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1. Introduction

Dawid (1984) introduced his prequential approach to statistics, arguing that

the purpose of statistics is to make sequential probability forecasts for future ob-

servations. This led him to selection procedures which compare different models on

the basis of their accumulated prediction error, which for a given model is measured

by
n

- log gt-1 (Xt (1.1)
t=l

where x n (x1,..., Xn), and 9- (Xt X-l) is afay specified predictive density for

Xt, given by some fixed procedure using xt-1 and the model. From a quite different

perspective Rissanen (1986), see Rissanen (1989) for a comprehensive discussion

and references to earlier work, studied in the same sum (1.1), viewing it as the

length of a predictive code for xn corresponding to the distribution g, where
n

g(=n) JJ gt-i (Xt t-1) . (1.2)

Key notions in Rissanen's approach to statistics are the description length, the

predictive description length, which is just another name for (1.1), and the stochastic

complexity of a set of data xn relative to a class of probability models. In terms of

each of these lengths, there is an associated model selection procedure, which we

call MDL (minimum description length), PMDL (minimum predictive description

length) and MSC (minimum stochastic complexity).

In the case where all the models are smoothly finitely parametrized, Rissa-

nen (1986) has shown that all these model selection criteria give, on the average,
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asymptotically equivalent results. Indeed in this case they are all asymptotically

equivalent to the criterion now termed BIC. The almost sure equivalence of these

criteria is also likely to be true, although it has only been proved in fully certain

special cases, see Speed and Yu (1989) and references therein.

It is not at all clear that the prequential or PMDL approach, and the MDL and

MSC criteria will lead to asymptotically equivalent results in the case of infinite-

dimensional (also called nonparametric) models, either on average, or almost surely.

One of the aims of this paper is to explore this topic with a simple infinite di-

mensional model class and its simplest finite-dimensional approximations: smooth

densities on the unit interval, and histograms with equal bin-widths. This study

was begun by Hall and Hannan (1988), and continued in Rissanen et al. (1989),

and a number of our results are extensions or refinements of results found in these

references. In particular, we give expansions of (1.1) valid a.s. and in expecta-

tion, when the elements of Xn are i.i.d. with a density on [0,1] satisfying some

standard regularity conditions, and g is based upon histograms with both a fixed

and a time-varying number of bins. In a former case, it turns out that the various

model selection procedures mentioned above can be regarded as equivalent, but this

equivalence breaks down if the number of bins is permitted to vary with t.

As well as studying the behavior of the model selection criteria mentioned

above, Rissanen (1986) derived an interesting lower bound for the code length

achievable using finite-dimensional parametric families, when the data is gener-

ated by a member of one of these families. Specialized to the case of i.i.d. random

variables, the bound involves a sequence of probability models {fk,e : 0 E Ek},

k = 1 2 ..., where ek is a compact subset of IRk with non-empty interior, and

we assume that the densities fk,9 satisfy certain standard regularity conditions. It

states that for all distributions g of xn and for all k > 1, there is a subset A. of ek

with Lebesgue measure zero, such that for 9 V A9,

Ek,8 log [L ](.

liminf-°°Xn)ko>1. (1.3)
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Here fk denotes n-dimensional product of the density fk,e, and the expectation is

taken with respect to this density. Because of the well-known equivalence between

prefix codes and probability distributions, see Rissanen (1989), (1.3) may be para-

phrased as follows: without knowing the true source distribution f "el we have to

use (asymptotically) an extra n-1 4 k log n bits per symbol, to encode a sequence

xn generated by fk e, no matter what prefix code we use. This rate 2k lognde-

pends critically on the assumption that the true source distribution belongs to a

smooth finitely parametrized family, and the second main topic of this paper is to

seek lower bounds of the form (1.3) in the infinite-dimensional case. One such has

been established in Rissanen et al. (1990), and in §3 below we establish a minimax

lower bound for the redundancy, in the spirit of Davisson (1983). A minimax ana-

log of (1.3) above in the finite-dimensional case would refer to the class Gn of all

densities of xn and have the form

mingEGn maXOEek Ek,9 log [ ] _ (14)
liminf>n-_oo -klogn

This is readily proved (in the i.i.d. case) from results in Clarke (1989). Our

minimax lower bound in the infinite-dimensional case has the same general form as

(1.4), but with k log n replaced by n-.

We turn now to a brief description of our results, expressed in the terminology

of coding theory, see Hamming (1986) and Rissanen (1989) for this background. For

the most part, it is straightforward to translate back to the prequential statistics

terminology of Dawid (1984, 1989).

In §2 below we give an expression of the form (1.1), which defines the length of a

predictive code for xn based upon a histogram with m equal-width bins. We need to

modify the obvious expression slightly, and it turns out that the natural modification

coincides with expression (2.3) of Hall and Hannan (1988). Thus the asymptotic

expansions we derive parallel theirs, although we obtain ones valid a.s. and in

expectation whereas theirs were only established in probability. We also interpret

the expression obtained as a two-part code, thus providing a natural link between
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the infinite and the finite dimensional cases. Finally, we give some asymptotic

results concerning the data-determined number mn of bins selected by our criterion,

and establish optimality and consistency results which are quite analogous to those

which hold with finite-dimensional models and for histograms with other selection

criteria, see Stone (1985).

The subject of minimax lower bounds for expressions of the form (1.1) is ad-

dressed in §3, where a bound is derived by modifying familiar arguments from

density estimation, see e.g. Devroye (1987). For the class F of boundedly differen-

tiable densities which is used in most of our discussion, the redundancy can decrease

at a rate no faster than n-s, although with further smoothness assumptions this
2a

can be increased to n-.

We then turn to the construction of codes, equivalently probability densities,

which achieve these lower bounds, or at least achieve the same rate of decrease

of the redundancy. Here it becomes clear that the codes (densities) discussed by

Hall and Hannan (1988) and Dawid (1989) do not achieve the lower bound rate,

basically because they are insufficiently adaptive. The code described in Rissanen

et al. (1989) was shown there to achieve the lower bound rate, on the average, and

in §4 we describe a modification of the earlier code which a.s. achieves the same

rate.

The proofs of results in §2 and §4 are deferred to §5 and §6 respectively, and

an Appendix collects some results on so-called Poissonization, necessary for estab-

lishing the a.s. approximations required for our theorems. Unfortunately the proofs

are all rather lengthy, but we have been unable to simplify them appreciably.

2. The selection rule

Suppose X1,. .. , Xn are i.i.d. random variables with density f on [0, 1]. For

any fixed integer m, write Ik,m = [(k - 1)/m,k/m] and denote by Hm the family
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of histograms with m equal-width bins, i.e.,
m

Hm = : h = Z Ck 1Ik,m I Ck = m, Ck > }.
k=1

Moreover, let Nk,m(t) = E1=1 1iijm(x.) be the counts of those zx falling into the

kth bin Ik,m in the first t observations.

For each m we will take the histogram with m bins based on z as the predic-

tive density gt, and construct a density, and hence a prefix code, on the n-tuples.

However, we must modify the naive histogram estimator to avoid the problem cre-

ated by the fact that the predictive density will take value zero on some of the

bins at the beginning of the encoding. We add to the beginning of our n-tuple x n

m numbers YiI ... IYmI where Yk is taken to be an observation from the uniform

distribution on Ik,m, with different Yk being independent. Denote the conditional

predictive density of Xn given y1,... ym by
n

gm,n,y(Xl ...,Xn) =J !m,t-1(tI|(teI IY1 I...Iym)
i=l

where f is the histogram based on Hm and data ct-1I YiI... Ym

fmt- (X ',yi,* * *,Ym) = mnNk'm(t - 1) + 1 on
(xtI t-

llllyt-Fu1+mk,
Note that the form of f is independent of the particular values of the Yk, and

so we can integrate out Yk and get the same expression as the unconditional density

on x . Denote the result by 9m,n.

The expression for 9m,n can be greatly simplified, as we can reorder the terms

in the product without changing its value. Letting k(xt) be the unique k such that

xt E Ik,m,

gm,n(xn)) Nk(zt),m(t 1) + 1
t=n ( -1 +m

(n+m- 1)! 171 (Nk (Zt),M(t 1) 1)+ 1

rn~(rn-1)! (Nk(xt),M(t - 1) + 1)
(n+m- 1.k=1 k(xt)=k

H Nk,mmn) (2.1)(n+m-1)! k=l
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The above expression is exactly the same as equation (2.3) in Hall and Hannan

(1988), who took the stochastic complexity version of the code length, that is, they

took the marginal distribution of xn obtained by integrating out the multinomial

parameters with respect to a uniform prior. This is known to be equivalent to

adding m more observations, which is what we have done.

By Stirling's formula n! -n+I e- V'recn, where IC < (n + 1), we can

expand the factorials in (2.1). Cancelling out terms and using the convention that

log Nk = 0, if Nk = 0, we get:

n m

-log gm,n(zn) =- log fm,n(Xt) - log Nk + m log 2 + Rm,n
t=l k=1l
n ~m n2

- - E log fm,n(t) log Z + Rm,n (2.2)
t=1 k=1 m2N

where fm,n(x) = m n-1 E m1 Nk 1 m(X) is the histogram density estimator based

on xn and Nk,m(n) is abbreviated Nk for simplicity. Moreover, by the bound on

Cn, the remainder term Rm,n is bounded by an 0(m) term.

We can interpret expression (2.2) as a two-part code length: the first term is

the code length for the data Xn using the fitted model from Hm, and the second is

the code length required to encode the estimators of parameters of the fitted model.

(The number of bits required to encode a parameter estimate which has standard

deviation a is approximately - log a, and the value mnr' Nk which fm,n takes on

Ik,m has a variance of approximately m2n-2Nk, provided m and n are sufficiently

large.)

Now we have obtained a class {9m,n} of densities on [0,1]n. If we want to

use one of them to encode data with an underlying density f, the best code in the

average sense will be the one which gives the smallest redundancy. Therefore we

would like to find the gm,n minimizing Ef log fn/gm,n = Ef log fn - Ef log gm,n

that is, the one (those) minimizing -Ef log 9m,n. As will be seen later (Theorem

2.4), the minimizer is asymptotically unique in the sense that the ratio of any two

minimizers tends to 1 as n tends to infinity. However, the quantity -Ef log gmm,
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is unknown since we do not know the underlying density f, but we can always

minimize the data-driven quantity -log gm,n(xln) and hope that it will behave like

its expectation. Hence we propose the following selection criterion for the code or

bin-width:

Selection rule. Choose mrn to minimize-log gm,n(xn) over a reasonable range of

m, where the reasonable range will be specified later. In practice, the range can be

chosen according to ad hoc rules.

In order to analyze the behavior of our selection rule further, we need to put

some smoothness conditions on the underlying true density f.

Let F denote the family of densities on [0,1] which are uniformly bounded

above and below, and also have uniform bound on the first derivative:

F={f :0 <co < f(X) <cCl < 00If'(X)l < C2 :x E [0, 1];j f dz =1}
0

For results in §5, we will restrict the range of m for selection to

An= {m : nL < m<nE2}

where e1 and E2 are two small positive constants satisfying 0 < el < 62 < 1.

On the range An, we have the following expansions for the per symbol redun-

dancy using 9m,n

Theorem 2.1. Suppose that f is in F, Xn denotes i.i.d observations from f, and

f #6 1. Then as n - oo, uniformnly inm on An:

-log f ( =n) = Cf 2
n

(1 + o(+)) a.s.
n gm,n(xn n2m 2

where c1f = A L dx.

It is obvious that cf measures the smoothness of the density function f, but

it is zero if f is the uniform density on [0, 1]. In this case we will offer a separate

discussion, see Theorem 2.5 below. The above expansion is also true in expectation.
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Theorem 2.2. Suppose that f is in F, x" denotes i.i.d observations from f, and

f #4 1. Then as n-+ oo, uniformly inm on An:

-E log g (-cf 2+2-log-)(1+o(l).

It is clear that selecting m by minimizing -log gm,n is asymptotically equiva-

lent, almost surely and in expectation, to trading off 2 cf 1y and 2 m log n . When

m gets large, the first of these terms gets smaller, and the second gets larger. In

fact, the first term is an approximation to the model error between f and Hm, and

the second an accumulated estimation error from estimating parameters in H m. We

now make these remarks more precise.

Let fm denote the density in Hm which assigns the same probability to each

bin Ik,m as f does, i.e., for x E [0, 1] let
m

fm(X) = m Z 'k 1II, . (X),
k=1

where ¢k = fI&,m f dx.

We then have the following theorem. It shows that fm is the closest element of

Hm to f 'in the sense of the Kuliback-Leibler (K-L) divergence, and also gives an

approximation to this closest "distance". The proof for the first part is straightfor-

ward application of Shannon's inequality. The second part is an exercise in analysis;

we refer to Lemma 4.6 for further details.

Theorem 2.3. (i) For any fixed m,

min E log f = Ef log f
hEHm h fm

(ii) Form uniformly in the range An:

Ef log - - Cf (1 + oM))f m2

We now offer a heuristic proof for the expansion in expectation, which shows

clearly how the above two terms arise.
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Firstly, we insert fn (xn), break Ef log ff/gm,n into two terms by the addi-

tivity of the log function, and observe that fn(xfn)/gm,n(xln) depends on xn only

through the counts Nk. These counts have the same distribution under f and f,

and so we have

fn fn fn

Ef log Ef log n + Ef log -
9m,n fmn 9m,n

=Ef log fn +Efm log JmTnm 9m,n

t n cCf m2 + Efm log 9-.

The second term is known to have the order 2 m log n by results in the para-

metric case, see Rissanen (1986). This is because under fm we are dealing with

the multinomial parametric family and 2 m log n is the rate we can get in such

a case. Note that the asymptotic expression of -log g9m,n has a unique minimum.

This expression can be viewed as the accumulated estimation error for estimating

the multinomial parameters, or equivalently as the smallest redundancy achievable

by using a code rather than the true density fm.

We turn now to a discussion of the optimality and consistency of the selection

rule.

It is clear that the rule

Mn= arg( min (-log9m,n(x)))
mEAn

will also minimize the data-dependent redundancy

log fn(xn )/gm,n(xn) = -log 9m,n(n) - (-log fn(Xn))

Note, however, that M^, might not be unique for any particular data string x n.

To be precise, we should define rh as a minimizer of -log
m,n.

Fortunately, rh

is asymptotically unique in the sense described in Theorem 2.4 below.

The asymptotic agreement of the data-dependent redundancy and the expected

redundancy suggests that our mrn will approach the m which minimizes the expected
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redundancy, that is, Mni will approach

m -=arg( min Ef log fn ( n)
n mEAn 9~~m,n(Xn))

as n -- oo. This can be stated formally as follows.

Theorem 2.4. Under the assumptions of Theorem 2.1, we have the following ex-

pression as n -+ oo.

(i) mn = (3cf n/log n)A (1 + o(l)).

(ii) =n mn(1 + o(1)) a.s.

(iii) Ef log ffn(,n)/gms,n(an) = (3cf)! (n-1 log n)s (1 + o(l))/2.

(iv) log fn( n)/ghn,n(Xn ) ={Ef log fn(2n)/gm, n(,n)}(l + o(l)) a.s.

As remarked by Hall and Hannan (1989), the rate of mn ^, (n/log n)A coin-

cides with the rate for the bin width which minimizes the largest deviation of the

histogram and the true density.

A question left from the earlier discussion is the case f _ 1, for here we do not

have the asymptotic expansions given in Theorems 2.1 and 2.2. In this case, the

model error term is zero, i.e., fm f _ 1 for all m. Fortunately, our selection rule

Mn will lead us to the uniform density as n gets large, but to allow this, we have

to give m a range which permits the choice m = 1. Let us define the range Bn by

Bn ={m :1 < m < nE2}e

where 0 < e2 < 1-

Theorem 2.5. If zn is a sequence of i.i.d observations from the uniform density

on [0, 1], then mn--1 a.s. as n 00.

Simulations show that rhn will correctly choose the uniform density even for

moderate sample sizes, for example, n = 25 to 50. If f is a stepwise density, i.e.,
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belongs to Hm for some m > 1, Mn then will also pick up the correct m eventually.

For those cases where f is close the uniform density, i.e., when the jumps between

the blocks are not very big, our selection rule tends to pick the uniform density

until the sample size gets very lage. An example is that when f is a density with a

jump of size 0.2 at -, 1500 data points are still not enough to recognize the jump.

This behavior is not unreasonable if we want a density estimate as being close in

global measure to the true one, since it will pick up the uniform density which is

close to the true stepwise density, but it is less satisfactory as a device for locating

the positions of the jumps. The same phenomenon is observed in the context of

spectral density estimation, when a similar minimum code length criterion can be

used, see Hannan, Cameron and Speed (1990).

3. Minimax lower bounds

In the previous section we found the best code g' n among a specified class
from a data-driven criterion (2.1). In fact, we showed two things. First, we calcu-

lated a lower bound on the expected redundancy using one of the codes in our class

{9m,n :m E An}, i.e., for any fixed f in F:

miin Ef log f>().(3cf) (n-1 log n)*(1 + o(1))/2. (3.1)
mEAn n9mn(n-

The constant cf can be large or small depending on the smoothness of f. Since

f is usually unknown, the lower bound in (3.1) does not tell us as much as when the

constant were independent of f. This leaves the question of whether there exists a

uniform lower bound over f in F.

Second, we proved that gmf nn achieves this lower bound. Note that we re-

stricted ourselves to a very particular class {9m,n, m E An} of codes. We therefore

ask: can we do better than this if we search through a larger class?

Strictly speaking, gmn,n is not a density on n-tuples because mn depends on

our data Xn. To make gi nn a code, we need to encode the estimator of the model

class, i.e., the integer Mhn - [(3cf n/ log n)i]. Using the universal prior on integers
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(Rissanen (1983)) will cost n-1 log mn t O(n-1 log n) extra bits per symbol, which

is negligible compared with the order of the lower bound (n1 log n)3. Thus, it

causes no problem to treat 9gn,n as a code on n-tuples, but it is still not a predictive

code. We need to scan all the data before we can decide which code we are going to

use for this particular data string. Obviously, this can sometimes be inconvenient.

In this section we will try to provide answers to the two questions asked above.

In other words, what is the minimax lower bound on the expected redundancy?

And, can we achieve this lower bound using a predictive code, i.e. a code that can

be implemented using only one pass through the data?

For any code g(xn), i.e., density function on [0, ]n, we can write the redun-

dancy encoding messages of length n from a continuous source f as an accumulated

prediction error as follows:

EfnIog fg= E g( I xt1) f(xt)dt (3.2)

where ft-1 is the (product) density function of xt-1.

It is very useful for us to recognize that each term in the summation is the

density estimation error of gt-i expressed in terms of K-L divergence. There is a

large body of work in the literature on the minimax rate for density estimation when

f is assumed to be a member of a smooth family, see Assouad (1983), Birge (1985),

and Devroye (1987) and references cited there. There are different techniques to

prove niiimax results, but they are similar in one way: they all try to find the

worst (hardest) densities to estimate in the family for a fixed sample size. The hope

is that the rate at which these densities can be estimated is close to the optimal

mniimax rate. The worst density class is chosen in such a way that its elements are

far apart from each other in all the possible directions so that they cannot all be

estimated at the same time at a good rate by any estimator. Minimax results in

density estimation tend to be in terms of the L1, L2 or Hellinger norms rather than

K-L divergence, but we have the followimg well-known inequality which relates K-L

divergence to the Hellinger norm.
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Lemma 3.1. For any two densities f and g on [0, 1],

f log >(V g-33)2)

There is another inequality which we will use later.

Lemma 3.2. For any two densities f and g on [0, 1],

Jmin(f,g) > 1 - H2(f,g)

where H2(f 9) = (v'f-

Unfortunately, we cannot get our results as direct consequences of existing

mnimimax lower bounds in density estimation since we cannot freely exchange the

"min max" and the sum. However, we can repeat the argument used in density

estimation for the accumulated estimation error, and get a version of Assouad's

ninimax lower bound, this time in accumulated Hellinger norm.

Lemma 3.3. Let Fr be the set of densities on [0, 1] with 2r elements denoted fe,

where 9 (=i,...,9r) is an r-tuple of-i's and +1's. Let {Ai, i = 1,... ,r} be a

partition of [0, 1] into r disjoint subsets, such that there exists a > 0 and 3 > 0

with the following properties: for all 9 and i we have

fefej/3

and

L(v1 - f)9 > a

where (99)j =j except at j i, and (0T)= -0j. Thus for all g in G, the set of

all densities on [0, l] ', we have

min max-Efn log f
n

- ra(1- 2X2- V/ 7).
gEGn fEFr n 9 3
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Proof. We will use the trivial fact that the maximum of r numbers is greater or

equal to the average of these r numbers, and then interchange summations.

For any fixed g in G,

max -Efn log f >.2-r
fEF,f g

fe EFr

1
nf1 log '°

9

1 1
E-Eft1 ] fe logz== 2-r 14

19
fo EFr t

n=1
n

t=l

n

> 2-r -

- ~n
t=l

foeF,.

fEi'

Efet-iL fe log

E1t_..1

fe dx
9t-i

feJtd2

(V7-v)
Now we look at one term. It can be written as

2-r Efat 12" ZEieft
1 r

(VI- )2

[Efo+IA ( Xfe+-vgT)2
+ Ef1.l (IA, vA/)2]

> 2-r-1 [
i=l a6 A,

(v fe,+-,Vt)2
+ [ 1- 2 dxt min (fa-1,f-1) dxt-1

JA,--vrt,) + i (3.4)

> 2-r-2 2E [J (,/ fe)2] dZt min (fw-1,fT'-) dxt-1

> i ra inf min (fta lftl1))

> 1 ra inf (1 - 2 (fgt.+ 9 fgt ) )4

>- 61-,i 2-2t+1-

> 1ra(1ra- F)

Thus, summing up over t,

max - Efn log f
fEF, n g

> 1ra-
4 n

n

Z(1
t=i

r

=2 -r 1

i=l a

0> ' ra 1 - v/n- 2 V'2-
4 3 V(l -)3)
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At first sight, it seems that we can try the same argument with the K-L

divergence so that we would not have to go through the Hellinger norm, and we

might even have a better lower bound this way. However, the above argument will

break down at least at one point; equality (3.4) will not hold for K-L divergence

since K-L divergence is not a metric, and therefore there is no triangle inequality.

For our class F, we need to find the right subsets F, with a and /3.

Theorem 3.1. For all r > 1, there exists a subset F, ofF and a partition {Ai, i =

1,... , r} of [0, 1] such that the two inequalities in Lema 3.3 hold with a = r- 332w3

andl3 = 1-ca. Then

min maxiEfn log L.> B4crrn-
9EGn fE{F n g

where B1 : 0.011.

Proof. Let
i i+l]Ai = -I'Kr r

We now define functions fi and gi on Ai, which are building blocks of fe in Fr:

1+ r1r{ cos (4r(xz- r)) -1} for 2 E ( t t
fi(x) ={o((C) f r r

t 4r7r{ cOS (4rw(x- r)) - 1 for x E ( t + 1 t 1
and

f rx cos (4r-x (x - 1

+ Er{ Cos (4r(x-))--1}

Then f, and gi have the following properties:

fi () fi (+2r)fi(

gr(±) gi(+2r) gi(

fr(r) rfi(r+jr) =fi(

9t (Tr 9t(r 2r ) t

for x

for x

(i+1= 1
r

r(i + 1

r(i+l1

( i +
r

E (,r + 2r]
E (r + 2r r' + r] s

i = ojl. ... r - 1 .



16

and

f dx= 1id
A, JA1 1

co < fi,gi < cl if r 2w mas (I
-C Cl

) (3.5)

For any= (G, 0,fr), Oi E {-1,+1}, let Fr={fe}, where

fe fi on Ai, if Oi=+1;
gi on Ai, if i =-1i.

By the properties of fi and gi, it is clear that fe E F if (3.5) holds.

Now we are ready to prove that Fr thus defined satisfy the conditions of Lenuna

3.3. Let us start with the following claim:

ae L(< g)2dz< a'
2

where a = 3 r and a' =2a.

Proof of the claim. By symmetry and periodicity of the cosine function

,=IA (V7fdz
=4j (\/7,-,2dx

Jo

Ti r gi-9) 2 dx

J) (J +2i
Note that fo + go 2, thus

2 ffo + go < (Vf- + Vg/ )2 < 2(fo + go) < 4 .

Moreover,

1;(4 \go)2 dx 22 2X (cos(4r7rx) -1)2 dx 22 r-
hence the claim is proved, as part of the theorem. The proof for the other part is

trivial after realizing that

11 f z=f1-+rdx=1fig| dx

21 | 2dx
Ai

>-a,

1-a =-3.
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We can substitute the a and 8'into the Lemma to get the minimax lower bound.

For details, see the proof of the next theorem for the case s = 1. 0

Generally, the same trick can be used to obtain minimax lower bounds for

other classes of smooth densities, see e.g. Devroye (1987). For example, the family

of densities on [0, 1] with the s-th derivative uniformly bounded

Fs' ={f E C8[O,1] : co < f < cl , If(j) < Cj+l , j-= S,}

or the family of densities in a Sobolev ball

W= {fon [0,1]:co< f < C,I fi(i)112 < Cj+1j=1is=}

We can define fi and gi for s > 1 by replacing c2 by * and define Fr(s) =

{fe} the same way as in Theorem 3.1. Note that Fr(s) is a subset of W. but not of

F, (unless s = 1) because of the discontinuity of F(j) (j = 2,3,...,9) at the end

points of Ai. Although we believe that F0 can be smoothed at the end points of Ai

to satisfy the pointwise differentiability so that the modified Fr(s) wiRl be contained

in F,, we will not try to do it here since it would only be a tedious exercise in

analysis.

Theorem 3.2. For all r > 1, there exist a subset Fr(s) of W8 and a partition

{Ai, i = 1, ... , r} of [0, 1] such that the two inequalities in Lemma 3.3 hold with
32

et 3_S+j(r(2,+l) and/3 = 1 - a. Then

min max 1-Efn log f > B, c,+1 n-
9En Ev,n g

where

Bs (S ) (1 - ks )489k
k8- 4s
= 6s + 1

and
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3
A

( )

Proof. As in the proof of Theorem 3.1, we can get

a(</\T-g)2dx.<a'

with a' = 2a = 2 3 c (2+) if r > `+" max(9l Hence the two

inequalities in Lema 3.3 are satisfied. Substituting a and /l into the minimax lower

bound gives

4ra (1- 3 )= _ A, r-'(- / /r-'+

This expression is minimized when 24 fii 4Tr-+i = k., i.e. r = (4) .

Substituting this r into the lower bound, we get BJ C,+1 n *. o

By numerical calculation, B. seems to be a decreasing function of s and has

asymptotic value 0.0033 when s - oo. For s = 1, B. ; 0.01. It approaches 0.0033

when s is around 20.

4. Achievability of the minimax bounds

For the family F, it has been shown that the rate n4- is actually optimal

since we can construct a predictive code g* to achieve this rate in expectation, see

Rissanen, Speed and Yu (1989), namely
n

g*(Xn) = J gt-i(xt)
t=1

where
Mt

Nk,mt + 1
gt-i (x) = MT mt + 1t

k=1

and mt [(t-

Clearly, g* is the histogram based on xt-1, modified to keep it away from zero.

Moreover, g* can be further modified to achieve this rate almost surely.
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Theorem 4.1 (Rissanen, Speed and Yu (1989)). For all f in F, when n is

sufficiently large:

- 1 lo fn(xn).2n (1 + o(1))n-Efn log f*(xn) <AFn I

where o(l) -O 0 uniformly in f in F, as n tends to infinity, and AF is a constant

depending on the class F.

This result is proved in the reference cited.

Theorem 4.2. Let f* be a density on xn defined predictively as follows:

n/An

f (xn ); gm" (X ) II mi (xt)
i=n4/ 15

where
Mt Nk-mt + 1

gmt(x) MT ' ik

An n= +6 for some 6 E (0, 1 and

) [(An.nin)i] if 1 < t < [An-nA]

1 [(An.i)§] if (i-1)An<t.iAn and i>nT.

Then, almost surely as n -+ oo,

1 fn(xn) 2( ()-log f ( ) < AFn +fn~ n

This theorem will be proved in §6 below.

The best g n,n in §2 is no longer optimal over the larger class Gn (compare

(n-1 log n)s with the minimax rate nAS), since it is not flexible enough to adopt

the shape of the underlying density when more and more data are obtained. This

is because we restricted ourselves to a class with histograms with fixed bin width

for all the predictive densities gt-4. The truly optimal g* is the one which updates

the bin width each time a new observation comes along, and this way, we do not

have to scan the whole string to get the code. Note that the bin-width updating is
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at the same rate as would be chosen by an AIC type critenron based on zt-1, since

we are in a similar situation to that in Breiman and Freedman (1983), where the

model error is never zero.

One problem, however, is the sample stability of g *, since updating at each new

observation is too frequent. On the other hand, , behaves well along almost

every sample path, although it is not optimal in the minimax sense. A natural

compromise is f *, which does not update the bin width as frequently as g*, but

updates frequently enough to keep the optimal rate. As stated in Theorem 4.2, the

density f* behaves as expected.

For the other classes of density families, W. and F, (s > 1), g* will not be

minimax optimal. Since these classes are subsets of F, Theorems 4.1 and 4.2 still

hold, but n- is slower than the optimal rate, which is n for the model classes

W8 and F' (s > 1). Intuitively, the histograms with different bin widths are not

smooth enough to be close to the much smoother densities in W. and F' at the

optimal rate. We plan to address this topic in a future paper.

A related result in which the same rate arises is given in Barron and Cover

(1989). They consider the problem of using the shortest code length principle to

derive a density estimator, and describe one which, when the true density lies in

a Sobolev ball W8, converges in the Hellinger distance and in probability at rate
'2

n 2T.

5. Proofs for Section 2

In this section, we will provide proofs of the results in §2. We will start with

the proofs of the asymptotic expansions of the redundancy of 9m,n both almost

surely and in expectation. We then show the optimal properties of 9g nn in the

class of codes {gm,n : mE An = [net ,nE2]}. Finally, when f is uniform on [0,1], we

will prove that mn= 1 a.s., when mn is selected over range Bn [1 nE2].

Proofs of the asymptotic expansions
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We assume that Zn is a sequence of i.i.d. observations from the density f in

the class F defined in §2. Recall that, by Stirling's formula, we can expand the code

length for data xn" using 9m,n as:

ni m

-log gm,n(XT) = -V log fm,n(xt)- 2 Z log Nk + m log - + O(m) (5.1)
m

t=l k=1

where Nk = Etn=1 11km(Xt)I fm,n(x) = mn1 = NklI,m(-x), and we adopt
the convention that log Nk= 0 if Nk = 0.

Thus the redundancy using 9mn is

lo fn(2Tn)
n

f(xt)
n

fm(xt)
g 9m, (an) slog E (z) + E log f(

r m
+ [-2 log Nk +mlog-] + O(m). (5.2)

k=1 -m

We will show that the first sum in (5.2) is the model error (cf n/2m2), the

second is o(m) log n and so negligible, and the third is the code length for the

parameters (m2 log n). The following Lemma will also be needed.

Lemma 5.1. Suppose that f E F and write

Jm,n max ImNk/n-m kkI.1<k<m

Then for any integer q > 0 and m in An = {m : it"' < m < nI2 }, there is a constant

aq such that

(i)~~~~~~~Ej2q < a clqn-(1-C2)q+f2

(ii) and, uniformly in m E An, as n -+ oo

Jm,n = o(1) a.s.

Proof. (i) By Lemma 3 in the Appendix, for any integer q > 0, there is an aq > 0

such that

E(Nk-nOk )2q < aq(nOk )q .
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Therefore,
m

E Jlq < (m/n)2" E(Nk5- n )2q

k=1
m

< a (m/n)2q nq5 2

k=1

< aq Cq n-(l-e2)q+e2

since 'kk < C1 m1 and m < n2.

(ii) By Markov's inequality, and taking q > 1-E2 in (i),
oo

z P(Jm,n> E)< z
mEAn n mEAn

< e-2q aq cq

< 6-2q aq cq

C-2q E j2q

2:
nL

nn(l-e2)q+e2
mEAn

00 n-n(1-2)q+e2
n

By the Borel-Cantelli lemma, (ii) is proved.

Lemma 5.2. Suppose that f E F. Then asn -- oo, uniforrrly in mE An,

(i) E3 log =m(2t) O(m) a.s.,
t=l fm,n (Xt )

(ii)
n

ES
t=l

log m() _O(m).
fm,n (Xt)

log m
t fm,n(xt)

m

k=l
m

k=l

Nk log Nk/nqk

Nk log(1 + (Nk - nOk)/nf4k)

Expanding log(1 + (Nk-nkk)/nkk), we have
m m

Nk log(1 + (Nk nk)/nfkk) =

k=l k=l

Nk(Nk -n kk)/n 'k)

m

- Nk(l + 9k)-2 (Nk -n54k)2/(nfkk)2
k=l

= L+Q,

n:
n

0

Proof.
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where Ok i8 in between 0 and (Nk-nkk)/n4k.

(i) Let us look at the first term L.
m

L = Nk(Nk-n4'k)/nbk
k=l
m

= (Nk
k=l
m

= (Nk
k=l

m

-nfk)2 /n k + (Nk - n Ok)
k=l

-n ¢k)2/n Ok,
m

since > Nk 1
k=l

m

.comn-1 (Nk-nqk)2,
k=1

and so L = 0(m), since the sum is of order n(l + o(1)) by Lemma 4(i) of the

Appendix.

Moreover, by Lemma 5.1(ii), for n large, a.s. and uniformly in m E An,

max I9k1 Co Jm,n = o(1) < [

Hence, a.s. and uniformly in m, the second term
m

IQI = Nk(l + Ok)-2 (Nk - nkk)2/(nOkk)2
k=1

m

< (-) Z Nk(Nk-nfk2k)2/(nOkk)2
k=1
m m

<(-) ZNkfl'k)/(fkk)2 + (8) (NkZ -n k) /nfk
k=1 k=1

m

< (1) (CO Im,n + 1)(m/n) , (Nk- nk)2
k=1

= m(o(1) + 1) 0(1)

= 0(m) .

(ii) If we take the expectation of L, we get
m

EL=
k=l

m

E(Nk-n Ok )2 /nOqk = (1-Okb) =m-1 .
k=l

It now suffices to show that E IQI =O(m) is true. But

2E IQI = 2E IQIl{Jk,m>e} + 2E IQI 1{Jk,m<ef}.
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Note that on {Nk > O}, 0k + 1 > (1 -nqk)/nqk + 1 11/nOk, and hence

m

2E IQI 1{Jkm>} = ENk(Nk - nkk)2/(n'kk)2 (1 + Ok) 1{J ,m>>}
k=1

E , Nk(Nk - X'kk)2 /(fl4k)2 (1 + 0k) l1{I m >E}
N& >0

<E > Nk(Nk-n /(k)2n{Jkm>e}
N,. >0°
m

< E Nk(Nk- nk) 1{J,m>E}
k=>1

m

= Z E(Nk -nfbk) 2'{Jie,m>e}
k=1

m

+ -nn4kk)2 1{Jk,m>E * (5*3)
k=1

By Schwartz's inequality, together with Lemma 3 in the Appendix and Lemma

5.1(i), if we take q > (3 + e2)/(1- E2), we obtain

E(Nk -n kk)2 1{J, >m} . '/E(Nk -lk)8 Pl (Jm,n > e)

< V a6(n k I n

<~~~-X Qc q n-(1-e2)q-ef2]/2+3
-0(1).

Similarly we can get

m

ZEnqk(Nk -nkk)l{2j,,m>} = O(m).
k=1

Thus

E IQI 1{jm>>}= 0(m) (5.4)

Since I9k < Jm,n,
m

2E IQI l{Jk m<E} = E E (Nk - nkk)2/(nkk)2 (1 + 9k) 1{Jk,mSE}
k=1

m

< (1 _ e)-2 E > Nk(Nk-nk2k)2/(nkk)2 1{Jk,m.e}
k=l
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m

. ( -2 ENk(Nk-n kk)2/(nOkk)
k=1

m

. (1-_f)-2 Cr2(m/n)2 Z E(Nk-n )3

k=1
m

+E E(Nk-nOk)2}
k=1

m

< (1 _ e)-2 C-2(m/)2 2EnQ
k=1

< 2(1 - e)-2 Co2(m/n)2 n

< m 2(1 _ e)-2 C-2(m/n)2 n(l-e2)

-O(m). (5.5)

Putting (5.4) and (5.5) together, we have E IQI = O(m), and the proof is complete.a

Similarly, we can show

Lemma 5.3. For f E F, as n -+ oo, uniformly in m E An:

(i) Z log 00(m) a.s.,

Nk>O Nk
(ii) Ef Z log N =0(m).

Proof. As in the proof of Lemma 5.2, we use a Taylor exansion to get

Z log Nk Z (Nk-nqk)/nqk-(2) Z (1 +Ok)-2 (Nk-nqk)2/(nqk)2.
NP>0 kNP4>0 N&>0

By Lemma 4(ii) in the Appendix, we note that the first sum is o(m) a.s. and

uniformly in m E An, and its expectation is zero. The second sum is bounded by

the corresponding (absolute value of) quadratic term IQI, since

j (1 + 9kY)2 (Nk-flk)2/(fkk)2 < Nk(1 + Gk) 2 (Nk-nfkk)2/(nOk)2
NPk >0 N4>0

m

= 5 Nk(l + 9k) 2 (Nk -nk4k)2/(nfkk)2
k=l

=IQI*



26

By the bound on IQI from the last lemma, Lemma 5.3 is proved. o

The almost sure statements in Lemma 5.2(i) and Lemma 5.3(i) were obtained,

using Borel-Cantelli lemma, by showing

m ~Nk >m<c
P (ma Nk log < > em) <

and
00 m NkN

n=1 mEAn k1^¢ nS6kl

We refer to the proof of Lemma 4 in the Appendix for details.

Note also that the foregoing two lemmas actually hold on Bn D An, while the

following two lemmas hold only for An.

Lemma 5.4. For f in F, uniformly in m E An, as n -

n fx)f (n n \
Z log /r(xt) =nEf log -f +°( 2 +mlog- aos
t=1 ~~~~fmm-+ lo -

Proof. Since m > n"L on An, it is sufficient to show that

n f(xt) (n\
Z log =nElgf=nE1 + m log n a.s.

fm (xt) fm \ m2

For any fixed m in An let Yt,m=log f(x)*

Then the Yt,m are i.i.d. fort = 1, 2,... ,n, and

IYt,ml < - max If(x) - fm(x)I < -m '1.

Therefore

IYt,m- EYt,mI < 2.2 m
CO

and
2 n

V =4n 2m-2 > ZvarYt,m.
co t=1



27

By Berstein's inequality, for any e > 0:

P(Z E(Yt,m-EYt,m) >7) <2exp( _p 772/(V + M7)), (5.6)

where M -2 am1 and 77 = ne(m-2 + mn-1 log n).

Note that

V+ 1 M?= 2n C2 -2+ 2 C2 -1 ni( -2 + m -1 lo n)C 2 2C2-

2n -2 (1 + e (M + (m/n+ log n)

= 2n 2 m 1 + e (n2 + n/2 log n)
CO 3/

< 4n C2 m2+2
Co

for n sufficiently large that e (n-2e2 + m-2(1-e2) log n) < 1. Thus,

77 2/(V + Mr1) > 772/ (4n c2m2

co n(m-1 +m2 n1 log n)2
4C2

E2CO
> -n min (m-1 +m2 n-1 log n)2

4C2 mEAn

=O(n (log n)s)

Substituting this bound into (5.6), we get

P(| Z (Yt,m-EYt,m) > 7) < 2 exp (-O(n4 (log na)).
t=1

Thus as n -+ oo,

oo n 0cx
S 5 P( 5 (Yt,m-EYt,m) > ).< 2 5 exp(-O(ni (log n)3))
n=1 mEAn t=1 n=1 mEAn

00

< 2 5 C2 exp(-O(n3(log n)*))
n=1

< 00.

Using the Borel-Cantelli lemma, the proof of Lemma 5.4 is complete. o

We need a result from Freedman and Diaconis (1981) to obtain Lemma 5.6,

which gives an approximation in the K-L divergence between the true density f
and the model class Hm.
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Lemma 5.5 (Freedman and Diaconis (1981)). Suppose that f is in F, and

let h= m1. Then

mn-: (k+1)hh

k(_(f-_fm)2-_ f'2) dx= o(1) as h-O .

The proof of this Lemma is essentially contained in the proof of Proposition

(2.7) of Freedman and Diaconis (1981).

Lemma 5.6. Forf in F and f # 1, we have as m --. oo

Eflo-t 1Ef log fm
i cf m2 (1 + o(1)) .

Proof. For any fixed m, we write h = n and L(m) E f(m) . If ()

l/f(x), then e'(x) = _ft(X)/f2(x), and II'(x)l <. = A. Moreover, on Ik =

[k/m, (k + 1)/m] = [kh, (k + 1)h], e(x) can be written as

e(x) = e(kh) + j e'(t) dt.
kh

Writing ak = e(kh), we have

m-1

h-2 L(m) -cf =c j (h-2 f(xr'(f(x) - fm(X))2 - j f(Z)'- f'2(x)) dx
k= 1 2k

- |n-i Ilk (ak +j e'(t)dt) {hm2(f()-fm))2 - 1 fI2(Z)} dx

m-1

- ak j {h-2 (f(x) - f(2(x)} dx
k=1 %O

+ Z I| L '(t) dt h 2(f() - fm))2 _ 1 f12(x)I dx

-Il + I2

Note that If -fml < c2h, If'I < C2, and fkzht(t) dtl < fkh Ie'(t)l dt < Ah for x in

Ik, and so we get

I2 < hA(c2 +) | dxO(h)= o(l).
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The last bound on I2 together with I = o(l) (by Lemma 5.5) gives

h-2 L(m)-cf = o(l) as h-÷O.

That is

Ef (f fm)2 = cfMm-2(1 + o(1)).
f2

Using a Taylor expansion,

log f-fm

fm f
1(f-fm)2 1 1

2 f2 3 (1+/9(X))3

where I9(X)l < IffI < h. Hencef - CO

Ef log = Ef f-fm + Ef 1 (f fm)- Ef (1 + (X))3

1 ~~~~1(f-_fm)3
2 ( ) 3 (1 + O(X))3 f3

=2. L(m) + O(h) L(m),

(f-_fm)3 <

f3
1 E If-fm 13<

(1--M1)3 f f3

Finally, we have

Ef log f -2-= L(m) + O(h) L(m)fm
- L(m)(1+ o(1))
-c1fm-2(1+ o(1)) .

Because co < mqk < c1, we have

m m

log nfk =

k=1 k=1

m

log
n

10o Mrk = m log

k=1

n
+ O(m).

m

Now we are ready to obtain the asymptotic expansions given in §2.

(f - fm)3
f3

(f-fm)3
f3

since

IE 1 1
3 (1 + O(X))3 1 C2h(m)O

0
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Proof of Theorem 2.1

Combining the above observations with Lemma 5.2(i), Lemma 5.3(i), Lemma

5.4 and Lemma 5.6, we can complete the proof of Theorem 2.1.

The pointwise redundancy is

fn,(rn) n= f (xt) n= fm n(xt)log g+(2) = log f log fm(+t)
gm,n(X) t=1 fm(xt) =1 fm,n(x~t)

mk=

Lk=1 m~~k=

-n m log-+2m loglN-m m1 +lmogg0(m
- cfnm- mo +Om a.s.0

Similarly, we have

Proof of Theorem 2.2

Combining the above observations with Lemma 5.2(ii), Lemma 5.3(ii), Lemma

5.4 and Lemma 5.6, we complete the proof of Theorem 2.2. o

There is a nice little fact which asserts that fm is the "closest" element of Hm

to f in a certain sense. The Pythagorean identity is known to be satisfied by the

I-projection, but fm is not the I-projection of f to Hm: we are mi'nimizing the K-L

"distance" in the other variable.

Lemma 5.7. For any h in Hm and f il F,

Ef logf E f + Efm log fm

where fm = l mqklA,,m Equivalently,

K(f, h) = K(f, fm) + K(fm I h).

a
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Proof. For any h = PmM Ik,m in Hm with = Pk = 1

Ef ogh-E fl'h fm

Proof of Theorem 2.3

Part (i) is proved in Lemma 5.6,

from Lemma 5.7 that

=-Ef log fm
h

m Of
[ flog mp

k=lJIk,m MPk~
m (AL

k=1 P
fm

=Efm logfm

so it is sufficient to prove part (ii). It follows

Ef log fh-Eff Ef log fh >0

and this completes the proof for (ii) since h was arbitrary.

Proofs of the optimality and consistency of our selection rule

This section contains proofs of the results of §2 concerning (1) the optimality

of gmn,n in the class of codes {9,n : m E An}, and (2) the consistency of 9 if

the true density f 1.

Write

S(m) = Cf m-2 + _m log n
n _

1 f__n_ _Xn
R(m) log

n gm,n(Xn)

and

L(m) = Ef R(m).

Denote by milm, mn and m* the minimizers of S(m), R(m) and L(m) respectively

over a range An or Bn ofm to be specified later. Then we have the following lemma.

0

0
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Lemma 5.8. if we choose mm m mn and mn over the range An, then as n - oo

(i) -~L( )1.m
(ii) -M.n)/S(mn) 1 a.s.

(iii) =nn (3cf n/ log n)'(1 + o(1)).

(iv) mn/7fn1

(v) mn/n 1 a.s.

Proof. (i) The asymptotic expansion in Theorem 2.2 gives

L(mn) = S(mn)(1 + o(1)). (5.7)

Since mn is the minimizer of L(m),

L(mn) < L(min) = S(n)(1 +o(1))

which yields

L(m*)/S(7ftn) < (1 + o(1)) * (5.8)

Similarly, by Theorem 2.2

L(rnn = S(nrn)(1 + o(1)) (5.9)

and

S(inn) < S(m*) = L(m*) - o(1) S(m*)

which together give

L(m*)/S(fiin) > 1 + o(1) S(m*) S(rn) . (5.10)

Note that S(m*)/S(Mn) is bounded, since otherwise S(m*)/S(fn-n) -
oo

for some

subsequence of n. For the sake of simplicity, we assume this is the case for the

whole sequence. The L(m*)/L(fn-i) - oo by (5.7) to (5.9). This contradicts the
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fact that L(m*) < L(mn), because mn is the minimizer of L(m). Combining (5.8)

and (5.10) completes the proof of (i).

(ii) Similar to the proof of (i) by Theorem 2.1.

(iii) Putting the derivative of L(m) with respect to m equal to zero yields

C m-3 = n'1 log n-n-1 log m- n-1*

Thus, Mn, as the root of this equation, takes the form

=n (3cf)* (n/ log n)(an(f)

where an(f) 1 as n - oo. Alternatively, we can write

fn = (3cf) (n/log n)! (1 + o(1)). (5.11)

(iv) Substituting (5.11) into S, we have

S(infn) 2= (3cf)! (n1 log n)2 (1 + o(l)).

By Theorem 2.2,

L(m*)/S(m*) 1,

which, together with (i), implies that

S(M* )IS(mtn ) 1,

that is

S(M)S( ) {cfm +mn log(n/m)} 1 (5.12)Since {(3cf)r (nth log n)n} -r 1. (5.12)

Since both terms in the numerator are positive, we have

mn /{(3cf)l (n' log n)3} -4 c,

where c is a non-negative finite constant.
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We now show c is non-zero by contradiction. If c = 0, the (n/ log n) A o(m*)

and m*n-1 log(n/m*)/{(3cf)4 (n'1 log n)4} - 1, but these cannot both hold at

the same time.

Therefore, mn bn(f)7nn. By (4.12), the constant bn(f) equals (3cf)' (1 +

o(l)). This completes the proof of (iv).

(v) This is similar to the proof of (iv), but using Theorem 2.1 instead of The-

orem 2.2. 0

Proof of Theorem 2.3

(i) Combining (iv) and (iii) of Lemma 5.8 gives,

Mn = mnn(l + o(l)) = (3cf n/log n)! (1 + o(l)) .

(ii) Combining (v), (iv) of Lenmma 5.8 gives

Mn =n(l + o(1)) = m*(1 + o(1)).

(iii) Combining (i) and (iii) of Lemma 5.8 gives

E1 log fn(xn)/gtm_,()=XL(m)nnn

S(nrn)(1 + o(1))

= (3cf) (n-1 log n)*(1 + o(l)).

(iv) Combining (i) and (ii) of Lemma 5.8 gives,
1
-log f=n(xn)/ghn,n(xn) R( n)n

- S(mn)(1 + o(1))

L(m*)(1 + o(l))

={Ef log ffn(fl)/gm_ n(xn)}(1 + o(l)) . o

Now we turn to the proof of consistency if the true density f is uniform. If

f-1, then R(m) -log gm,n(xn) and S(m) 2-log m. For any fixed S > 0, let

Tn(6) = {|R(m) - S(m)I < ES(m) for all m E Bn = [1, ne2]} .
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Lemma 5.9.
00

EP(Tnc(8i)) <
n=1

Proof. It follows from f 1 that q$k = m-1 and f(xt) 1. Thus R(m) - S(m)

can be written as

n m

-~ log{fm,n(xt)/fm(xt)} - 2 log Nk/n.bk + O(m)
t=1 k=1

m Nk _1m
=-Z Nk log -2 log Nk/nrqk + O(m). (5.13)

k=1 k=1

By the remark after Lemma 5.4

P (max Nk log >em < oo
n=1 ~ k=1n'k/

and

~P max ~log - >cmJ< o
n=1 (mEBn k1 n ¢k

which imply that °°=0 P(Tnc(8)) < oo by (5.13) and S(m) = 0(m log n). o

Proof of Theorem 2.4

It suffices to show that rhn = 1 on the set Tn(6) for some 6, since it then follows

that
00 00

EP( n 57& 1) < PP(Tnc( )) < 00*
n=1 n=1

which by the Borel-Cantelli lemma yields m- 1. Since mn is integer-valued, it

follows that, for almost all sample paths x°c, there is a n(xo) > 0 such the mn= 1

for n > n(x").

A direct calculation of the derivative of S(m) with respect to m shows that

S(m) is strictly increasing as m increases on Bn provided that n > el/E2. Moreover,

for any 6> 0, '; S(1) < S(2) is equivalent to 6 < log n-log 2 which holds for1-6 3 log n-2 log 2'

6 ~if n > 4. For this particular 8, when n > max(4, e 1/12 ), we have on T()

IR(m) - S(m)l < 6S(m)
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for allm in BS.

Taking the values 1 and ,n as m in the above inequality gives (1-6) S(hM") <

R(Mrn) and R(1) < S(1)(1 + 6). Together with the fact that R(m'n) < R(1) because

Mn is the minimizer of R(m), the two inequalilties yield

S( ^n) < S(1) (1+ 4)< S(2)

where the last inequality holds by the choice of 6. Since S(m) is strictly increasing

on Bn, this implies n-= 1 and this completes the proof. o

6. The a.s. achievability of the miinimax rate

To get the sample stability and the minimax rate at the same time, we use a

predictive density f* defined on xn. Intuitively, f* is constructed by updating the

binwidth of predictive histograms only at the beginning of each block of size An,

where we decompose n into blocks. The first block has size ft = [An. n],longer

than the rest, which have equal size An. More precisely,

n n/An
f*(xn) =-f g9 (xt( xt1) =gm,((X) II gmi(xt)

t=1 i=n*

where gmt (xt) is the histogram based on x with mt- equal bins, An
2

0 < 6 < 1j5, and

[(An -nr) if 1 <t [An.nT]Mt-i
[(An i)' if (i-1)An<t<i.An and i>nT.

We deal with the singularity problem the same way as before, i.e., we add to

the beginning of each block, yl,...., ymi, where yj uniform on [ 1], and the

{yj} are mutually independent.

Alternatively, we could take Hall and Hannan's stochastic complexity version

of the density, which will give rise to the same predictive density. Thus, f * can be

written as
n/An

f*(xt ) = gm(x1) | gmi(i( xI ,... xi1),
-iLi=n 15
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where xi = (X1,... '¶An.n*]) = Xn and xi = (X(i-l)An+l+, .. ,iAn) for i =
4

nT, ... n/An.

To be quite precise, we should take [ ] -[nA] blocks of size An from the

end of the data string, and put the remainder in the first block. This will increase

the size of the first block by a size of smaller order than [An * nT].

Note that by Theorem 2.1, if ml = [,An * nT]T, then as n -- oo

-loggm, (x2)/fml (Xi)

=An.n4 MlC An.-nTAAn * ng[2f-i+Cfm log - (1 + o(l)) a.s.
L ml ~~~~~~~~~~~~~~~~~AnnTTMl1

Moreover,

g (x i X1 i-1) 9mi (Z19 ; xi-l zI

gm, (ax ,

which gives

Li lfi (xi) -log gmj( (xIs. *

. .

+log gm,(x',... ,x-) +log f (xi) (6 1)

We will expand the summands of the expansion

n

log[fn(xn)/f*(xn)] {Li + log[f(x')/fmi (xi)]}
i=l

for each i, using Taylor's theorem, cf. the proof of Theorem 2.1, and then use results

from the Appendix to complete the proof. Denote by

Nki = 1 Ik,m. ()x)

the count of x's in the first i - 1 blocks falling into Ik,mi, and by

Mk, i = S 1krni (X)
xExi

the count of x's in the ith block falling into 'k,mi For simplicity we will suppress

the i in Nk,i and Mk,i, since we will be expanding (6.1) for a particular i.



Let ri = (i - 1) An. By equation (2.2)

.11;- -log9m; (xi xl
i

I . .- xi-1 )LI -o- fmi (xi)
-i Nk +Mk
k- (Nk+lMk)1og A
k=1in

+mi log-+Rm
Mi m,

mi

+ Nk log
k=l

Nk
ri

log(Nk+Mk)

mi
1 log Nk
k=1

mi
-m, log-L+RM ,n + Mk logbk *mM

k=1

where log 0 0, and

Nk >0

M,n
L<Nk+Mk'

Nk+Mk>O0

Note that -log gmi(xi 1jx, ... ,xi-l) can be written Li - log fmi (xi).

Proposition 6.1. We have the following expression uniformly in i E [nT, An]
as n -- oo

Li 2-[1 + o( l )] a.s.

The proof consists of a series of lemnas.

Rewrite Li as

Nk + MkNk log N i-1 Mk Nk + Mk mk
7- inMklo

i
k=

An OkMi

k=l

1gNk+Mk i1 + m logi +1+Nk 2i-1i

where Ri - n + R 2 satisfies

Ri- Nk +N9k <0 Nk Nk+Mfk >0

1

Nk+Mk-

and express Li as

Il +2 +I3 +I4 + Ri

38

mi

k=l

125
Nk >0
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where
m,

I, -E Nk log
k=1
mi

12 = -
k=l

mi

I3 =-2 log
k=1

Nk + Mk i
Nk i-iI

Nk + Mk i - 1

Nk '

and I4 2 mi log
i-1~ ~~~4

It is easy to see that I4=m. (1 + o(1)) uniformly for i E [In,nn] asn-oo.

Lemma 6.1. Uniformly in i E [n, An] =nA,nsnm], asn -o

I=12i(1 + o(1)) a.s.2

Proof. We can expand
mi

I, = -k
k=l

Nk +Mk
Nk log Nk

(i - 1)AnOk
zAnrk

m- Nk + Mk -iAnOk
= - Nk 109 1 +T2 ,

=T, + T2 , say .

We now introduce the notation

AMk =Mk-EMk= Mk- An'k

ANk Nk-ENk= Nk-riqk,

and expand T1, T2 into four terms as follows:

Tj=Lj+Qj+Cj+Rej,

Then, after some simplification,
i +Nk + Mk- i nbk

Li +L2=-ZNk -1~lb
k=l1AO

(Nk - rPk )2 (Nk -rTk)(Mk - .nfk)

k= i(i 1)Ank k iAnk=

--(1 + o(1)) a.s.

Nk + MkMk log
.

IVk

Nk log (1 + Nkr- rjk)
mi

k=l

j = 1,2.

Nk - riqk
Nk Ti0k

mi

k=l
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by (6) and (12) in the Appendix.

Similarly we can get

Ql -Q2-2 (1 + o(1)) a.s.

and both C1 and C2 are smaller order than mi/i, hence Rei = o(mi/i) and Ii=

(mi/2i) (1 + o(1)) a.s. as asserted.

In fact Q-Q2 can be simplified to

- 1 *2i-11 Tfi -2i+ 1
_

2

=~ >2 AtN [i2(i -1)2zn22J + 2 k 1 i2(- 1)An qk

1 2Nk2M +ANkAMk2
2 j2 An202
k=1 k

1 (i-1)2ANkAMk+ AM2
2k=1 j2 An2Ok

= ° -- (1 + oM1) + 2 , (1 + o(l)) a.s.

by (8), (6), (13), (14), (12) and (7) of the Appendix,

=2 Mi (1 +o(1)) a.s. as n+ oo.

Furthermore,

3 ANANk i3Zv 3 3 k]- 1 ri(ANk + AMk)3
k=1 kk=1 k3n3$

zmiAo0-) a.s. n -+ c

by (10), (8), (21), (20), (8), (13), (14) and (9) of the Appendix. Similarly C2

o(mi/i) a.s. as n -- oo. o

Lemma 6.2. Uniformly iniEInT n], asn -oo,

I2 --i (1 + o(1)) a.s.
2i

Proof. 12= Lk=1 Mk log , L = L+Q +C+R, where

L-- ANk +AMkL=-ZMk.-AU
k=l1AO
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m, ANk * AMk i AM2

k1iAnOk k iAnOkk= k-i= ,2rk
'i (i + o(1)) a.s.

by (12) and (7) of the Appendix. Similarly
AMkANk2 + 2AMk2ANk +AM3

2 k2=An .k=lk
1mi+1 \

2 j2An
k=l

[ANk + AMk]2
i2AnOSk

=-- ( 1 + o( 1)) a.s. asn oo

by (13), (14), (9), (6), (7) and (12) of the Appendix.

Finally,

mi

C= - 1
3

k=l
mi

k=l
mi

1 \

k=l

tmiA
=0

i

Mk. [ANk + AMk]Mk-

AnOk
AMk [AN3 + 3AN2AMk + 3ANkAMk + AM3]

i3 An2o3
[ANk + 3AN2AMk + 3ANk kM+ zMk]

i3 An2o2q

a.s. asn -- oo

by (19), (21), (20), (11), (8), (13), (14) and (9) of the Appendix. Thus R = o(i )
a.s. as n -+ oc and we conclude that

I2 = --i(1 + o(l)) a.s.
2i

Lemma 6.3. Uniformly in ie [nm,,n], asn-oo,

miA13=o0 a.s.

Proof. The proof is simriilar to the proofs of Lemma 6.1 and Lemma 6.2 and will

be omitted.
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The only thing remaining in the proof of Proposition 6.1 is to bound the re-

mainder term, which has the order

Nk>Nk >0

Lemma 6.4. Uniformly iniE [.n, nn] asnoo,

0 N -°t .)a.s.
Nk>0 Nk,i

Proof. Let An,i = { maxl<k<mj INk,i - ri0qiSI < (iAn) +E} for some small e > 0.

Then on An,i

O<
Nk,i>0

1

Nk,i
Nk,i>O

N,i>0

mi

-=E ri2.=1

mi

i=lri

1

Nk,i -Ti4k + ri k

1
[1 + ANk,i/rikk]riOk

1

D<ik
1

ik
1

ANk,i]

+(iAn)+e mi

I'An
mi 1 __ __

< 1W + (*(_ rq+Ok (iAn)o))

i=l

= 0 i (1 + o(1))

((iAn)s)
AnJi

mi '[n/An]i
L\An'

To complete the proof, it is enough to show that

n/An

n
i

4.t=n IL5 *n

i An-) 'U °
=1

(6.2)P(Acn,i) < 00.



mi

P(Nk,i - riqkI > (iAn)I+")
k=l

E INk,i -rjk< 2j +e
k=l in
mi O(ri40k)e< ( 2
k= (iAn) r +28e = ( i )

(I 1) )
(a)2et- J'

[iAn. 1 0)
° mi -0(1).iAn'ts

As iAn > An . nr = wn+6, taking e large enough will guarantee that (6.2) holds.a

Proof of Proposition 6.1. Combine Lemmas 6.1-6.4.

Proposition 6.2. Iff # 1, then uniformly in i E [mA, ,] as n -E00

log f ( -
fmi (xi)

iAn

t=(i-l )An+l

[2m? +(i+Z)]

Proof. Let Yt,m = log f(xt) as in the proof of Lemma 5.4. By

there we can obtain

iAn

t=ri+l1
Ytmj-EYt,mi

An

the method used

+ Anmi))

< exp (- 0(An)) = exp (- 0((n)) .

Therefore

Snmi))

i )P(max | Yt,mi- AnEYt,mJi > e( 2 +
n

oo n/An

n=l i=n15
exp (-O(n9))

L. exp (-O (nmg)) < oo.
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Note that

P(An,i) <

since

(riqk$)e
iAn'e -

log f(xt)log
(t

a.s.
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By Borel-Cantelli lemma, Proposition 6.2 is proved, provided that Ef log 7 =

-4 (1 + o(l)), which is true by Lemma 5.6. o

Proposition 6.3. Ifff 1, then as n - oo,

log f3(x)= (1 + cf) n' (1 + o(l)) a.s.
f*(Xn)2

Proof. Let the size of the first block be denotednn= x An n-A+6 < n, and

write ml = [w;g] . By Theorem 2.1 above, as n - oo we have

log fn(')= - [2j cf +2 +f2 log (1 + o(l)) a.s.f*(xl) ml n inl

By Propositions 6.1 and 6.2 above, for i E [nTB, An ], if mi = [(iAn)']

f(xi) M __nf__ +O()

f*(xi) 2i 2m?

(1+Cf) [ (1 +o(l)) a.s.

Therefore

log = n[2 Cf m2+ il log (l + o(l))
n/An

+ E 2(+Cf) [A. (1+o(l))
i=n*&L

= O(tn*(log n1)3) + 2 (1 + cf)(An)' .3 [- nl5 (1 + o(1))

=o(O)+ 3(1 +cf)ni [1 +o(l)] =3 (1 +cf)ni(1+ o(l)) a-s.

The justification for our summing up over i while keeping the o(l) term is that

o(l) is uniform in i. The constant 2 (1 + cf) is not the best possible, but without

knowing cf, we might as well take mi = [iAn]! instead of Af[iAn] with Af the

adaptive best constant. The best constant is 3. [c!] .

This completes the proof of Proposition 6.3 and hence of Theorem 4.2. o
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APPENDIX

The purpose of this Appendix is to derive almost sure asymptotic expansions

for the certain expressions encountered in §5, 6, such as
m

T1 = (Nk-nkk)2
k=1

m (Nk-nOfk)
k=1 nlk

where the {Nk} are multinomial random variables with parameters {'k k} and Nk

n. Note that c0m- . 'k . cm-m-l.
Stone (1985) gives moment bounds on T1 through Poissonization as follows.

Lemma 1 (Stone (1985)). For each positive integer q, there is an universal

constant aq such that
Z(m( 2q

E ,((Nk-n k )2 -n) < cq nq(l + n'qM-2q) .

k=1

We will employ the same Poissonization tecqhnique to obtain bounds on mo-

ments of T2 and other expressions. We first find bounds for independent Poisson

variables instead of multinomials, and then observe that Stone (1985) has a gen-

eral argument (Lemma 4) which guarantees that bounds having the same rate (as

n - oo) wil hold for multinomials.

Lemma 2. Let Me (= 1, 2,... , m) be independent Poisson random variables with

means At such that 0 < A = ML A, < X. Set M = Ej=1 Mt, Pe = Ae/A and

Co p < pt < C1 P (cO, c1 > 0). For each positive integer q there is a finite positive
universal constant A' such that

EtME (Me-MmP) }q a l-2q
E{Z( -p < a' A -2

Pt -q
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Corollary. Let {Nk} be multinomial random variables with parameters {kk} such

that ,k=1 qk = 1, cOm1 < qk < clmM, and k Nk = n. Then for each

integer q, there is an universal constant aq such that

E{ (Nk-n sk)}2<aq qm2q

Stone's (1985) argument for his Lemma 4 is general enough to derive the corol-

lary from Lemma 2 above. We refer to the paper for details.

Proof of Lemma 2. We begin by rewriting

, (Me- mpet) - A (Mt At) + m( -A).
t=1 Pt A=\t

By the inequality (a + b)2q < 22q (a2q + b2q), we get

{ (Mt- mPt) 2q E2q (Mt-MAAt 2q E(E
Pt < (2A) E{ Ae) +M2 E(M-,A)2q. (1)

Setting T = UL1 MtL-M At, the 2q-th moments of T can be written as a sum of its

cumulants,

ET2q E2tCz,,e I c,(T) (2)
i=l

where the sum is taken over all the partitions of q such that = = q (j < q,

ei > 0), since i,1(T) = 0.

Because the Mt are independent Poisson random variables, it follows that

h2t(T =m Mt M Ae

K2tj (T) Et2tS ( At
-Ate < A(Ap/Co)-2i.A2t

t

Here and below we will use the same notation for possibly different constants.

Substituting this last bound in (2), we find that

ET2q < Cq 5 J A(Ap/Co)-2t
t=1

< CgqE5Ai A-2q p-2q < C A-q p-2q (3)
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The second term in (1) is E(M _ A)2q which is known to be a polynomial of order

q. Thus, there is a constant c' such that

E(M - A)2q <Cq Aq

The last bound together with (1) and (3) give

E{Z (M-Mp) < 22q (cq p-2q + c, M2q Xq aaqp-2q A

A similar Poissonization argument will give the following

Lemma 3. Suppose that N is a binomial random variable with mean np. Then

for any integer q > 0, there is an aq > 0 such that

E(N -np)2q < aq(np)q.

Now we are ready to derive the a.s. expansions of T1 and T2.

Lemma 4. Under the assumptions of the Corollary to Lemma 2, uniformly in

m E An as n -+ oo

m

(i) T1 = (Nk-nq k)2=n(l + o(l)) a.s.,
k=1

(ii) T2=Z (Nk-nqk) = (i) a.s.

k=1 nOkk

Proof. (i) It suffices to show that maxmEA | 1 ((Nk-n kk)2 -n) = o(n) a.s.

as n oo. Note that, for any e > 0,
m m

P(max Z((Nk-nOk )2 -n) > )e < p( ((Nk-nsk)2-n) >en).
k=1 mEAn k=1

(4)

By Markov's inequality and Lemma 1,
m

P |((Nk -nOk)2 -n)| > en<) C<ce2q m-2q nq(l +nmqM2q)
k=l

< Cq c-2q (n-q + -2exq) ((5)
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Combining (4) and (5), we obtain

P ( maxc I L ((Nk-n k)2- n) > en < cq e-2q (n-q + nf22e2q)
k=l mEAn

<Cq c-2q(nE2-q + 2f2-2e2q)

If we take

q > max (62 + 1,1 + 62
1, 2E2 I

the above series converges. Hence by the Borel-Cantelli Lemma,

max
mEAn

m

Z((Nk -fn k)2 - n) = o(n) a.s.
k=l

Part (ii) is proved similarly using the corollary to Lemma 2 and taking q > E2 + 1.o

Similarly we can obtain the following expansions, needed in the proofs of Propo-

sitions 6.1 and 6.2. to which we refer for the notation. Uniformly in i E [nT, n]],
as n - oo, with ri = (i -)An,

i (Nk -ri4k)2
k=l g)k
Mj (Mk-Anqk)2
k=1 Ok

- ri(mi - 1)(1 + o(l)) a.s.

= An(mi-1)(1 + o(l))

(6)

(7)a.s.

(Nk - ri4k)3
02k

(8)
mi

k=l
M (Mk -Ank)3

k=1 Qk
(9)

(Nk - ri0k)4
¢k

mi

k=l

I(Mk-An.k )4

k=l )k

ri ( Ok¢, ) (1 + o(l)) a.s.

k=l

mi 1
AMk ANk =o(i 2An* nY) a.s.

mi1
¢2 A Mk ANk =o(i2 An 2*mn)

k=l k

i2 MkANk=o(i2AnL nymi.) a.s.
mi

k=l

(10)

(11)

(12)

a.s. (13)

(14)

(ri - m3) a.s.

(An - m?) a.s.
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EN=k o(mi * (iAn) . ny)
k=l

Zi AMk n1+o1)as

, -k O(mi .(in)
l

ny) a

k=l Ok
mi

m AN2 (iN-)An(l + o(l))

k_ k~~~~

k=l

2AMk2 =An(l +o(l)) a.s.
k=l

Ml
AMk AN3 (v2.m 0

mANZAM: - O(i *m1 An2) a.s.

k=S

a.s.

a.s.

a.s.

(15)

(16)

(17)

(18)

a.s.

a.s.

(19)

(20)

(21)

In (12), (13), (14), (15) and (16) y > 0 is arbitrary, whereas in (19) and (20)
we only need the results for some y > 0.

Let Ti be any of the expressions on the left-hand side of (6),... ,(21). As with

Lemma 4 (i) and (ii) above, the approach we adopt is to obtain a moment bound

via Poissonization on P(jTi- ETil > an,j), where (an,,) is a suitable sequence of

numbers. The a.s. assertion then follows using the Borel-Cantelli lemma. To avoid

a tedious repetition of arguments, we select one of (6),... ,(21) and only prove that,
leaving the rest to the reader. Take (20):

Ai AM13ANkAMTi =
0t3

Since ANk and AMk are independent, ETi= 0.

Lemma 5. If {Nk} and {M'} are independent arrays of independent Poisson

random variables with EN' = Aqk, EM'k = kk 1,... ,mi, and T7'
mi 1 0-3 AN' (AMk)3, then there exists a constant aq such that

ElTi' 12q < aq Mg P-2q \q IA3q .
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Proof. As in the proof of Lemma 2 above,

ElT12q -
zL+. j =q

where

mi

K21i(Ti) = K2ti
k=l

j
CIIL,...,ti n K21, (T!) 9

i=l

( AN AMk
Qk J

mi

0-61i 32 N Mk=lz ~ (ANtAM; ).
k=l

Now

A2ei (AN' AMk3) -

tI+.. +tj=ti

Thus

mi

K21i(Tt ) < a'i -Pk6i Ali p3ti p41iI 44iPk AP
k=1

< a'. Ati Mi

Substituting this into the expression for EIT! 12q we get

EjTf'l2q < aq

< aq E mi p-2q Aq 3q

< aq miq --2q Aq p3q .O

Using Lemma 4 of Stone (1985) we are able to conclude that for our original

multinomial sum Ti we have

Corollary.

j
CtILJ...,tJ E(AN' AM' )t

8=1

i
Mi fi-21i Ali A31i

tl+...+Ii=q i=l

ElTi 12q< a'm3q iq(An)4q .q i

i
< ati (APk)"' (APk)""

.6=1

< a
I A4i 3ti 4ti
ti 11 Pk I
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Proof of (20). For any e > 0 we have

P(max Ia-1TiI > <). E(ITi 2q
i

< Eaq an2iq e-2q M3q iq An4q

32If we take an i = m7 i *An2 . ny for some y > 0, the last expression is easily seen

to be bounded by a'q Zk n-2 y < a ,nn -2yq Now we can take q large enough to

ensure that this last series converges, and so deduce from the Borel-Cantelli lemma

that as n -+ oo,

max IaTiIT o(1) a.s.

where an i is as described, i.e., uniformly in i E [nA, A]

Ti =o(m> * i-* An2 * ny) a.s.

This completes our illustrative proof. o

For those expressions amongst (6),... ,(21) for which the left-hand side has

non-zero expectation, the following fact is needed to get bounds on their moments.

Suppose that {Nk}, {Mk} are similarly indexed independent multinomial ar-

rays with parameters (n, {qk}) and (m, {kk}) respectively, that {N'}, {M*} are

independent arrays of independent Poissons with means {Ap k } and {tLPk } respec-

tively, where Cop < Pk < cip and c'Q < qk < c'l for all k, and that

A, It+oo ,p OAp, Ap oo,

n,m-oo,-+ 0, no, m --+ oo.

Then as these limits are approached, for any integer j there is a constant c j such

that

E(Nk -fnlk)j cj nqj oqk (1 +o(1))

E(Nk- Apk)' = CjA~ Pk (1 + o(1))
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where qj = - j if j is even, and qj = 2 (ji1) if j is odd. This implies that under

the same conditions,

E(Nk -nTUk)'(Mk -mOk) =cjcnqj k Mq (1 + o(1))

and

E(N' - Ak) (Mk - MOk) =CjC Aqi Oq( +o(t))

since the {Nk} and {Mk} are independent, and similarly for {N'} and {Mk}.


