1991). The results to date clearly indicate
that logspline modelling is competitive with other approaches such as kernel density
estimation. A numerical investigation of logspline response modelling has yet to be
carried out. Such a study would undoubtedly go beyond what is mathematically tractable.
In particular, % and % could be unbounded if linear restrictions were imposed on the tails
of the various splines entering into the model. Also, it would be worthwhile to study
stepwise selection of the basis functions of the model, as introduced in Smith (1982) and
used successfully by Breiman and Peters (1988), Friedman and Silverman (1989),

Friedman (1991), Breiman (1989, 1990), Kooperberg and Stone (1991) and Jin (1990).
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2. Parameter estimation. For b = (b jk) € 2, let |b| denote the nonnegative square
root of zjzkaZ'k' In the next result, x € Z, y € #and 0 <p < 1; the quantities j and k in (b)
and the quantity j in (c) are allowed to depend on » in an arbitrary deterministic manner.

THEOREM 1. (a) ﬂ exists except on an event whose probability tends to zero as n - .
®) By~ Bjy, = OpITKTR)
(C)éz (B k B‘k) P(JK/’!).

@ |B- B> =0p*K>Im).

(e) Taz I ﬁjk ~ By = Op(/JKTog JK Y/n).

The proof of Theorem 1 is divided into a number of lemmas. For 6 = (91 AR OK)t
€ ©, let | 0| denote the nonnegative square root of zkei. Also, let ||s|, and ||s]|,, be
defined in the usual manner for functions s on .

LEMMA 1. Let M > 0. Then there is an M| > 0 such that if 6,6, € ©, [|s(- ; 0))|| , <
M and ||s(- ;6,)||,, < M, then

[C(8y) ~ CODI* < M, Is(- :6,) - (-5 62
Proof. Since
C(02) - C(Ol) = log J es(y; 62)dy - log J es(y; 6 )dy
and 0 < length(%) < «, the desired result follows from the Schwarz inequality and
elementary properties of the exponential and logarithm functions. o

LEMMA 2. Let M > 0. Then there is an M| >0 such that if 0,6" € ©, ||log f(- ; 6)||
<Mand ||s(-;6)—s(-; )| <M, then

(@) ||log f(- ; ) —log (- ; 6|, < M,

and

(b) M7k 16~ 6|2 < |llog /(- :6) - log /(- ;6|3 < M KL 6 6|2,
PROOF. By Lemma 3 of Stone (1990), there is an M2 > 0 such that |C(6")| < M2.
Thus ||s(- ;8)||, < M + M, and hence ||s(-;6)||,, <2M + M,,. Consequently, there is an

M3 >0 such that |C(6)| <M; and hence |[logf(-;6)—log f(- ;)| , <M +M,+M

2 3
which yields (a). According to (12) of Stone (1986), there is an M 4> 0 such that

MZIK_1 |6- 9‘] < ||sC-; 6) = s(- 0“)“2 SMK |6—- o |2. Hence, by Lemma 1, there



Logspline Response Models 10

is an M5 > 0 such that
llog (- ;) ~ log (- : )3 < MK |0 6] 2.
Observe that

2
Itog (-3 ~log 1363 = [ £ @, - 68,00 - (€@ - C@n] ay

-| [E (6~ 6~ [C(®) - CE@)N)B,0)] "ty
Thus, by (12) of Stone (1986), there is an M6 > 0 such that
llog (- ;) ~ log (- ; 65 2 M| K712 (6, 6~ (C@ - c@m?
Now 0,6 € ©, so Zk(9 - ) =0 and hence
3 (8~ 6~ 1C(O) - C(@)] )2 226~ 6)°=6-6°.

Consequently, ||log (- ; 6) - log f(- ;G“)||2 p MglK— |0 6| 2 Therefore, (b) is valid. o
LEMMA 3. ||s(-;h(- ;ﬁz))—s(- sh(- ;[31))“0o < |ﬂ2— [31| for Bl ,ﬁz € 2.
. : 2, 12 _
PROOF. By the properties of B-splines, ZjZkHj (x)B k(y) < ZjZ kHj(x)B k(y) = 1. Thus,

by the Schwarz inequality,
2
[s()’;h(x;ﬂz)) - s()’;h(x;ﬂl))]z = [ Z % (ﬂz_]k - ﬁljk)Hj(x)Bk(y)] < I Bz - ﬂl I 2’
J

where ﬂl = (Bljk) and ﬂ2 = (B2jk)‘ 8]

The next result follows from (1), the o-quasi-uniformity of the knot sequence
defining # and (viii) on Page 155 of de Boor (1978) (see the proof of (12) of Stone,
1986).

LEMMA 4. There is an M > O such that, forny 1,
-1 -1 2 2 -1 2
M 1By By 17 <2 InteysBy) - hexs B P s 1By~ By 1%, BBy e .
Let Be 2. Then, by a direct computation,
(18) Z(Byr=3 J[s@;h(x[; 0)-a)* | Py, 1€ .2,
l

where a;= fs(y;h(xi; 1) fy |xl.; Pdy. Let Be B. Then HdT AP+ t(B-B)) | =0 = 0 and

izz AMB +1(B-B") = - (B~ B)YIB + (B~ B)(B- B).
dt
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Thus, by (18),
1 2
(19) AP - M) =- jo(l -3 [i50ihex;3 B~ B - a,OF Ay |x;: B+ 1B~ By s
]

where a,(1) = [s(y; h(x;; B— B*) fO|x;: B+ H(B— B*)dy for 1 <i<n.

Choose € € (0, }) satisfying (7): JK = o5,

LEMMA 5. There is a >0 such that if n» 1, Be B and |B- B*| = nCIK/Jn, then
AP - AB) < - Sn*CIK.

PROOF. It follows from (3), (19), Lemma 2a and Lemma 3 (see the proof of

Lemma 4 in Stone, 1990) that there is a 51 > 0 such that
MB) - M) < 8,3 [llog fiy|x;: ) - log Ay |x;: B 1 b
i
By Lemmas 2b, 3 and 4, there is a 62 > 0 such that

3 [log Sy 1x;: B~ log fo1x;: By 2 6, 'K | B— )
l

Consequently, the desired result holds. o

LEMMA 6. Let 6>0. Then there is a 61 >0 such that if ny1l, Be P and

|B- B*| < nSJK/\n, then
0 2¢ 2¢
PIB) - UB") - [AMPB) - A(BH)] 2 5 JK| <exp( - 61n JK).
PROOF. Write [(B) — I(B*) — [A(B) - A(B*)] = Zl.Zl., where
Z;=log f(Y;|x;; B) — log f(Y;|x;; B") — Ellog f(Y ;| x;; B) — log f(Y; | x;; B7)].

It follows from (3), Lemma 2a and Lemma 3 that there is an M 1 > (0 such that
P(|Zl.} SMI) =1 for 1 £i < n. Observe that, for 1 <i<n, EZi =0and

var(Z) < E{[log Y, |x;; B) ~ 1og fY; | x;3 B'17)

= [Uog 1y 1x;:B) - 1og o 11,3 BN £ x .

We now conclude from Lemmas 2b, 3 and 4 and the boundedness of f(- | -) that there is

an M, >0 such that Zivar(Zi) < MznzejK. The desired result now follows from

2
Bernstein's inequality (see (2.13) in Hoeffding, 1963). o
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LEMMA 7. Let 6> 0. Then there is a 51 > 0 such that
|1B,) - KB, — [AB,) - MBI | < S 2ok
for 31, B,.Bye B, |B-PB'| =nJKIJn, |B,-B'|=n"JKIYn, and |B,-B,|<
5,n*¢ LK.
PROOF. Observe that
|1(B,) — I(B)) — [ABy) ~ AB]| <2nlllog - | -3By) ~log - | - 3B
By Lemmas 1 and 3, there is an M, > 0 such that |[log (- | -;[32)— log f(- | -;ﬂl)“oos
M, | B2 - ﬁl |. Thus the desired result is valid. o

The diameter of a subset B of .2 is defined as sup{ |ﬁ2 - ﬂl |: ﬂl , B2 € B}. The next
result is easily established by considering suitable inscribed and circumscribed JK-
dimensional cubes.

LEMMA 8. Let 61 > 0. Then there is an M > 0 such that, forn» 1,

(Be 3: | B- | = n%JKIy)
can be covered by exp(MJK(log n)) subsets of B each having diameter at most
8,n* LK.

LEMMA 9. (a) ﬂ exists except on an event whose probability tends to zero as n - .

(b) | B~ B*| = Op(n"JKIY).

PROOF. Set B, = {Be 3: |B- | < nejK/ﬁ}. Then 2, is a compact set whose
boundary relative to 2 is 2, = (Be B: |B-P| = nCIKn). By Lemma 5 there is a
6> 0 such that A(B) - A(B*) < - Sn2EJK for Be 3,. Thus it follows from Lemmas 6-8
that, except on an event whose probability tends to zero as n - «, [(f) < [(B*) for Be B,
so I(-) has a local maximum in the interior of 31 relative to B. The desired results now
follows from the strict concavity of /(-) on 3. o

The next result follows from (4), (7), and Lemmas 2a, 3 and 9.

LEMMA 10. There is a positive constant M such that, except on an event whose
probability tends to zero as n - «, Ml B+ B-P)SMfor0<e<1.

LEMMA 11. There is an M > O such that,forny 1, Be B and 1€ 3,

ML i e 2min g |- B < P T M K o) Pmax £ | - B).
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PROOF. Set min =minf(- | - ; B) and max =max f(- | - ; f). Using (1), (18), and (12)
of Stone (1986), we see that there are positive numbers 61, 62 and & such that, forn » 1,
Be Zand 7€ 2,
AUBe2 8y @i I (503 hx: ) - a1y

l

2
= y(min) I [[2 U9 - a18,00] @

i

> 62(min)K—1§, };Z [h(x;9) - al.]2.
= (min)rlzz[w —a)H(x)]2
2 AN

kH (x )]2

> 62(min)K_12 ) [2 T
ik
> §minyns k1| 7).
Similarly, we conclude from (18) that 7 I(B)< (max)Zl.f [s(; h(xl.; 't))]2dy and hence that
there is an M > 0 such that, forn » 1, Be & and 7€ B, t‘I(B)'tS M(max)nJ_IK_l | 7| 2.
Thus the desired result is valid. o

Let S(B) € @ denote the score at fB; that is, the JK-dimensional matrix the entry in

row j and column k of which is

T = L5 (B — s )

J
(In computing oC (0)/39k, we let Orange over IRK.) Then ES(B*) = 0 and

E|S(B) |2 =358 Ho var®B, (v ) <3 [ £ 12 | E[ 3B <
kel A ki il i A kM
i jk i Yy k
Consequently, the following result is valid.
LEMMA 12. |S([)")| P(n)
The maximum-likelihood equation S(B) = ( for [3 can be written as
1 .
| 5508 + 1B Byas =SB
0
Thus it can be rewritten as D(B— B*) = S(B*), where D is the JK x JK matrix given by

D= (" + 1B~ Bt
LEMMA 13. |B- B*| = Op(K/YR).
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PROOF. According to the maximum-likelihood equation for j,

(20) (B- B)'DB- B*) = (B- B)'S(B").
It follows from Lemma 12 that
(21) (B- B")'S(B*) = Op(| B~ B* | V).

According to Lemmas 10 and 11 there is an M > 0 such that, except on an event whose
probability tends to zéro as n - o,
@) B-B'DB-p Mk B2
We conclude from (20)—(22) that nJ~ IK_ 1 Iﬁ— B 2_ OP( | B— B* | yn), which yields the
desired result. 0

Let VC(S(B")) denote the variance-covariance matrix of S(f*).

LEMMA 14. There is an M > 0 such that, for n» 1 and t¢ 2,

M ik g2 < dvesyrs kY )2

PROOF. Since

23) AVOSENT=1 [Is03h03 9) - 0l My xpdy, Te 2,

i
where a; = ] s(y;h(xl.;'t)) f(y|xl.)dy for 1 < i < n, the desired result follows from the

argument used to prove Lemma 11. g

Let B e 3. Then there is a positive semidefinite symmetric JK x JK matrix [I(B)]”
having range Z such that I(B) [I(B)] 7=[I(B)] I(B)t=7 for Te B. (Consider the
orthogonal diagonalization of I(f).) The matrix [I(B)] is referred to as the generalized
inverse of I(B).

Let pe.Z be the approximation to B— B* defined by I(B*)@=S(B*). Then
=[] S(B*), Ep=0, and
(24) VC(@) = [I(B"H] VC(S(B") (1] .
The next résult follows from (24) and Lemmas 10, 11 and 14. (Consider a symmetric

square root of [I(f*)] .)
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LEMMA 15. There isan M > Q such that if n » 1 then

25) MUk )2 < daB e M K 1), te 3,
and
26) MYk 72 <var(@) sMn Uk |72, te .

Given ye ¥ and Be B, let G(y|x;B) € B denote the gradient of log f(y|x; -) at B:

the J x K matrix the entry in row j and column k of which is
aC .
H () [B0) - e B)-
It follows from Lemma 3 of Stone (1990) and Lemma 10 that

27) max a%%(h(x;ﬁ“)l ok}

Thus there is an M > 0 such that

(28) |G |x;B)| <M, xeZandye ¥
Observe that S(B) = ziG(Yi |xt.; P) for B e B and hence that
(29) ¢jk =2 (KB G(Y;|x;; B* ))jk‘

i
The quantities j and « in (a) of the next result and the quantity j in (b) and (d) are allowed

to depend on # in an arbitrary deterministic manner.
LEMMA 16. (a) (‘pjk = OP(,/JKZE.
1¢.2 _
(b) K% ¢ ik = p(K/n).
© |91 = 00K ).
d) mzx | (bjkl = OP(\/]KiIog K)/n).

(e) rpa)lz |¢jk| = Op(y7K{log JK')/n).
J>
PROOF. Now max; kE&)jz.k = max; var(@,) = OUK/n) by (26), 50 (@~(c) hold. By

(25) and (28), there is an M > 0O such that, forn» 1,
max |7 (1B Gy |x: B)| <Mn™UK|t|, 1.3,

X,y
and hence
max max |([I(B)] G(y|x;B)) 'k| <MJK/n.
X,y Jj,k J
Parts (d) and (e) now follow from (7), (29) and Bernstein's inequality. o

LEMMA 17. | B- B* - §|% = 0p(n~ 2/ K2 (log JK)).
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PRrOOF. It follows from the maximum-likelihood equation that

B- B = p- (1B [D-1(B")] (B- B*).
By (25),
|(BHT™ [D-KB")] (B- 13‘)| (JK) |[D-X(B"(B- f")l )
The entry in row (j,k) and column (j* , k") of D — I(B*) can be written as

2” E,,Ajkj ’ IIkII(B Ilkll - B}llkll),

where

1 Ac :
Ajgrir e =2 | (= DH )M H )5 g0+ 1B )

Thus the entry in row (j, k) of [D - I(B‘)](ﬁ—— B is
.?, % §” Z”Ajkj kljllk”(ﬁ r B‘vlkl)(ﬁj”k” - ﬁ;llk”),
which is dominated in absolute value by

maX(B B‘) 2 Z z | ’ e //l
j, k j/ 1 /I ll kj kjk

There is a positive integer JO such that A ki k k= = 0 unless |j"—j| < JO and

|/ =Jj| < JO. Thus, by (8) of Stone (1989), there is an M1 > 0 such that

3 ,
ayk?'gk%gp(h(ﬂﬂ* +1(B-B")|.

2 z | Y ”|_Mf_rlsup max
KKk xeF 0<1<1

Consequently (see the proof of Lemma 15 of Stone, 1990),

2
_ 1
22 | ka kl ”k”l] —OP(’lK )

j k [j k II kl/
and hence |[D - I(B‘)](ﬁ— ﬁ‘)| = P(nK— 1max . k(Bjk - ﬁ; k)4). Therefore,
s 2 1 2 f * 4
|B-B -o|”= P(n J°K max (Bjk—Bjk) ).

We now conclude from Lemma 16e that

max (B, - B*,)% = O, |n LUK log JK) + i LK max (B, - B,)*

Pk Tk P & Pk TR )
Thus maxj,k(Bjk - [3},{)2 = OP(n*lJK(log JK)) by (7) and Lemma 9b, so

|B- B - 9% = 0,(n 2K (log JK)). 0
Theorem 1a coincides with Lemma 9a and the remaining parts of Theorem 1 follow

from (7) and Lemmas 16 and 17.
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3. Functional estimation. In this section, (8)—(12) will be verified. To help the
reader follow the details, we first indicate the proof of (10). It follows from (3) that

llog f*(- | -)||, = O(1). Thus, to prove (10), it suffices to show that

(30) max |log fly|x; B) - log fiy| x; B*)| = Op(yJKTlog JK V).
X,y

Let VC(6) denote the gradient vector of C(-) at 6, whose kth entry oC (0)/36k is computed

as @ranges over RX. Observe that

(1) logf(y|x;B) - logfiy|x; B*) = [GW|x; B @+ [Gy | x; B (B- B - ) - R,

where

(32) R = C(h(x; B)) - C(h(x; B*) - [VC(h(x; B hex; B- BY).
According to Lemma 18¢ below,

(33) max | (GO |x: 89| = Op(/IKTlog TR Vr);
according to (7), (28) an;lyLemma 17,

(34) max | (GO |x: B (B~ B* - §)| = 0p(IKTR);

and, according to (7) an;iyLemma 19 below,

(35) max |R| = 0p(yIKTR).

The desired result (30) follows from (31)—(35).
LEMMA 18. (2) [GO |x; B’ = Op(/TRTr).
® [([GO|x: )oY dy = OpUKIn).

() max |[G(y|x; B))'®| = Op(yIRTog JK V/n).
X,y

PROOF. Part (a) follows from (7) and Lemma 17. In order to verify (b), choose

x € Z. There are at most JO values of j such that Hj(x) > 0. For any such j,

2
1w s ) 1o s = 2 1oy, V)
[K%lﬁjk_ﬁ;'k_(pjkq SKE(ﬁjk_ﬁ}k_wjk) SK?E(ﬁ/‘k Bik ="

Thus, by (7) and Lemma 17,
1 A . -1,3/2.,1/2
il k2 |Pjg = Pji= 9l =Optn K12 Iog TR) = o,(Th)
so (b) holds. Part (c) follows from (27) and Lemma 16(a,b); (d) follows from (27),

Lemma 16b and (12) of Stone (1986); (e) follows from (27) and Lemma 16¢; and (f)
follows from (7) and (e). o
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LEMMA 19. The following is valid:
max | C(hx; B) - C(bix; BY) - [VC(h(x; B)I'hix; B- BY)| = Op(/K log JK)/n).
X

PRrROOF. Observe that

C(h(x; B) — C(h(x; B*) = [VC(h(x; B)]h(x; B B*)
1 ) )
¥ joa 1) U[S(y;h(x; B- B —a@))? fiy|x: B + t(B- B‘))dy] dr,

where a(?) = | s(y;h(x; B— BN fy|x; B* + t(B— B*))dy (see (18)). The desired result now
follows from Lemma 10, Theorem le, and (12) of Stone (1986). o

LEMMA 20. (a) max |log f(y|x; B) - log f(y|x; B*) - [G(y|x;[3‘)]t<})| =0P(ﬂK7rD.
X,y

© max |Fo L5 B -Folx B~ | | 107 [xBIGO” | BN ey’
X,y y' sy
PROOF. Part (a) follows from (31), (32), (34) and (35). Since

= Op(m-

. y "1y R .
FOLxi) - Folx; ) = | 08I0 P =180 gy s gy

(b) follows from (a) and Lemma 18c. o

LEMMA 21. max £ |x: BOIGW |x;ﬁ*)]‘¢dy'| = 0,(ITh).
y

PROOF. Let Tbe the member of 2 the entry in row j and column k of which is

aC . ..
H j(x)HH;(h(x » BY).

Jy’sy

Then E(‘L‘I@)) =0 since Ep =0 and var('tffb) = O(J/n) by (26) since | 1| 2_ O(K’l) by (27),
so? ¢=0 P(ﬂ?n). Thus to prove the desired result it suffices to verify that

(36) max ZHj(x)Z (bij . SO |x: BBy dy” | = Op(WTTn).
y ' k y'<y
For any given value of y, all but a bounded number of terms fy, <y O |x; BB k(y')dy’

are equal to ff(y' |x; B*)B k(y’)dy' or to zero. By (4), (7) and Lemma 16d, the total
contribution of the bounded number of exceptional terms is OP(K_IWW) =
OP(J]]H). Let the B-splines B1 , o ,B K be ordered according to the right end points of
their supports. In order to verify (36), it suffices to show that

37) max | T @, [f0v]x: BB, 0dy| = 007,
k' kSk'(pka P8y P

Let % be a subset of consecutive integers in {1,---,K} and let K’ denote the

cardinality of J%. Let 7 denote the J x K matrix having entry [f(y|x; B*)B k(y)dy in row j
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and column £ for k£ € % and all other entries equal to zero. Then
(38) 17|% = Ok’ /K.
Since

v 10y f01: 898, 0)] = #veare

it follows from (26) and (38) that

- . _alJK’
(39) var[kgj;pjkjf(ylx,ﬂ‘wk(wdy] —O[—"r]'
Observe next that
40) LB 101 BBy =12,

where
@ Zgg=[ L OB Gl By [l BB, 1sisn
are independent random variables whose sum has mean zero. By (4), (25) and (28),

(42) | <b=0("UyR).

2%
It follows from (39)—(42) and Bernstein's inequality that there is a 6 > 0 such that
P|| T .| f0|x: BB »)dy| 2 AJITn(K’ IK)*

ke ¥ I k k

(43)

< 2{exp[-SAYATTRY(K " /K)™] + expl-SAZ(K/K )1 ~24

1}
forA>0andO0<a<3.

Set R = min[r: 2" > K]. For 0 £ r <R, let J(r denote the collection of all sets of
integers of the form {(m—1)2r+ 1,---,m2r}, where 1 <m<K/2", and note that the
cardinality of J{(r is at most K/2" and that each set in A& , has cardinality 2" 1t follows
from (7) and (43) that, for any o> 0, A can be chosen sufficiently large so that, for
O<a<}andnyl,

(44) P[ kzjg‘bjkj fo|x; BB 0)dy| 2 AVITR(K’ IK)? for some % € M- UM R] <o
€

For 1<k’ <K, {1,---,k"} can be written as a disjoint union of sets % € ./f{Ou- . -uJ(R
such that for 0 < r <R, there is at most one such % € 4 , Thus it follows from (44) that
(37) holds. o

Equations (8), (9), (11) and (12) follow from (4), (7) and Lemmas 18, 20 and 21.



Logspline Response Models 20

4. Asymptotic normality. In this section the asymptotic normality of (7—1*)/ASD(%)
and (-7*)/SE(%) will be established, where %is f(y|x), F(y|x) or Q(p|x).
The next result follows from (1), (4), (18), (23), and (12) of Stone (1986).
LEMMA 22. Thereisan M >0 such that if n » 1, then
| VOB I <MK 1S % e
According to (24), (25), (28) and Lemma 22, there isan M > 0 such that if n » 1,

then
IVar([G(YIX;I")]t‘?’) - [G@y Ix;ﬂ')]t (B9 G |x; 9|

< Mn—lJK53, xeZandye ¥.
Throughout the remainder of the section, it is assumed that J,K -+ « as n - . Under
this assumption, Sya 0 as n - =, Also, it follows from (27) that there is an M > 0 such
thatif n » 1, then
(46) M_IS|G(y|x;B‘)|SM, xeZandye ¥.
It follows from (26) and (46) that if n » 1, then

1

47) MLk <var(G |x: B @) sMn UK, xeZandye ¥

LEMMA 23. Uniformly for x € & and y € ¥, the distribution of
[G(y]x: BN

SD([G(y|x; 1 )
converges to the standard normal distribution as n - .

PROOF. Observe that [G(y| x; )] § = 1.Z;, where
Z,=[GO|x; B 1)) G(Y,|x;; ), 1<i<n.
The random variables Zl,~-,Zn are independent and their sum has mean zero.

Moreover, by (25) and (28), there is an M > 0 such that ]Zl.| < Mn_1

JK for 1 <i<n.The
desired result now follows from (7), (47) and the central limit theorem (see the corollary
on page 201 of Chung, 1974). o
Set G*(y|x) = G(y|x; B*) and Gy |x) = G(y|x;B). Then
ASD(fO1x) = £ 10 (1G'0 [0 )] G0,

SE(f(y|0) = Fiv |0 (GO 01 BT Gv[0)2,
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t 5
£ 10607 [0y’ | OB [ | 010G Lody’ |
<y

ASD(E(y|x)) = [
y

y'Sy

SE(E(y|x)) = [Uy,syf’(y' 0G0’ |x>dy']t AT jy,syi(v' 0G0’ |x>dy']l“,

- ASD(F(y|x))
ASD(Q(p|x)) =7-1—rLr ,
yix ‘y=Q*(pIX)

SEQ(p|x) = SEEV "”1 .
flylx) 'y=0@|x

It follows from (47) and Lemmas 20a and 23 that, uniformly for x € & and y € 7, the

and

distribution of

log fy| x ; B) — Log 0| x; ")
SD(G(y|x; )

converges to the standard normal distribution as n - «. It now follows easily from (45)

and (47) that the distribution of

folx; B-fo|x:B)
ASD(fy|x; B))

converges to the standard normal distribution as n - « uniformly forx e Zandy ¢ %

The next result follows from (1), (4), (10), (18), and (12) of Stone (1986).
LEMMA 24. Uniformly for 1€ 3,
| - 1B = 0p~ K tog JK) | 72
Since
(B - (B }e= (B (1B -IPI BT . te .3,
the next result follows from Lemmas 10, 11 and 24.

LEMMA 25. Uniformly for 1€ 3,
| (BT - B e] 2 = Optn WK tog K| 7] .

LEMMA 26. max |G(y|x; B) - G(y |x: )| > = Op(n™ UK~ (log JK)).
X,y
PROOF. Observe that G(y|x; B) — G(y|x; ) is the J x K matrix the entry in row j

and column k of which is Hj(x) /B (O |x; B*) = f(y|x; P))dy. The desired result now

follows easily from (10). o
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It follows easily from (7), (10), (45)—(47) and Lemmas 25 and 26 that, uniformly for
xeZandye ¥,

SE(f(ny;l?)) =1+o0p(l) asn-e.
ASD(f(y|x; B)

This completes the proof of asymptotic normality for 7= f(y|x; p).

Let y be in the interior of %.

LEMMA 27. There isan M >0 such that if n » 1, then

2 1
<MK °, xeZ%.

’

y' sy
PROOF. The entry in row j and column k of fy,<yf(y' |x; PG |x; Bdy’ is

M <[ S0 1B [k By’

’ oC ... . . )
Jy’Sy[Hj(x)Bk(y )_Hj(X)B'G;(h(x’ 3“))] A7 |x; Br)dy

-Hw|| y

The upper bound in the conclusion of the lemma now obviously holds, so to complete the

BONIY By = | By (B0 A | By .
<y y'Sy

proof it suffices to show that there is an M > 0 such that if n » 1, then

2
vk <[ BN By - [ | S0 By (BN 1 ey
k Yy’sy y'sy
for x € &. This lower bound is easily established by noting that if the support of B k(- ) 18
to the right of y, then Iy'<yBk(Y')f(y’ |x; B*)dy’ =0forxe%. o
By (26) and Lemma 27, there is an M > O such that if n » 1, then
@8) M I ly<var U £ 1% BGY |x;[f*)]‘€pdy'] <Mn ), xes.
y'<y

LEMMA 28. Uniformly for x € %, the distribution of

[, 707 1BO G X8 pdy’

Yy Sy

SDU ’ f(y’Ix;ﬁ')[G(y'Ix;B‘)]t‘Pd)"}
y 'Sy

converges to the standard normal distribution as n - .
PROOF. Observe that fy,<yf(y’ |x; BOIGOY” | x; B‘)]’(“pdy' =3 Z,, where
B i

2= |
y'sy

By (25), (28) and Lemma 27, there is an M > 0 such that |Zl.| < Mn_IJJK forl<i<n.

" 1%: B (GO | x; B LUBHI” G |x;: Bdy’, 1<i<n.
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The remainder of the proof is as in that of Lemma 23, with (48) used instead of (47). o
The next result follows from (24), (25), (48) and Lemmas 22 and 27.
LEMMA 29. Uniformly for x € %,

ASD(F(y| x; )

SDU ) f(y'|x;ﬂ*)[G(y’|x;B‘)]'¢dy'J
y'sy

It follows from (48) and Lemmas 20b, 28 and 29 that, uniformly for x € ., the

-1 asn-ow.

distribution of

F(ylx;B)—F(y[X;B‘)
ASD(F(y|x;B))

converges to the standard normal distribution as n - «. It follows from (4), (7), (10), (25),

(48), and Lemmas 25-27 and 29 that, uniformly for x € .,

SE(F(y|x;B)
ASD(F(y|x; B))
This completes the proof of asymptotic normality for T = F(y|x; ﬁ)

=1 +0P(1) as n - «,

Observe that F*(Q*(p|x)|x) = p and f’(Q(p |x)|x) = p. Thus
Pyl - F* G For (201 5
[Fy|x) - (ylx)]y=Q*(p|x)—_[ Q@0 |x)-FQ @|x)lx)]—JQ*(p|x)fU|X) Y.

We now conclude from (4) and (10) that, uniformly for x € .7,

> Ol = [FO]x) = F*(y|x)]
0@ |x) - Q*@|x) =[1 +0p(1)] FOTD y=Q*(p|x)'

The argument used to establish asymptotic normality for 7= F (y|x) applies with
y =0*(p|x) (even though this value of y depends on n). Thus asymptotic normality for

t=Q(p|x) is valid.



Logspline Response Models 24

REFERENCES

BARRON, A. R. and CHEu, C.-H. (1991). Approximation of density functions by
sequences of exponential families. Ann. Statist. To appear.

DE BOOR, C. (1978). A Practical Guide to Splines. Springer-Verlag, New York.

BREIMAN, L. (1989). Fitting additive models to regression data. Technical Report No.
209, Department of Statistics, University of California at Berkeley.

BREIMAN, L. (1990). The Il-method for estimating multivariate functions (with
discussion). Technometrics. To appear. .

BREIMAN. L. and PETERS, S. (1988). Comparing automatic smoothers. Technical Report
No. 161, Department of Statistics, University of California at Berkeley.

CHUNG, K. L. (1974). A Course in Probability Theory, 2nd ed. Academic Press, New
York.

FaAN, J. (1990). A remedy to regression estimators and nonparametric minimax
efficiency. Technical Report, Dept. of Statist., Univ. of North Carolina, Chapel
Hill.

FRIEDMAN, J. H. (1991). Multivariate adaptive regression splines (with discussion). Ann.
Statist. To appear.

FRIEDMAN, J. H. and SILVERMAN, B. W. (1989). Flexible parsimonious smoothing and
additive modeling (with discussion). Technometrics 31 3-39.

HOEFFDING, W. (1963). Probability inequalities for sums of bounded random variables. J.
Amer. Statist. Assoc. 58 13-30.

HAsMINsKII, R. and IBRAGIMOV, I. A. (1990). On density estimation in the view of
Kolmogorov's ideas in approximation theory. Ann. Sratist. 18 999-1010.

JIN, K. (1990). Empirical Smoothing Parameter Selection in Adaptive Estimation. Ph. D.
Dissertation. Dept. Statistic., Univ. California, Berkeley.

Koo, J.-Y. (1988). Tensor product splines in the estimation of regression, exponential
response functions and multivariate densities. Ph. D. Dissertation. Dept. Statistic.,
Univ. California, Berkeley.

KOOPERBERG, C. and STONE, C. J. (1991). A study of logspline density estimation.
Comput. Statist. Data Anal. To appear.

MCCULLAGH, P. and NELDER, J. A. (1983). Generalized Linear Models. Chapman and
Hall, London.

PORTNOY, S. (1986). On the central limit in R’ when p - ». Probab. Theory Related
Fields 73 571-583.

PORTNOY, S. (1988). Asymptotic behavior of likelihood methods for exponential families
when the number of parameters tends to infinity. Ann. Statist. 16 356-366.

SCHUMAKER, L. L. (1981). Spline Functions: Basic Theory. Wiley, New York.



Logspline Response Models 25

SMmrTH, P. L. (1982). Curve fitting and modeling with splines using statistical variable
selection techniques. NASA, Langley Research Center, Hampton, VA, NASA
Report CR-166034.

STONE, C. J. (1980). Optimal rates of convergence for nonparametric estimators. Ann.
Statist. 8 1348-1360.

STONE, C. J. (1982). Optimal global rates of convergence for nonparametric regression.
Ann. Statist. 10 1040-1053.

STONE, C. J. (1985). Additive regression and other nonparametric models. Ann. Statist.
13 689-705.

STONE, C. J. (1986). The dimensionality reduction principle for generalized additive
models. Ann. Statist. 14 590-606.

STONE, C. J. (1989). Uniform error bounds involving logspline models. In Probability,
Statistics and Mathematics: Papers in Honor of Samuel Karlin (T. W. Anderson, K.
B. Athreya, and D. L. Iglehart, eds.) 335-355. Academic Press, Boston.

STONE, C. J. (1990). Large-sample inference for logspline models. Ann. Statist. 17
717-741.

STONE, C. J. and Koo, C.-Y. (1986). Logspline density estimation. In AMS Contemporary
Mathematics Series 29 1-15. American Mathematical Society, Providence, RI.



