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1. Introduction

Dawid (1984) introduced his prequential approach to statistics, arguing that
the purpose of statistics is to make sequential probability forecasts for future ob-
servations. This led him to selection procedures which compare different models on

the basis of their accumulated prediction error, which for a given model is measured

by

n

Z —log ge—1(z¢ | z'71) (1.1)

t=1

where £ = (Z1,...,%n), and g:—1 (z¢ | z*~!) is a fully specified predictive density for
z¢, given by some fixed procedure using z'~! and the model. From a quite different
perspective Rissanen (1986), see Rissanen (1989) for a comprehensive discussion
and references to earlier work, studied in the same sum (1.1), viewing it as the
length of a predictive code for z™ corresponding to the distribution g, where

g9(z™) = H gr-1(ze|2*7Y). (1.2)

i=1

Key notions in Rissanen’s approach to statistics are the description length, the
predictive description length, which is just another name for (1.1), and the stochastic
compleﬁty of a set of data z™ relative to a class of probability models. In terms of
each of these lengths, there is an associated model selection procedure, whicix we
call MDL (minimum description length), PMDL (minimum predictive description

length) and MSC (minimum stochastic complexity).

In the case where all the models are smoothly finitely parametrized, Rissa-

nen (1986) has shown that all these model selection criteria give, on the average,
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asymptotically equivalent results. Indeed in this case they are all asymptotically
equivalent to the criterion now termed BIC. The almost sure equivalence of these
criteria is also likely to be true, although it has only been proved in fully certain

special cases, see Speed and Yu (1989) and references therein.

It is not at all clear that the prequential or PMDL approach, and the MDL and
MSC criteria will lead to asymptotically equivalent results in the case of infinite-
dimensional (also called nonparametric) models, either on average, or almost surely.
One of the aims of this paper is to explore this topic with a simple infinite di-
mensional model class and its simplest finite-dimensional approximations: smooth
densities on the unit interval, and histograms with equal bin-widths. This study
was begun by Hall and Hannan (1988), and continued in Rissanen et al. (1989),
and a number of our results are extensions or refinements of results found in these
references. In particular, we give expansions of (1.1) valid a.s. and in expecta-
tion, when the elements of " are i.i.d. with a density on [0,1] satisfying some
standard regularity conditions, and g is based upon histograms with both a fixed
and a time-varying number of bins. In a former case, it turns out that the various
model selection procedures mentioned above can be regarded as equivalent, but this

equivalence breaks down if the number of bins is permitted to vary with ¢.

As well as studying the behavior of the model selection criteria mentioned
above, Rissanen (1986) derived an interesting lower bound for the code length
achievable using finite-dimensional parametric familiés, when the data is gener-
ated by a member of one of these families. Specialized to the case of i.i.d. random
variables, the bound involves a sequence of probability models {fr o : § € O},
k = 1,2,..., where O is a compact subset of IR¥ with non-empty interior, and
we assume that the densities fx ¢ satisfy certain standard regularity conditions. It
states that for all distributions g of z™ and for all k > 1, there is a subset A, of ©

with Lebesgue measure zero, such that for § ¢ A,

E ¢ log [—_‘f';(’z(:) )
liminf

Ly
neoo  lklogn = (1.3)
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Here f7 o denotes n-dimensional product of the density f,¢, and the expectation is
taken with respect to this density. Because of the well-known equivalence between
prefix codes and probability distributions, see Rissanen (1989), (1.3) may be para-
phrased as follows: without knowing the true source distribution f,, we have to
use (asymptotically) an extra n~! % k log n bits per symbol, to encode a sequence
z" generated by f{,, no matter what prefix code we use. This rate %k log n de-
pends critically on the assumption that the true source distribution belongs to a
smooth finitely parametrized family, and the second main topic of this paper is to
seek lower bounds of the form (1.3) in the infinite-dimensional case. One such has
been established in Rissanen et al. (1990), and in §3 below we establish a minimax
lower bound for the redundancy, in the spirit of Davisson (1983). A minimax ana-
log of (1.3) above in the finite-dimensional case would refer to the class G, of all

densities of ™, and have the form

. fro(z™)
mingeg, maxsco, ko log[ —
liminf — AN Sy (1.4)
n—00 3z klogn

This is readily proved (in the i.i.d. case) from results in Clarke (1989). Our
minimax lower bound in the infinite-dimensional case has the same general form as

(1.4), but with } klog n replaced by n~3.

We turn now to a brief description of our results, expressed in the terminology
of coding theory, see Hamming (1986) and Rissanen (1989) for this background. For
the most part, it is straightforward to translate back to the prequential statistics

terminology of Dawid (1984, 1989).

In §2 below we give an expression of the form (1.1), which defines the length of a
predictive code for z™ based upon a histogram with m equal-width bins. We need to
modify the obvious expression slightly, and it turns out that the natural modification
coincides with expression (2.3) of Hall and Hannan (1988). Thus the asymptotic
expansions we derive parallel theirs, although we obtain ones valid a.s. and in
expectation whereas theirs were only established in probability. We also interpret

the expression obtained as a two-part code, thus providing a natural link between
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the infinite and the finite dimensional cases. Finally, we give some asymptotic
results concerning the data-determined number 72 ,, of bins selected by our criterion,
and establish optimality and consistency results which are quite analogous to those
which hold with finite-dimensional models and for histograms with other selection

criteria, see Stone (1985).

The subject of minimax lower bounds for expressions of the form (1.1) is ad-
dressed in §3, where a bound is derived by modifying familiar arguments from
density estimation, see e.g. Devroye (1987). For the class F' of boundedly differen-
tiable densities which is used in most of our discussion, the redundancy can decrease
at a rate no faster than n~3, although with further smoothness assumptions this

. —_2s
can be increased to n~ =+T,

We then turn to the construction of codes, equivalently probability densities,
which achieve these lower bounds, or at least achieve the same rate of decrease
of the redundancy. Here it becomes clear that the codes (densities) discussed by
Hall and Hannan (1988) and Dawid (1989) do not achieve the lower bound rate,
basically because they are insufficiently adaptive. The code described in Rissanen
et al. (1989) was shown there to achieve the lower bound rate, on the average, and
in §4 we describe a modification of the earlier code which a.s. achieves the same

rate.

The proofs of results in §2 and §4 are deferred to §5 and §6 respectively, and
an Appendix collects some results on so-called Poissonization, necessary for estab-
lishing the a.s. approximations required for our theorems. Unfortunately the proofs

are all rather lengthy, but we have been unable to simplify them appreciably.

2. The selection rule

Suppose Xi,...,X, are i.i.d. random variables with density f on [0,1]. For

any fixed integer m, write Iy » = [(k — 1)/m,k/m] and denote by H,, the family



of histograms with m equal-width bins, i.e.,

H,,,:{h:hzzcklt,.,,,.,chzm,ck?_O}.

k=1
Moreover, let Ni () = St_, 11...(zs) be the counts of those z, falling into the

kth bin I ., in the first ¢ observations.

For each m we will take the histogram with m bins based on z* as the predic-
tive density g;, and construct a density, and hence a prefix code, on the n-tuples.
However, we must modify the naive histogram estimator to avoid the problem cre-
ated by the fact that the predictive density will take value zero on some of the
bins at the beginning of the encoding. We add to the beginning of our n-tuple z™
m numbers y;,...,Ym, where y; is taken to be an observation from the uniform
distribution on Iy ., with different y; being independent. Denote the cdnditiona.l

predictive density of z™ given y;,...,ym by

n
gm,n,y(zl’"-’zn) = H fr:'l,t—l (Zt | ztclayla'- "ym)

i=1
where f,*;m_l is the histogram based on H,, and data z'~!,y;,...,Ym:

N],,m(t—-l)+1
t—14+m

f,*n,t_l (:ct lzt‘l,yl,...,ym) =m on Iy m.
Note that the form of f,‘;‘,,,_l is independent of the particular values of the y;, and
so we can integrate out yx and get the same expression as the unconditional density

on z". Denote the result by gm n.

The expression for g, » can be greatly simplified, as we can reorder the terms
in the product without changing its value. Letting k(z:) be the unique k such that

T € Ik,m,

S Nizogm(t-1)+1
gm,n(-'lin):Hm k( ),m( )

bl t—1+m

_ m*(m-1)!

= = ] (Neeom(E = 1) + 1)
t=1

(n+m—1)!
_mim-1! ¢ N )
T (n+m-~1) kl;Il k(H=k( k(ze)m(t —1) +1)
_ mim-1! H Nem(m) o
= (n+m_1)! U k,m .o )
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The above expression is exactly the same as equation (2.3) in Hall and Hannan
(1988), who took the stochastic complexity version of the code length, that is, they
took the marginal distribution of z™ obtained by integrating out the multinomial
parameters with respect to a uniform prior. This is known to be equivalent to

adding m more observations, which is what we have done.

By Stirling’s formula n! = n"*+% ¢~ /27 e, where |c,| < 35 (n +1), we can
expand the factorials in (2.1). Cancelling out terms and using the convention that

log Ny =0, if Ni =0, we get:

n m
—log gm a(z") = — Z log fm.n(z:) — 3 Z log Nx +m log % +Rmn

t=1 k=1
n m 2
= — lo Amn T:) + & lo — + Rmn , 2.2
; g -f , ( 't) 2 kz-_—:l g m2 Nk ’ ( )

where fm n(z) = mn~! 1. N1y, . (z) is the histogram density estimator based
on z", and Ni m(n) is abbreviated Ny for simplicity. Moreover, by the bound on

Cn, the remainder term R, , is bounded by an O(m) term.

We can interpret expression (2.2) as a two-part code length: the first term is
the code length for the data ™ using the fitted model from H,,, and the second is
the code length required to encode the estimators of parameters of the fitted model.
(The number of bits required to encode a parameter estimate which has standard
deviation ¢ is approximately —logo, and the value mn~!N; which fm,,, takes on
I, m has a variance of approximately m2n—2 N, provided m and n are sufficiently

large.)

Now we have obtained a class {gm,n} of densities on [0,1]”. If we want to
use oné of them to encode data with an underlying density f, the best code in the
average sense will be the one which gives the smallest redundancy. Therefox;e we
would like to find the g, » minimizing E¢ log f*/gm . = Ef log f* — E¢ log gm n,
that is, the one (those) minimizing —E¢ log gm,n. As will be seen later (Theorem
2.4), the minimizer is asymptotically unique in the sense that the ratio of any two

minimizers tends to 1 as n tends to infinity. However, the quantity —E ¢ log gm n,
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is unknown since we do not know the underlying density f, but we can always
minimize the data-driven quantity —log gm,»(z") and hope that it will behave like
its expectation. Hence we propose the following selection criterion for the code or

bin-width:

Selection rule. Choose 1, to minimize —log gm, »(z™) over a reasonable range of
m, where the reasonable range will be specified later. In practice, the range can be

chosen according to ad hoc rules.

In order to analyze the behavior of our selection rule further, we need to put

some smoothness conditions on the underlying true density f.
Let F' denote the family of densities on [0,1] which are unifbrmly bounded
above and below, and also have uniform bound on the first derivative:
F = {f:0<co < f(z) <1 <00, |f'(2)] £ ey z €[0,1]; /:fd:::l}.
For results in §5, we will restrict the range of m for selection to
A, = {m:n.€1 SmSn"“}
where €; and €; are two small positive constants satisfying 0 < ¢; < €2 < 1.

On the range A,, we have the following expansions for the per symbol redun-

dancy using gm n-

Theorem 2.1. Suppose that f is in F', z™ denotes i.i.d observations from f, and

f #1. Then as n — oo, uniformly in m on A,:

1 7)) (i, L amy o n
n log gm,n(ivn) - (2 “ m? + Zn lOg m (1 +0(1)) a8

where ¢y = % fol ‘}Lz dz.

It is obvious that ¢y measures the smoothness of the density function f, but
it is zero if f is the uniform density on [0,1]. In this case we will offer a separate

discussion, see Theorem 2.5 below. The above expansion is also true in expectation.
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Theorem 2.2. Suppose that f is in F, ™ denotes i.i.d observations from f, and
f # 1. Then as n — oo, uniformly in m on Ay:
1 r(z") 1 1 +1
- 1 1 s 1
nEloggmn( n) it gy 2nl°g (1+0(1)).

It is clear that selecting m by minimizing — log gm, . is asymptotically equiva-
lent, almost surely and in expectation, to trading off 1 ¢y 2y and 2 m log Z. When
m gets large, the first of these terms gets smaller, and the second gets larger. In
fact, the first term is an approximation to the model error between f and H,,, and
the second an accumulated estimation error from estimating parametersin H,,. We

now make these remarks more precise.

Let f,, denote the density in H,, which assigns the same probability to each

bin Ik m as f does, i.e., for z € [0,1] let
fm(2)=m > ey, . (z),
k=1

where ¢, = fI:. o fdzx.

We then have the following theorem. It shows that f,, is the closest element of
H,, to f in the sense of the Kullback-Leibler (K-L) divergence, and also gives an
approximation to this closest “distance”. The proof for the first part is straightfor-
ward application of Shannon’s inequality. The second part is an exercise in analysis;

we refer to Lemma 4.6 for further details.

Theorem 2.3. (i) For any fixed m,

I

min Ey log {z = Ey log — 7

h€eH,,
(ii) For m uniformly in the range An,:

1
Ef log =— £ =%Cf;n—5(1+o(1)).

fm

We now offer a heuristic proof for the expansion in expectation, which shows

clearly how the above two terms arise.
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Firstly, we insert f&(z"), break Ef log f"/gm n into two terms by the addi-
tivity of the log function, and observe that f2(z")/gm »(z") depends on z™ only
through the counts Ni. These counts have the same distribution under f and f,,

and so we have

n n n

Ef 10g gf =Ef log-'fn—+Ef log gfm
m,n m m,n .

fn fﬂ

= FE¢log =—— + E¢,_, lo m

1 fa
zn%Cfm+Efmlog .

The second term is known to have the order 1 m log 2 by results in the para-
metric case, see Rissanen (1986). This is because under f,, we are dealing with
the multinomial parametric family and %m log Z is the rate we can get in such
a case. Note that the asymptotic expression of —log gm n has a unique minimum.
This expression can be viewed as the accumulated estimation error for estimating
the multinomial parameters, or equivalently as the smallest redundancy achievable

by using a code rather than the true density f..

We turn now to a discussion of the optimality and consistency of the selection

rule.

It is clear that the rule

Mn = arg( min (~log gm n(z")))

will also minimize the data-dependent redundancy
log f*(z")/gm.n(z") = —log gmn(z") — (- log f*(z")).

Note, however, that r, might not be unique for any particular data string z ™.
To be precise, we should define 7, as a minimizer of —log gm, ». Fortunately, .

is asymptotically unique in the sense described in Theorem 2.4 below.

The asymptotic agreement of the data-dependent redundancy and the expected

redundancy suggests that our 1, will approach the m which minimizes the expected
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redundancy, that is, /1, will approach

: fr(=z") )
* —arg| min Ef log ———
mn g(mGA,. f g gm,n(zn)

as n — oo. This can be stated formally as follows.

Theorem 2.4. Under the assumptions of Theorem 2.1, we have the following ex-

pression as n — 0o.

(i) m2 = (3cgn/log n)’-l% (1 + o(1)).

(ii) in = mA(1 + o(1)) ass.
(i) Ef log f*(z")/gmy,n(z") = (3¢s)3 (n log n)¥ (1 + o(1))/2-
(iv) log f*(2")/grma,n(z") = {Es log f*(z")/gms,a(z")}(1 + (1)) a.s.
As remarked by Hall and Hannan (1989), the rate of i, ~ (n/log n)¥ coin-

cides with the rate for the bin width which minimizes the largest deviation of the

histogram and the true density.

A question left from the earlier discussion is the case f = 1, for here we do not
have the asymptotic expansions given in Theorems 2.1 and 2.2. In this case, the
model error term is zero, i.e., f,, = f =1 for all m. Fortunately, our selection rule
My, will lead us to the uniform density as n gets large, but to allow this, we have

to give m, a range which permits the choice m = 1. Let us define the range B, by
B,.:{m:lSmSn"},

where 0 < €2 < 1.

Theorem 2.5. If z™ is a sequence of i.i.d observations from the uniform density

on [0,1], then M, =1 a.s. asn — oo.

Simulations show that , will correctly choose the uniform density even for

moderate sample sizes, for example, n = 25 to 50. If f is a stepwise density, i.e.,
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belongs to H,, for some m > 1, 72, then will also pick up the correct m eventually.
For those cases where f is close the uniform density, i.e., when the jumps between
the blocks are not very big, our selection rule tends to pick the uniform density
until the sample size gets very lage. An example is that when f is a density with a
jump of size 0.2 at %, 1500 data points are still not enough to reéognize the jump.
This behavior is not unreasonable if we want a density estimate as being close in
global measure to the true one, since it will pick up the uniform density which is
close to the true stepwise density, but it is less satisfactory as a device for locating
the positions of the jumps. The same phenomenon is observed in the context of
spectral density estimation, when a similar minimum code length criterion can be

used, see Hannan, Cameron and Speed (1990).

3. Minimax lower bounds

In the previous section we found the best code gms, » among a specified class
from a data-driven criterion (2.1). In fact, we showed two things. First, we calcu-
lated a lower bound on the expected redundancy using one of the codes in our class

{gm,n : m € AL}, ie., for any fixed f in F:

nI;Iéi,il,. %Ef log % > (3c,e)%(n_1 log n)% (14+0(1))/2. (3.1)

The constant c¢ can be large or small depending on the smoothness of f. Since
f is usually unknown, the lower bound in (3.1) does not tell us as much as when the
constant were independent of f. This leaves the question of whether there exists a

uniform lower bound over f in F'.

Second, we proved that g, . achieves this lower bound. Note that we re-
stricted ourselves to a very particular class {gm n, m € An} of codes. We therefore

ask: can we do better than this if we search through a larger class?

Strictly speaking, g, » is not a density on n-tuples because i, depends on
our data z”. To make g, » a code, we need to encode the estimator of the model

class, i.e., the integer m, = [(3cs n/log n)3]. Using the universal prior on integers
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(Rissanen (1983)) will cost n—! log ., &~ O(n~! log n) extra bits per symbol, which
is negligible compared with the order of the lower bound (n~! log n)}. Thus, it
causes no problem to treat g, » as a code on n-tuples, but it is still not a predictive
code. We need to scan all the data before we can decide which code we are going to

use for this pa.rtlcula.r data string. Obviously, this can sometimes be inconvenient.

In this section we will try to provide answers to the two questions asked above.
In other words, what is the minimax lower bound on the expected redundancy?
And, can we achieve this lower bound using a predictive code, i.e. a code that can

be implemented using only one pass through the data?

For any code g(z"), i.e., density function on [0,1]", we can write the redun-
dancy encoding messages of length n from a continuous source f as an accumulated

prediction error as follows:

En log = Z Eja / log . (zf (I ,:t) ) f(z¢) dzy (3.2)

where ft~! is the (product) density function of z*~!

It is very useful for us to recognize that each term in the summation is the
density estimation error of g;_; expressed in terms of K-L divergence. There is a
large body of work in the literature on the minimax rate for density estimation when
f is assumed to be a member of a smooth family, see Assouad (1983), Birge (1985),
and Devroye (1987) and references cited there. There are different techniques to
prove minimax results, but they are similar in one ﬁra.y: they all try to find the
worst (hardest) densities to estimate in the family for a fixed sample size. The hope
is that the rate at which these densities can be estimated is close to the optimal
minimax rate. The worst density class is chosen in such a way that its elements are
far apart from each other in all the possible directions so that they cannot all be
estimated at the same time at a good rate by any estimator. Minimax results in
density estimation tend to be in terms of the L!, L? or Hellinger norms rather than
K-L divergence, but we have the followimg well-known inequality which relates K-L

divergence to the Hellinger norm.
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Lemma 3.1. For any two densities f and g on [0,1],
/f log 5 > (Vf-va)t. (3.3)

There is another inequality which we will use later.

Lemma 3.2. For any two densities f and g on [0,1],

/ min(f,g) > 1 - Ha(f,g)

where Hy(f,9) = [ (VT - \/5)2

Unfortunately, we cannot get our results as direct consequences of existing
mimimax lower bounds in density estimation since we cannot freely exchange the
“min max” and the sum. However, we can repeat the argument used in density
estimation for the accumulated estimation error, and get a version of Assouad’s

minimax lower bound, this time in accumulated Hellinger norm.

Lemma 3.3. Let F,. be the set of densities on [0,1] with 2" elements denoted fy,
where § = (0;,...,0;) is an r-tuple of —1’s and +1’s. Let {A;,1 =1,...,r} be a
partition of [0,1] into r disjoint subsets, such that there exists « > 0 and 8 > 0

with the following properties: for all @ and i we have

IR
J =) 2 e,

where (6%); = 0; except at j =i, and (0;); = —0;. Thus for all g in G, the set of

all densities on [0,1]™, we have

gEGn .fEF,- n

n 22
min max -1—Efn log —g—-Z %ra(l——é\/:\/r_z\/(l—ﬂ)).
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Proof. We will use the trivial fact that the maximum of r numbers is greater or

equal to the average of these r numbers, and then interchange summations.

For any fixed g in G,

n

1 j - § : 1 J /]
—_ n —_— r - n =
max E f lOg 2 E f‘ log

feF m . fo€F,

=27" Z Zn: lEf:—l /fo log -‘-ia—dz
foeF, =1 * gi-1

>27" Zn: 1 Z Epa /fo log —f-e—da:
t=1" fo EF, ’ ge-1
n 1

2273 2 % By [ (V- vE)"
t=1 fe €EF,

Now we look at one term. It can be written as

2-r %:Ef;-l/olgAi (Vs - Vo)
=4 Y (B [ few - Ve’

i=1 8

+ B [ (ff - Ve
2 D3 [ [ (i - v’

# [ o = vE)?| s min (1570 £52) et (34)
20 Y Y [ /A (v/forr = [for_ )’] dz; min (f5!, £37}) d=*?

i=l1 ¢
braipt [ min (F72,£570)
i—raian'f (1 - Hz(f;;l,f;'_'_l))
ra(l - \/m)
%ra(l —/2t(1 - B)).

Thus, summing up over t,

max lEfn log i > '1-7‘0!l Z (1 - v2t(1-5))
t=1

fEF. n g n

2 3ra(1- Vi 22 VTH).

| AVARR AV AV
-

v

(=]
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At first sight, it seems that we can try the same argument with the K-L
divergence so that we would not have to go through the Hellinger norm, and we
might even have a better lower bound this way. However, the above argument will
break down at least at one point; equality (3.4) will not hold for K-L divergence

since K-L divergence is not a metric, and therefore there is no triangle inequality.

For our class F', we need to find the right subsets F, with a and 3.

Theorem 3.1. Forallr > 1, there exists a subset F, of F and a partition {A;, i =

. e e . 3¢3 __
1,...,7} of [0,1] such that the two inequalities in Lema 3.3 hold with a = e X
and 3 =1 — a. Then

. 1 fn 2 _ 2
min max — Eg» log =— > Byc; n™3
9J€EG, fEF 1 g

where B; ~ 0.011.

Proof. Let

.
A; = (-’-, s ] i=0,1,...,r —1.
T T

We now define functions f; and g; on A;, which are building blocks of fy in F:

f42) 14+ & {cos(4rn(z— L)) -1} for ze (i, i+ L
i\Z) = . , .
( 1— 32 {cos(4rn(z—£))—1} for z€ (£ +%,i+1],

4rmw -

and
oy (1 s (e ) 1) o e (hiv 2]
()
T @ coslarn(a-§) -1} for s (B4 EE4 1],

Then f; and g; have the following propérties:

i i 1 1+1
#(z) =t 5) =(5) =1
.(1’)_ .(1’ L)_ .(i+1)_1.
gi\7)=9\7 T3 )=\ )=1
(Y p(i LYo p(itl) 2
1(E)=nl(+2)=n(22) o
(%) =a(2+5)=a(22) =0
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and

f,'dt:/ g,-dz:l;
A A

r

. c2 1 1
co < fi,gi <c if r>§ma.x(1_co,61_1). (3.5)

For any 8 = (6,,...,68,), 6; € {—1,+1}, let F,. = {fs}, where
fi on A;, if 6; =+1;
fo= .
gi on A;, if 6;=-1.
By the properties of f; and g;, it is clear that fg € F if (3.5) holds.

Now we are ready to prove that F,. thus defined satisfy the conditions of Lemma

3.3. Let us start with the following claim:

as [ (V-V@)dssa
A
3c§

where a = 552 r~% and o' = 2a.

Proof of the claim. By symmetry and periodicity of the cosine function

7= [ (VE- V@) e
— [T (V- vy

* (fo—go)2 -
o (VRE+ym)

Note that fo + go = 2, thus

2=fo+g0 < (VFo + vao)? <2(fo +g0) < 4.

Moreover,

G % 2
/+ (\/E— \/g_o)z dz = <t / (cos(4rmz) — 1)2 dz = 3¢y r3,
0 0

(2rm)? 3272

hence the claim is proved, as part of the theorem. The proof for the other part is

trivial after realizing that

/01 \/fe,-,fo.-+dz=1—%/‘\/mdz
=1-3 [ (VE- V@)
21—%d'

=1—a=ﬂ.
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We can substitute the a and 8 into the Lemma to get the minimax lower bound.

For details, see the proof of the next theorem for the case s = 1. o

Generally, the same trick can be used to obtain minimax lower bounds for
other classes of smooth densities, see e.g. Devroye (1987). For example, the family

of densities on [0, 1] with the s-th derivative uniformly bounded
F,={feC’l0,1]:co < f<er, [fP| Seja, i = i,-.-,s}
or the family of densities in a Sobolev ball
W,={fon[0,1]:¢co < f < ey, 1F9)2 < ci+1,J =1,...,8}.

We can define f; and g; for s > 1 by replacing = by %‘F and define F.(s) =
{fe} the same way as in Theorem 3.1. Note that F,.(s) is a subset of W, but not of
F! (unless s = 1) because of the discontinuity of Fa(j), (7 =2,3,...,8) at the end
points of A;. Although we believe that Fy can be smoothed at the end points of A;
to satisfy the pointwise differentiability so that the modified F.(s) will be contained

in F}, we will not try to do it here since it would only be a tedious exercise in

analysis.

Theorem 3.2. For all r > 1, there exist a subset F.(s) of W, and a partition
{Ai,i = 1,...,7} of [0,1] such that the two inequalities in Lemma 3.3 hold with

3clyr  —(2041)
a=m‘)’—,7r s a.ndﬂ:l—-a. Then

1 n
min max — E¢» log f— > B, c:_‘,,ilI n- T R
9EG, fEW, N g

where

and
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3

As = Sy

Proof. As in the proof of Theorem 3.1, we can get

“5/ (VFi - VG dz < o
A

2
with o' = 2a = 2 23:; r=(26+1) §f p > c—‘ﬂ ma.x(l ) Hence the two

—-Co’ c;—l
inequalities in Lema 3.3 are satisfied. Substituting @ and 3 into the minimax lower

bound gives
tra(1- 22 VR VE=D) =t (1- B2 VRVE ).

1
This expression is minimized when 3% VAVA T =k, ie T = (%t‘?’)m
2s

Substituting this r into the lower bound, we get B, cz_',__"i-r n- 4T, o

By numerical calculation, B, seems to be a decreasing function of s and has
asymptotic value 0.0033 when 8 — oco. For s =1, B, = 0.01. It approaches 0.0033

when s is around 20.

4. Achievability of the minimax bounds

For the family F, it has been shown that the rate n—% is actually optimal
since we can construct a predictive code g* to achieve this rate in expectation, see

Rissanen, Speed and Yu (1989), namely

g7 (z") = H ge—1(z+)

where
— Nkm +1
_ = my ——————1 y
g-1(z) kz-l t—1+m. Ik, m,

and m, = [(t — 1)3].

Clearly, g* is the histogram based on z'~!, modified to keep it away from zero.

Moreover, g* can be further modified to achieve this rate almost surely.
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Theorem 4.1 (Rissanen, Speed and Yu (1989)). For all f in F, when n is

sufficiently large:

L Epmlog L ((:)) < Apn=3(1+ o(1))

where o(1) — 0 uniformly in f in F, as n tends to infinity, and AF is a constant

depending on the class F.

This result is proved in the reference cited.

Theorem 4.2. Let f* be a density on ¢™ defined predictively as follows:

n/An

f*(z") = gm,(z") H gm;(2¢)

i=nt/15

where
me

Nk, +1
gmi(@) =D, e P
k=1 t

An = n3+% for some § € (0, &), and

[(An-n#)3] if 1<t< [An-ni]
me—1 = 1
[(An-$)3]  if (i-1)An<t<i-An and i>nTs.

Then, almost surely as n — oo,

1, @)

o8 o < ApnH(14 (D).

This theorem will be proved in §6 below.

The best g, » in §2 is no longer optimal over the larger class G, (compare
(n~! log n)* with the minimax rate n~%), since it is not flexible enough to adopt
the shape of the underlying density when more and more data are obtained. This
is because we restricted ourselves to a class with histograms with fixed bin width
for all the predictive densities g;—;. The truly optimal g* is the one which updates
the bin width each time a new observation comes along, and this way, we do not

have to scan the whole string to get the code. Note that the bin-width updating is



20

1, since

at the same rate as would be chosen by an AIC type criterion based on z*~
we are in a similar situation to that in Breiman and Freedman (1983), where the

model error is never zero.

One problem, however, is the sample stability of g*, since updating at each new
observation is too frequent. On the other hand, g, . behaves well along almost
every sample path, although it is not optimal in the minimax sense. A natural
compromise is f*, which does not update the bin width as frequently as g*, but
updates frequently enough to keep the optimal rate. As stated in Theorem 4.2, the

density f* behaves as expected.

For the other classes of density families, W, and F] (s > 1), g* will not be
minimax optimal. Since these classes are subsets of F', Theorems 4.1 and 4.2 still
hold, but n—3% is slower than the optimal rate, which is n~THT for the model classes
W, and F, (s > 1). Intuitively, the histograms with different bin widths are not
smooth enough to be close to the much smoother densities in W, and F) at the

optimal rate. We plan to address this topic in a future paper.

A related result in which the same rate arises is given in Barron and Cover
(1989). They consider the problem of using the shortest code length principle to
derive a density estimator, and describe one which, when the true density lies in

a Sobolev ball W,, converges in the Hellinger distance and in probability at rate

28
n- T,

5. Proofs for Section 2

In this section, we will provide proofs of the results in §2. We will start with
the proofs of the asymptotic expansions of the redundancy of g, », both almost
surely and in expectation. We then show the optimal properties of g, » in the
class of codes {gm,n tmeE A, = [n‘l,n‘z]}. Finally, when f is uniform on [0,1], we

will prove that M, = 1 a.s., when h,, is selected over range B, = [1,ne].

Proofs of the asymptotic expansions
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We assume that z" is a sequence of i.i.d. observations from the density f in
the class F' defined in §2. Recall that, by Stirling’s formula, we can expand the code

length for data z™ using g, » as:

m

—log gm n(z") = — Z log fm.n(zt) — 3 Z log N +m 16g % +O(m) (5.1)

t=1 k=1
where Ny = Y1) 11, . (2¢), fmn(z) = mn~! 0 Nilp, .. (z), and we adopt
the convention that log Ny = 0 if Ny = 0.

Thus the redundancy using gm , is

o £ £ . fn(m)
: Im, n(zn) Z log fm(zt) * ; ‘o8 fm,n(zt)
+ [—% i log Ni +m log %} + O(m) . (5.2)
k=1

We will show that the first sum in (5.2) is the model error (csn/2m?), the
second is o(m) log n and so negligi'ble, and the third is the code length for the

parameters (% log %) The following Lemma will also be needed.

Lemma 5.1. Suppose that f € F and write

Jm,._lxgca&x |m N /n— m x| .

Then for any integerq > 0 andmin A, = {m rafl<m< n"}, there is a constant

a, such that
(i) E J,zn‘{n <agcf n-(1-egtes
(i1) and, uniformly in m € A,, asn — oo
Jm,n =0(1) as.
Proof. (i) By Lemma 3 in the Appendix, for any integer ¢ > 0, thereisan a, > 0

such that
E(Ni —n¢r)?? < ag(nér)?.
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Therefore,

EJX, < (m/n)* ) E(Ni —n¢i)™
k=1

m
2 2
< ag(m/n)?1 ) nt ¢t
k=1
q, —(1—e2)g4e
Sagein 2 2
since ¢x < c;m~! and m < n*.

(ii) By Markov’s inequality, and taking ¢ > 2%:%1 in (i),

f: Z P(Jm,n>e)5§: Z e EJH,

n mEA, n me€d,
204 ¢ Z Y n-l-elete
n mEAn,
2qa cq Z n—(1—€)g+e
<00,
By the Borel-Cantelli lemma, (ii) is proved. o

Lemma 5.2. Suppose that f € F. Then as n — oo, uniformly inm € A,,

(i) Z og — m(:(n;) =O0(m) as.,
(ii) E Z log - "‘(:’;3) = O(m).
Proof.

o . Sml2). _ S~ N, tog N/ne

t=1 fma(z) 21

= Z Ni log(1+ (Nk —nér)/ndr).

k=1
Expanding log(1 + (Nx — n ¢x)/n é&), we have

Y Nilog(1+ (Ne —ngw)/née) = > Ne(Nk —néi)/ndi)

k=1 k=1

1) Ni(1+6)72 (Ne —nx)?/(n )
k=1
= L+Qa
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where 6y is in between 0 and (Ni — n ¢x)/n ¢¢.

(i) Let us look at the first term L.

L= Z Ni (N —nér)/ndx

k=1

=Y (Ne—nge)?/nde+ Y (Ne —n i)
k=1 k=1

= Z(Nk —néx)?/ndr, since Z Ne=1

k=1 k=1

< ¢ mn~! Z(Nk —-n¢k)2 y

k=1
and so L = O(m), since the sum is of order n(1 + o(1)) by Lemma 4(i) of the

Appendix.

Moreover, by Lemma 5.1(ii), for n large, a.s. and uniformly in m € A,
max |0k| < co Jm,n =0(1) < %
Hence, a.s. and uniformly in m, the second term

QI =1 Ne(1+6k)7% (Nk — ndi)?/(n di)?
k=1

<} z Ni(Ni — n¢r)?/(n dr)?

k=1

<@3E) S Ve —nge) /(i) + (3) D (N —noi)?/nou
k=1 k=1

< (3) (coImyn + 1)(m/n) D (Nk — n i)’
k=1
=m(o(1) +1)0O(1)

= O(m).

(i1) If we take the expectation of L, we get

EL=Y E(Nx-n¢e)/nde=) (1—¢s)=m—1.

m
k=1 k=1

It now suffices to show that E |Q| = O(m) is true. But

2E|Q| =2E|Q|1(y, n>e} +2E1Q|1(s, <e} -
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Note that on {Ny >0}, 60 +1 > (1 —néx)/ndr +1 > 1/n i, and hence

2E(QI1(s, >y = D ENu(Nk —ngi)?/(ni)? (1 +606) > 11y, 50

k=1
=E Y Ne(Ne—n¢e)/(nde)? (1 +0:) 11, u>e)
Np>0
<E Z Ni(Ne — n ¢i)? L{gim>e)
Ne>0
=E Y Ne(Ne —noe) 13,50
k=1

I
NIE

E(Ny — n¢k)3 1{-’k,m>€}

x
I

1
m

+ En ¢p(Nik — n¢k)2 Ly m>e} (5.3)
k=1

By Schwartz’s inequality, together with Lemma 3 in the Appendix and Lemma
5.1(i), if we take ¢ > (3 + €2)/(1 — €2), we obtain

E(Nx —n i) 1, .5} S VE(Nk —n )8 P (Jmn > €)
< Vas (nge)t e\ ETH,
< \/Ee'aq cg—% e 1 n-l(1-€2)g—ea]/2+3

= 0(1).
Similarly we can get

Y Engi(Ni — 1)’ 1(4, n>e) = O(m).
k=1

Thus

E|QI1(y m>e) = O(m). (5:4)

Since |0k| £ Jm,n,
2E Q| 1z, < = E D (N —n i) /(ndr) (1 +6k) 72 1y, <)
k=1

<S(1-e?E Y Ne(Nk —néi)?/(n$e)* L{s, <)

k=1
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<(1-¢7? kz:ml E Ni(Nie — ngr)?/(n ¢x)?
< -9 % m/my { ki:j BN —ndn)®
+; E(N, - n)?

<1 -e¢)?cz¥m/n)?2) nés
k=1
<2(1 —-€)"2cyi(m/n)n
<m2(1 —-e€)"2cy%(m/n)? n(t—)
= O(m). | (5.5)
Putting (5.4) and (5.5) together, we have E |Q| = O(m), and the proof is complete.q

Similarly, we can show

Lemma 5.3. For f € F, as n — oo, uniformlyinm € A,:

(i) Z log =O0(m) as.,
N>0

(if) Ey ) log 7—0( m).
N >0

Proof. As in the proof of Lemma 5.2, we use a Taylor exansion to get

> log = > (NMe—nge)/nde—(3) D (1+6:)7 (Ne—noi)*/(ndi).
N>0 Ni>0 Ne>0

By Lemma 4(ii) in the Appendix, we note that the first sum is o(m) a.s. and
uniformly in m € A,,, and its expectation is zero. The second sum is bounded by
the corresponding (absolute value of) quadratic term |Q|, since

S (1462 (Ne—n)?/(nde)? £ Y Nu(1+6k)7% (Ne — née)?/(n de)?

N >0 Ni>0
=" Ne(1+6:)72 (Ne —n e )?/(ndr)?
k=1
QI
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By the bound on |Q| from the last lemma, Lemma 5.3 is proved. o

The almost sure statements in Lemma 5.2(i) and Lemma 5.3(i) were obtained,

using Borel-Cantelli lemma, by showing

)
; P(mGA,.

Ny ,
ZNklogT|>em)<oo,

and

Z P(meA Z log %—-\ > em) < o0.
n=1 " k=1

We refer to the proof of Lemma 4 in the Appendix for details.

Note also that the foregoing two lemmas actually hold on B, D Ay, while the

following two lemmas hold only for A,.

Lemma 5.4. For f in F, uniformlyinm € A,, asn — o0

- f f
; log fm(.Z:t)) =nE; log 7o + o(% + m log %) a.s.

Proof. Since m > n on A,, it is sufficient to show that

Zl ff((::) =nFEy log -];—f-+o(—7-"—+mlog n) a.s.

For any fixed m in A,, let Y; » =log f(:c)

Then the Y; ,, areii.d. fort =1,2,...,n, and
1 C2 -1
[Yim| £ — max |[f(z) — fm(z)| < —m™".
Ch < Co

Therefore

C
Yom — EYsm| 2= m7
0

2 n
c -

V=4n—§m 2> E varY: m .
Co t=1



By Bernstein’s inequality, for any ¢ > 0:

7

where M =22 m~! and n =ne(m™ 2+ mn~? log n).

n

t=1

Note that

V+i M’7_2"z" m~% + 2 Zm- lnem™2 + mn=! log n)
0 Co

=2 Z (1 + 5 (m™ + (/)" log )

= 2n 2,2 (1 += (=2 £ n=201-€) |og n))
Co 3

C2
< 4n =m™?
Co

?

for n sufficiently large that § (n=2¢2 + m~=2(1=€) log n) < 1. Thus,

7/ (V43 M0) 27 (40 Zm=?)
0

ec
=== n(m™! + m?n~1 log n)?
462

€2 ¢q

>

-1 2
™ nnfreu.‘ltl,.(m +m?n~1 log n)

= O(n’} (log n)F) .

Substituting this bound into (5.6), we get

(
t=1

Thus as n — oo,

DRI

n=1 m€A,

_ En,m)l > n) <2 exp (= O(nd(log m)})) .

n=1 m€A,

<2 ) n° exp(~0(n#(log n)}))

n=1
< 00.

Using the Borel-Cantelli lemma, the proof of Lemma 5.4 is complete.

- EK,m), > n) <23 Y exp(-O(nt(log n)t))

27

S (um = E¥im)| > 1) S2exp (= §77/(V +3 M), (59)

a

We need a result from Freedman and Diaconis (1981) to obtain Lemma 5.6,

which gives an approximation in the K-L divergence between the true density f

and the model class H,,.
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Lemma 5.5 (Freedman and Diaconis (1981)). Suppose that f is in F, and
let h =m=!. Then

m-—1

(k+1)h 4 , o
/kh (_ﬁi(f—f"‘) -1z f?)|de=0(1) as h—0.

k=1

The proof of this Lemma is essentially contained in the proof of Proposition

(2.7) of Freedman and Diaconis (1981).

Lemma 5.8. For f in F and f # 1, we have as m — oo

E¢ log fim =%c'f£;(1 + o(1)).

Proof. For any fixed m, we write h = m~! and L(m) = Ey (i_—jf,,ﬁ’_ If {(z) =
1/f(z), then £'(z) = —f'(z)/f*(z), and |[€'(z)] < %4 = A. Moreover, on [} =
[+]

[k/m, (k + 1)/m] = [kh, (k + 1)h], £(z) can be written as

£(z) = £(kh) + /k ;. £(t)dt.

Writing ar = £(kh), we have

m-—1

R L(m)—cs= 3 / (h=2 £(2)"(F(&) = fu(2))? = & f(2)~" f(2)) do
k=1 I

_ '"z:j / (ar+ [ etat) {h2(50) = o)) - & 7001  d

k=1

m-—1
=3 o [ (@) - fn(e) — & F2(0)} do
k= k

=1

55 [ [ e a{2(s) - £ - % 120) |

k=1
=L +1.
Note that |f — fm| < c2h, |f'| < co, and | [, £'(t) dt| < [, |€'(8)| dt < AR for z in
I, and so we get
2

I, < hA(Cz + C_z) dz = O(h) = 0(1) .
12 I
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The last bound on I together with I; = o(1) (by Lemma 5.5) gives

h=2L(m) —cs =0(1) as h—0.

That is
2
% =c¢sm™3(1+0(1)).
Using a Taylor expansion,
log _‘t_=_f ™4l (f = fm)? 1 1 (f = fm)?
fm f f2 3 (1 +9(1:))3 f3

where |0(z)| < L=fm < & h. Hence

I f=fm (f = fm)? 1 (f = fm)?
Ef log fm E_f - f E 1 —f2 E ; (1 +0(z))3 f3
1 _ 1 1 (f - fm)3
= =B ey
= 3 L(m) + O(h) L(m),
since
1 (f - .fm)3 1 - Jm 3 1
B iy | S Ao B S o o b
Finally, we have
E¢ log —ff: = 3 L(m) + O(h) L(m)
= 3 L(m)(1 +0(1))
=1crm™2(1+0(1)). o

Because ¢g < m ¢ < c1, we have

Zlog 'n.qSk—Zlog — Zlogdek_mlog —+O(m)

k_

Now we are ready to obtain the asymptotic expansions given in §2.
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Proof of Theorem 2.1

Combining the above observations with Lemma 5.2(i), Lemma 5.3(i), Lemma

5.4 and Lemma 5.6, we can complete the proof of Theorem 2.1.

The pointwise redundancy is

oy L7 S N nlm)
! 9m, n(zn) Z l fm(xt) z; : 8 fm n(zt)

[ ZlogNk+mlog—]+O(m)
k=1

=n Ey log f—f- + O(m) + [— = z log Nk/nfﬁk]
k=1

1
Lo log —
7 m log +mlog

= %c;nm‘2+%mlog-7%+0(m) a.s. o
Similarly, we have

Proof of Theorem 2.2

Combining the above observations with Lemma 5.2(ii), Lemma 5.3(ii), Lemma

5.4 and Lemma 5.6, we complete the proof of Theorem 2.2. a]

There is a nice little fact which asserts that f,, is the “closest” element of H,,
to f in a certain sense. The Pythagorean identity is known to be satisfied by the
I-projection, but f,, is not the I-projection of f to H,,: we are minimizing the K-L

“distance” in the other variable.

Lemma 5.7. Forany hin H,, and f in F,

fm

E¢ log £ -—Ef—'f—-i-Efm log — 5

where fm = Y 1, m¢i 1y, .. Equivalently,

K(f’h) = K(f9fm)+K(fm9h)'
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Proof. Forany h= ) ", pxmItm in Hy, with 31" pe =1,

f m
E¢ log {;—Eff—m=Ef log Lh—
= £ log T2
k=1 Y Tem ™ Pk
= Z oi log o
=1 Pk
= Ejg,, log f—:—- . 0

Proof of Theorem 2.3

Part (i) is proved in Lemma 5.6, so it is sufficient to prove part (ii). It follows

from Lemma 5.7 that

Eflog£—Ef.im=Efm longmZO,

and this completes the proof for (ii) since h was arbitrary. o

Proofs of the optimality and consistency of our selection rule

This section contains proofs of the results of §2 concerning (1) the optimality
of g, n in the class of codes {gmn : m € A,}, and (2) the consistency of g, n if

the true density f = 1.

Write
S(m)=teym+3 2 log =,
1 )
R(m) = ~ log 2— 7.
and

L(m) = E; R(m).

Denote by M., M, and m? the minimizers of S(m), R(m) and L(m) respectively

over a range A, or B, of m to be specified later. Then we have the following lemma.
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Lemma 5.8. If we choose M, , i, and m}, over the range A,, then asn — oo

(i)
(if)
(iii)
(iv)
(v)

L(my)/S(Mn) — 1.
R(thn)/S(n) =1 as.

Mn = (3csn/log n)3(1 + o(1)).
my /M, — 1.

Mp/M, — 1 as.

Proof. (i) The asymptotic expansion in Theorem 2.2 gives

L(my) = S(mz)(1 +0(1)).

Since m}, is the minimizer of L(m),

which yields

L(mz) < L(Ma) = S(Ma)(1 + o(1))

L(my)/S(mn) < (1 +0(1)).

Similarly, by Theorem 2.2

and

which together give

L(my,) = S(a)(1 + 0(1))

S(mn) < S(my) = L(my) — o(1) S(my,)

L(m3)/S(ma) 2 1+ o(1) S(m3) S(1ha) -

(5.7)

(5.8)

(5.9)

(5.10)

Note that S(m%)/S(my,) is bounded, since otherwise S(m},)/S(mn) — oo for some

subsequence of n. For the sake of simplicity, we assume this is the case for the

whole sequence. The L(m2)/L(m,) — oo by (5.7) to (5.9). This contradicts the
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fact that L(m},) < L(7hy), because m}, is the minimizer of L(m). Combining (5.8)

and (5.10) completes the proof of (i).
(ii) Similar to the proof of (i) by Theorem 2.1.
(iii) Putting the derivative of L(m) with respect to m equal to zero yields
cgem P =n"llogn—n"tlogm-—nt.
Thus, M, as the root of this equation, takes the form

n = (3¢5)¥ (n/log n) an(f),

where a,(f) — 1 as n — oco. Alternatively, we can write
Mn = (3¢5)} (n/log n)¥ (1 + 0(1)). (5.11)
(iv) Substituting (5.11) into S, we have
S(ma) = } (3¢5)3 (7! log n)3 (1 + o(1)).

By Theorem 2.2,

L(m3z)/S(m3) — 1,

which, together with (i), implies that
S(my)/S(mn) — 1,

that is
{cf m;‘,_2 +min! log(n/m;)}

{(3cf)'§ (n—! log n)*}

Since both terms in the numerator are positive, we have

S(mz)/S(mn) =

—1. (5.12)

m2"" /{(3¢s)$ (n* log n)$} — ¢,

where ¢ is a non-negative finite constant.
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We now show c is non-zero by contradiction. If ¢ = 0, the (n/log n)~% = o(m?)
and m% n=! log(n/m?%)/{(3¢s)¥ (n~* log n)3} — 1, but these cannot both hold at

the same time.

Therefore, m}, = b,(f)mn. By (4.12), the constant b,(f) equals (3Cf)% 1+

o(1)). This completes the proof of (iv).

(v) This is similar to the proof of (iv), but using Theoreﬁ 2.1 instead of The-

orem 2.2. o

Proof of Theorem 2.3
(i) Combining (iv) and (iii) of Lemma 5.8 gives,

mY = ma(1+ o(1)) = (3csn/log n)?¥ (1 + o(1)).

(ii) Combining (v), (iv) of Lemma 5.8 gives
Mn = Mnp(l+0(1)) = mi(1 + o(1)).
(ifi) Combining (i) and (iii) of Lemma 5.8 gives
" By log f"(s")/gms m(s") = L(m3)
= S(Mn)(1 + o(1))

= 3 (3ep)® (n7 log n)3(1+o(1)).

(iv) Combining (i) and (ii) of Lemma 5.8 gives,
~ log f"(2")/gma.n(2") = Rlrn)
= 5(Mn)(1 + o(1))
= L(m)(1+ o(1))
= {Ef log f*(z")/gms,n(z") }(1 + o(1)) . o
Now we turn to the proof of consistency if the true density f is uniform. If
f =1, then R(m) = —log gm,n(z") and S(m) = F log --. For any fixed § > 0, let

Tn(6) = {|R(m) — S(m)| < 65(m) forall m € B, =1, n|}.
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Lemma 5.9.

o0

> P(T(5)) < oo.

n=1
Proof. It follows from f = 1 that ¢x = m~! and f(z¢) = 1. Thus R(m) — S(m)
can be written as

- Z log{fm,n(zt)/fm(zt)} - % E log Ni/nér + O(m)
t=1

k=1

m N m
=-3 Nilog n—;k ~1 Y log Ne/ngi +O(m).  (5.13)
k= k=1

By the remark after Lemma 5.4

iP( lZNklog——l>em)<oo
1

n=

and

(mGB lZlog-—— >em) < o0

which imply that Zn—l P(T:(8)) < oo by (5.13) and S(m) = O(m log n). a

Proof of Theorem 2.4

It suffices to show that 7, = 1 on the set T,,(8) for some §, since it then follows

that

Y P(n #£1) < Y P(TE(e)) < 0.

n=1 n=1

which by the Borel-Cantelli lemma yields ., — 1. Since 7, is integer-valued, it
follows that, for almost all sample paths £, there is a n(z*°) > 0 such the m, =1

for n > n(z™>).

A direct calculation of the derivative of S(m) with respect to m shows that
S(m) is strictly increasing as m increases on B, provided that n > el/¢2, Moreover,
for any § > 0, 1£8 S(1) < S(2) is equivalent to § < ﬁgz—:l}‘—lﬁ):z, which holds for
§ = % if n > 4. For this particular §, when n > max(4, el/2), we have on Ty(6),

|R(m) — S(m)| < §S(m)
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for all m in B,,.

Taking the values 1 and 7z, as m in the above inequality gives (1 —§) S(7i,) <
R(y,) and R(1) < S(1)(1 + §). Together with the fact that R(m,) < R(1) because
My, is the minimizer of R(m), the two inequalilties yield

1+4

S(tha) < S(1) (-1—:—6) < 5(2)

where the last inequality holds by the choice of §. Since S(m) is strictly increasing

on By, this implies M, = 1 and this completes the proof. o

6. The a.s. achievability of the minimax rate

To get the sample stability and the minimax rate at the same time, we use a
predictive density f* defined on z™. Intuitively, f* is constructed by updating the
binwidth of predictive histograms only at the beginning of each block of size An,
where we decompose z™ into blocks. The first block has size & = [An- n‘l"!] , longer

than the rest, which have equal size An. More precisely,

n n/An
fr(z") = H gmc-l(zi | zt—l) = gmx(zh) H gm:(ze)
t=1 i=nﬁ

where gm,_,(2¢) is the histogram based on z~1, with m,_; equal bins, An = n3+5,

0<6§< $,and

[(An-nﬁ);] if 1<t< [An-nﬁ!]
my—1 = 1 .
[(An-9)3] if (i—-1)An<t<i-An and i>nTs.
We deal with the singularity problem the same way as before, i.e., we add to
the beginning of each block, y;,...,ym;, where y; uniform on [-’;'.—1, ;-nL'-] , and the

{y;} are mutually independent.

Alternatively, we could take Hall and Hannan’s stochastic complexity version
of the density, which will give rise to the same predictive density. Thus, f* can be
written as

n/An
(=) = gmx(xl) H gmi (2 |31a"°v31_1) ’
4

i=nlis
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where z! = (zl"”,z[An.nl’!]) = z" and 2 = (z(l'—-l)An+19-'-’ziAn) for 1 =

nTs, ..., n/An.

To be quite precise, we should take [-5";] - [nﬁ’] blocks of size An from the
end of the data string, and put the remainder in the first block. This will increase

the size of the first block by a size of smaller order than [An . nﬁ] .

. .
Note that by Theorem 2.1, if m; = [An- n‘l’S] 3, then asn — oo

—log gm,(z')/ fm, ()
—Anond[le, L™ o An-nt (1+0(1)) as
2 fmf 2 Ann"r‘x 8 mi -

Moreover,

) ) 1 i=1 i)
. 2}1 181 cee x"l =gm,~(z R .,:D
gm.( | 9 b ) gm;(zl,---,zl—l)

b

which gives

mi (2|2}, ..., 2t i
L,-=—logg ( J‘ ) )=—loggm..(a:1,...,a:)

+log gm,(z%,...,2' 1) + log fm,(2').(6.1)

We will expand the summands of the expansion
log[f*(2")/ f*(z™)] = Y _{Li +log[f(z")/ fmi ()]}
i=1

for each i, using Taylor’s theorem, cf. the proof of Theorem 2.1, and then use results

from the Appendix to complete the proof. Denote by

Nii= Z 15, (2),
z€(zl,...,z%)

the count of z’s in the first i — 1 blocks falling into I n,, and by

Mii= > 1z,,..(2)

z€Z!
the count of z’s in the ¢th block falling into It ;. For simplicity we will suppress

the ¢ in Ni ; and My ;, since we will be expanding (6.1) for a particular <.



Let r; = (i — 1) An. By equation (2.2)

Li = —log gm;(z*|22,...,2" 1)

fmi(z)
Net+ M —
—Z(Nk+Mk)10 % mi+ 1) log(Ni + M)

k=1 k=1

tAn Ny
+m,-log7nT+R +kZNklog—m,——ky‘logN;c
my

—m; log —Tg— +Rf"’"+z My log ¢ - m;
! k=1

where log 0 = 0, and

n|<Z—-

Ne>0

1
|R2, .| <
Nk§k>o Ni + Mk

Note that —log gm,(z'|z!,...,z*~!) can be written L; — log fm,(z?).

Proposition 6.1. We have the following expression uniformly in t € [n‘l’K,

asn — oo

m;i

Li=3 - 1+40(1)] as.

The proof consists of a series of lemmas.

Rewrite L; as

Nk+Mk i— Ni+ Mp my
_Z N lo . —Z M; log A B
i Ne+My 1-1 )
_%Zlog - N +%milogi_1+R,-
k=1

where R; = R}, . + RZ  satisfies
R; < Z ]_Vl_ + Z Ne + M M Z 'L
Ne<0 % Ne+Me>0 K k Ne>0 N’

and express L; as

Lh+L+L+I1Ii+R;



where
N .
I1——ZN1¢10 k+Mk iil’
Nk+Mk
M; lo
Z °8 SAngr
———il Nk+Mk 1—1
= o
and I4=%m,- log,z

i—-1"

1)

It is easy to see that Iy = 3 @4 (1 + o(1)) uniformly for i € [n‘r‘l’, ﬁ] as n — oo.

Lemma 6.1. Uniformly in i € [nﬁ’, -Aln-] = [nﬁ', n‘-ll's] ,asn — 00

L=%1-—(1+0(1)) as.

m;
i

Proof. We can expand

—Z Ny log Ny + My ‘ (2 —1)Anes

Ni tAndg
- ?::1 Ny log (1 4 Mt ?’Z‘n;:m‘ﬁ”) + k,zr;:l Ny log (1 + %‘i’—")
=T, +T,,say.
We now introduce the notation
AM, = My — EMy = My — Angy
ANy = Ny — ENy = Ni — i,
and expand T, T> into four terms as follows:
T;=L;+Q;+C;+ Rej, j=1,2.
Then, after some simplification,
VRS ST S
Z (Nk —réi)® i (Ni — 1'¢k)(Mk — Angy)
(i —1)Angr tAngg

= T (1+40(1)) as.

39
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by (6) and (12) in the Appendix.
Similarly we can get
Qi-Q:=—-7(1+0o(1) as.

and both C; and C, are smaller order than m;/i, hence Re; = b(m,-/i) and [; =
(m;i/22) (1 4+ o(1)) a.s. as asserted.

In fact Q; — @2 can be simplified to

— 2AN2AMk + ANkAM2
1
T3 kgl i2An2¢?
L1 o~ (i —1)2ANAM; + AM?
2 = 12An2¢y

= o("%) - T (1+0(1)) + 3 mT (1+0(1)) a.s.
by (8), (6), (13), (14), (12) and (7) of the Appendix,
=-3 %(1 +0(1)) as. as n—oo.

Furthermore,

— [ANk + AMk]3 i 'I','(AN}, + AM]C)3
Cr=-1) AN S Anig -1y

'3A 3,43
1 n
k=1 ¢k
m;
= 0o\ —/ a.s. N — o0
2

by (10), (8), (21), (20), (8), (13), (14) and (9) of the Appendix. Similarly C; =

k=1

o(m;/t) a.s. as n — oo. o

Lemma 6.2. Uniformly in: € [m’S asn — 0o,

b —AE;;]’
m;
I, = o (1+0(1)) as.
Proof. I, = — 1%, M log stk — [ + Q + C + R, where

1Anog

i ANk + AM;
Z M- zAngbk
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=_§i ANk'AMk_i AM?

£ TiAngy £t ibngs

= _”‘T (1+0(1)) as.

by (12) and (7) of the Appendix. Similarly

mq

1 AMAN} + 2AMEAN;, + AM}
Q=3 Z i2An2¢}

k=1

+3

1 i [AN, + AM;)?
2An & i2Andy

m;
)

=12 —(1+0(1)) as. asn— oo

by (13), (14), (9), (6), (7) and (12) of the Appendix.

Finally,

' AN + AM,]?
=1 S| =5 ="
C=-}> M [ iAndy ]

i‘: AM[AN} + 3BANZAM; + 3AN AM? + AM}]
P 3 An2¢}

ot [AN}? + 3ANZAM; + 3AN AME + AM}]
i3An2¢2

m;
=o| — a.s. asn — 00
?

by (19), (21), (20), (11), (8), (13), (14) and (9) of the Appendix. Thus R = o( %)

a.s. as n — oo and we conclude that

I, = —%’%(1 +0o(1)) a.s.

Proof. The proof is similar to the proofs of Lemma 6.1 and Lemma 6.2 and will

be omitted.
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The only thing remaining in the proof of Proposition 6.1 is to bound the re-

mainder term, which has the order

Proof. Let A, ; = {ma.xlsks,n.. |Nk,i —ridwi| < (iAn)?l!""} for some small € > 0.

Then on A, ;,

o< Y,

N, i >0

1
Nk,z Z th _r1¢k +7'1¢k

Ni,i>0

1
B Z (1 + ANy i/ridr]ridk

Np,i>0

mg

1

< ; [1+ ANk,.-]

TiPk Tidk

o 1 (iAn)3+e
1 i
'I‘,'¢k ( * iAn m

— 1 1
s ; Tidk (1 " (iAn):‘;—e)

IN

il
-l
0
'—'/\
g
3

To complete the proof, it is enough to show that

n/An

Y P(4s;) <oo. (6.2)

. ES
i=nlils.An
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Note that

P(45;) <Y P(INii —rigel > (iAn)3+)
k=1
< Z EINk i— T ¢k|2t

(ZAn)T+€£

=1
o~ _Oride)® (_f_n_> _ (__!_)
Skz.:l (iAn)Zsl‘““ =0 (iAn)2et =0 (iAn)zet—}, ’

(ride)t 0 [ian - mL]l

. 2 - . 2
iAn3t iAn3t

since

= 0(1).

As iAn > An-nt = ntst% taking £ large enough will guarantee that (6.2) holds.a

Proof of Proposition 6.1. Combine Lemmas 6.1-6.4.

Proposition 6.2. If f # 1, then uniformly in i € [n‘f‘!, ﬂ] asn — 0o

i iAn
log f(z') _ Z log f(zt)

fmi(z?) t=(i—1)An+1 fm.(zt)
1 i
- An[ch2 + o( 7+ m7>] a.s.

Proof. Let Y; m; = log }‘L(TL)T’ as in the proof of Lemma 5.4. By the method used

(An Anm; ))
> € + ;
m? 1

< exp ( - O(An%)) = exp ( - O(n%)) .

there we can obtain

g

iAn

> Yimi — EYim,

t=ri41

Therefore

ZP(ma.x|Zth —AnEth.|>

/'\

An Anm,
mz

nfAn
.Y exp (- 0(nt))
1 i n'l‘f:

11&8

n .
n
n

K—--exp(—O(né)) < 00.

M

n
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By Borel-Cantelli lemma, Proposition 6.2 is proved, provided that E s log 7mL =
%T:;[?' (1 + o(1)), which is true by Lemma 5.6. a

Proposition 6.3. If f #1, then as n — oo,

’fmg :; S(L4ep)nt (1+0(1) as.

Proof. Let the size of the first block be denoted # = nTs x An = n18+% & n, and

1
write m; = [lﬁﬁ] 3. By Theorem 2.1 above, as n — oo we have

f(zl)

_[ f +lm1
f*(:cl) 2 % 2

log -—] (1+0(1)) as.
By Propositions 6.1 and 6.2 above, for € [nﬁ', &] ,if m; = [(1An)3]

i m; A
g ;;((:ii)) =E+—-2'T;—°?’[1+o(1)]

1(1+c,)[A ‘}(l+o(1)) a.s.

Therefore
f((l)i) _ 1 ma )
g e nl:%c —§+ —ﬁ—l g —} (1+0o(1))
nfAn An!}
+ > t(1+ey) [ - ] (1 + o(1))
i—n’l" :

n

= 0(n3(log m3) + § 1+ cs)(am3 -3+ || =] i w43 (4 o(n)

= o(n*) +3(1+ c.f)n'} 1+0(1) =31+ c.f)n% (14+0(1)) as.

The justification for our summing up over ¢ while keeping the o(1) term is that
o(1) is uniform in i. The constant 2 (1 + cy) is not the best possible, but without
knowing cs, we might as well take m; = [{An]3? instead of Af[iAn]3 with A; the

adaptive best constant. The best constant is — [—f-]%

This completes the proof of Proposition 6.3 and hence of Theorem 4.2. ]
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APPENDIX

The purpose of this Appendix is to derive almost sure asymptotic expansions

for the certain expressions encountered in §5, 6, such as

Ty =) (Ne—né¢e)?,
k=1
=\ (Nk —nés)
T —_
2 kz_:_l n Pk

where the { Nt} are multinomial random variables with parameters {¢ ¢} and Y N

= n. Note that com™! < ¢ < c;m™1.

Stone (1985) gives moment bounds on T; through Poissonization as follows.

Lemma 1 (Stone (1985)). For each positive integer q, there is an universal

constant a, such that
m 2q
E{ Z ((Nx —nér)? — n)} < cgni(l +ntm™29).
k=1

We will employ the same Poissonization tecqhnique to obtain bounds on mo-
ments of T> and other expressions. We first find bounds for independent Poisson
variables instead of multinomials, and then observe that Stone (1985) has a gen-
eral argument (Lemma 4) which guarantees that bounds having the same rate (as

n — o00) will hold for multinomials.

Lemma 2. Let M, ({ =1,2,...,m) be independent Poisson random variables with
means Ay such that 0 < XA = >0 Ay < oo. Set M = Yores Mo, pe = A¢/X and
cop < pe < c1p (co, c1 > 0). For each positive integer q there is a finite positive

universal constant A:I such that

T (Mg — Mpe) | ™ __
E{Z—;’:—— Sa;/\qp 2q.
=1



48

Corollary. Let {Ni} be multinomial random variables with parameters {¢ x} such
that S po, dk =1, com™ < ¢x < cam™!, and 3 |-, Ny = n. Then for each

integer q, there is an universal constant a, such that

m 2
E{Z M} ! Saqnqmzq.

ot bk

Stone’s (1985) argument for his Lemma 4 is general enough to derive the corol-

lary from Lemma 2 above. We refer to the paper for details.

Proof of Lemmma 2. We begin by rewriting

3 (Me = Mpe) _ > e —20) |\ m(at — 3.
=1 bt =1 /\t

By the inequality (a + )7 < 229 (a2? + b%9), we get

o (Me=Mp) ™ _ o0 pf 5~ M= MAN™ o p oy
E{; — } S(ZA)GE{; ) }+ TE(M-))%. (1)

Setting T = 3 v, M—C;‘?—'I-i‘-, the 2¢g-th moments of T can be written as a sum of its

curnulants,
J
ETH =3 cu,,.4 [] #26(T) @
=1

where the sum is taken over all the partitions of ¢ such that E{=1 bi=q(j <gq,
¢; > 0), since k1(T) = 0.

Because the M, are independent Poisson random variables, it follows that

= My - M\
Kz['-(T) = Z K¢, <%)

=1 ¢

Ae

= 2¢;
/\(

< A(Ap/co) 724

Here and below we will use the same notation for possibly different constants.

Substituting this last bound in (2), we find that

J
ET* <c; Yy [ MAp/co)7?
=1

Scg D MATHpH e AT, (3)
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The second term in (1) is E(M — A)?9, which is known to be a polynomial of order

g. Thus, there is a constant c; such that
E(M -))* < cg AL
The last bound together with (1) and (3) give
Pe

m M _ M 2q
E{ > (Me — Mpe) ’)} < 2%(cg P77 + ¢gmPIXY) < agpT?9 .
=1

A similar Poissonization argument will give the following

Lemma 3. Suppose that N is a binomial random variable with mean np. Then

for any integer ¢ > 0, there is an ay > 0 such that

E(N —np)*? < aq(np)?.

Now we are ready to derive the a.s. expansions of T and T5.

Lemma 4. Under the assumptions of the Corollary to Lemma 2, uniformly in

meE A, asn — 0

m

(1) Ty = Z(N" —nér)? =n(l+0(1)) as.,
k=1

. =\ (Nk —n¢

(ii) T, = k;l N = néi) kn¢k k) _ o(m) a.s.

Proof. (i) It suffices to show that maxm,ea,

k1 (Ne —n di)? ——n)‘ = o(n) a.s.

as n — 00. Note that, for any € > 0,

Ii((Nk—nfﬁk)z_n)l > en) < E P(l i((Nk_n¢k)2—n)| Zen) .
k=1

meEA, k=1
(4)

P( max
mEA,

By Markov’s inequality and Lemma 1,

P(| i((N" ~né)? - n)l 2 en) <c e 2m™ 2 ni(1 + nIm™~29)
k=1

<cge 2 (n~?  n29) (5)
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Combining (4) and (5), we obtain

P( max
mEA,

m

((Ng — n¢r)? - n)I > en) < Z cq =29 (n—q + nez—2¢gq)
k=1 meEA,

< cq 24 (néz-q + n2ez—2eaq) i

If we take

1
g > max (ez+1, +€2),
262

the above series converges. Hence by the Borel-Cantelli Lemma,

Z((Nk —n¢i)’ —n)| =o(n) a.s.

mEA"

Part (ii) is proved similarly using the corollary to Lemma 2 and taking ¢ > €2 + 1.0

Similarly we can obtain the following expansions, needed in the proofs of Propo-
sitions 6.1 and 6.2. to which we refer for the notation. Uniformly in i € [n‘l"!, -A'-‘;] ,

as n — oo, with r; = (1 — 1)An,

Z (N —ride)? Tz¢k) = ri(mi ~ 1)1 + o(1)) as. (6)
Z (Mk - A"¢k) = An(m; —1)(1 + o(1)) as. (7)
i W)ﬁ =O(ri-m?) as. (8)
Z (M) — A"‘f’k) —0(An-m?) as. (9)
Z (Nk —ride)* r:¢k) = 72 (; ;:_k) (1+0(1)) as. (10)
Z (M — Andn:)‘* Anz(i %)(1 +0o(1)) as. (11)
,,Z_: _kAMk ANi =o(it - An-nY¥) as. (12)
Z 7 A M AN? =o(it Ant .m; . n¥)  as. (13)

Z 7#7 AME AN =o(i* An? .m;-n¥) as. (14)
k
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k"'z‘: A¢1Zk = o(m; - (iAn)} -n¥) as. (15)
=1
Sl Aff" = o(m; - (An)} .n¥) as. (16)
:V_:, AN = (i —-1)An(1 +0(1)) as. | (17)
k=1
i AME = An(1+0(1)) as. ~ (18)
k=1
;V__i:l A—A{%N—’? = o(An? . m? i-n¥)  as. (19)
2 % = o(An?. m itnd) as. (20)
$° AMEAME _ 0. mit an) n. (21)
k=t k

In (12), (13), (14), (15) and (16) y > 0 is arbitrary, whereas in (19) and (20)

we only need the results for some y > 0.

Let T; be any of the expressions on the left-hand side of (6),...,(21). As with
Lemma 4 (i) and (ii) above, the approach we adopt is to obtain a moment bound
via Poissonization on P(|T; — ET;| > a, ), where (an ;) is a suitable sequence of
numbers. The a.s. assertion then follows using the Borel-Cantelli lemma. To avoid
a tedious repetition of arguments, we select one of (6),...,(21) and only prove that,

leaving the rest to the reader. Take (20):

T — Z AN AM,e

Since AN, and AM; are independent, ET; = 0.

Lemma 5. If {N.} and {M|} are independent arrays of independent Poisson
random variables with EN; = A¢x, EM; = pdr, k = 1,...,m;, and T} =

v 952 AN (AM})?, then there exists a constant ag such that

E|T{|?? < agmp~29 21 47,
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Proof. As in the proof of Lemma 2 above,
J
EITi,lzq = Z Cty,....4; H K2y, (T:) ’
H+...8=q i=1
where
w20, (Ti) = ’; K2¢; ™

=Y 67 kae, (AN, AMP
k=1

— (AN,; AM} )

Now

i
roe (ANLAME) = Y ey [[ E(AN,AME)™

ti 4.+t =4 s=1

<ag Y H(I\Pk)" (upi)*

s=1

< ap, A i pif

Thus

mq
n2l.‘(11i,) S a,(i Z p;Gli Al;‘ ”,3(.' p:tt
k=1

< a',[‘- A(.’ “3l; mi;—)—Zl.' .

Substituting this into the expression for E|T/|?? we get

J
EIT:I2q < a, Z H m; I—,—2l.~ /\l.- p3l

LH+...+Li=q i=1
| =—2 3
< a, Z mi p29 NI 3¢

<a,mip 2%, o

Using Lemma 4 of Stone (1985) we are able to conclude that for our original

multinomial sum T; we have

Corollary.

E|Ti|* < a mi?i9(An)*.
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Proof of (20). For any ¢ > 0 we have

P(max [a7i T > ¢) < Y (ans )™ E|T,|

» —2q :
< E aga; e 2 miti? Ane.
.' .

3
If we take an; =m] - i3 . An? . n¥ for some y > 0, the last expression is easily seen
to be bounded by af 3°, n~?¥ < a) £-n~2V9. Now we can take ¢ large enough to
ensure that this last series converges, and so deduce from the Borel-Cantelli lemma

that as n — oo,

max |a;,1,- T,-| =o(1l) as.

. . . . . . 4
where a, ; is as described, i.e., uniformly in ¢ € [n‘l'!, -5";]
3 3 2
T; = o(m,- <13 . An -n") a.s.

This completes our illustrative proof. )

For those expressions amongst (6),...,(21) for which the left-hand side has

non-zero expectation, the following fact is needed to get bounds on their moments.

Suppose that {Ni}, {M;} are similarly indexed independent multinomial ar-
rays with parameters (n, {#&}) and (m, {$x}) respectively, that {N;}, {M.} are
independent arrays of independent Poissons with means {)\pk} and {upr} respec-

tively, where cop < px < c1p and chd < ¢ < c¢'¢ for all k, and that

Ap—o00, p—0, Ap, pp— oo,

n,m— 00,6 —0, ng, mé— oco.

Then as these limits are approached, for any integer j there is a constant c; such

that

E(Ny - n¢k)j =cj n Zj (1 4+ o(1))

E(Ni — Apk) = cj A% pif (14 o(1))
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where ¢; = -;- j if j is even, and g; = -;-( j — 1) if j is odd. This implies that under
the same conditions,

E(Ng — ngr)! (Mx — méx)t = cjcen% ¢¥ T %m(1 4 o(1))
and

E(Ny, — M) (M, — mgi)? = cjeed¥ ¢t pu3¢(1 4 o(1))

since the { Ny} and {My} are independent, and similarly for {N.} and {M}}.



